MHHUCTEPCTBO BBICIIIETO 1 CPEAHEIO
CHELHATBHOT'O OBPA3OBAHMS
PECIIYBJIMKH Y3BEKHCTAH

HEHTP CPEAHETO COEIUAJILHOTL 0,
HPO®ECCHOHAIBHOIO OBPA3OBAHHA

.M. Caiidamamos, A. K, Amanoes,
A. C. Ouycos, C. C. Xooxwcabaean

AJITEBPA 1 OCHOBBI
MATEMATHYECKOTI O
AHAJIN3A

Yacrs 11

Yuebnoe nocobue
O ywawmuxca axademuveciux Aunees
€ yeaybaeunvim usywenuem Mamemamuru

Hszdanue emopoe

«ILM ZIYO»
TALUKEHT-2009



2214
Ad5

Jlannoe w3panme — nobenurens PecmyOaMKancKkoro KoHkypea
B 2008 roay «JIyuumii ygeGnuk rona»

PelmeH3eHTH : OOKTOp PH3UKO-MATEMATHYECKHX HaYK,
upodeccop HYY3 umenn M. YnyrGeka
0. P. Xaamyxameoos;

KaHIuaaT GH3INKO-MATeMAaTHUECKHX

HayK, 3aBefyioluil Kadeapod MaTeMaTHKH

akagemuueckoro smnes npu TACH

M. Mamamkyaos,

npenogapatenb MaTeMatdku TamrkeHTcKoro
© IpodecCHOBANIBHOTO KOMNEAXa

KeJIe3HOAOPOXHOTo TPAHCIOPTA

C. X. Hocupos.

Hod obweti pedaxyueir .M. Caiidamamosa

YyefHoe nocobue «Anredpa 1 OCHOBBI MAaTEMATHYCCKOTO aHanH3a»,
wacThb 11 SBAACTCA NPOOOIKEHHEM YacTH | OHOMMEHHOTO Y4eGHOTO TTo-
cobua, usgaHHoro B 2005 roay. KHura HamucaHa B COOTBETCTBUH C
y4eGHOM TIPOrpaMMOoil, YTBepKIeHHOH MUHUCTOPCTBOM BRICIUETO U
CPeHETO CRELHANbHOTO 00pasoBaHus PecITyGInku VYabexucrad 1 Llen-
TPOM CPEOHETO CHELNAIBHOTO, TIPO(eCCHOHATPHOTO oGpa3oRaHHs.

Yacte 11 COCTOMT W3 CACAYIIIINAX PA3neNioB. TPHTOHOMETPHUCCKHE
(bYHKLMM, HeCTAHAAPTHDIC (GYHKIMH, YACAOBEIE NOCNIEIOBATEIBHOCTH I
vX npeden, npesen GYHKLUWY U HENPepBIBHOCTS, IPOU3BOAHAS (GYHKIMHA
1 ee NMpHMeHcHHs, HHTETpal, AnddepeHUNANLHBIC yPaBHEHMNA, 3ne-
MEHTbi KOMOHHATOPUKH, SMEMEHTH! TEOPUH BEPOSITHOCTEHN H MaTeMaTH-
YECKOM CTATUCTHKH, TEMEHTHI JUHEHHOH anreGphl.

HaHuoe yuebHoe mocobye NpefiHasHaueHo A1 OpraHH3alnK yued-
HOTO TIPOLIECCA B aKaJeMHYECKUX JULSAX ¢ YITYOJIeHHBIM H3y4CHHEM
MaTeMaTHKH. OHO GyIeT foMesHbIM TakoKe 415 YJaluXcd mpodeccHo-
HANBHBIX KOMEDKel Y TIPH CAMOCTOATe/IbHON MOArOTOBKE AJIA MOCTYIN-
JeHMs B Bbiciide YyeOHbie 3aBeicHNs PecrmyOanky Y30eKucTaH.

ISBN 978—9943—303—54—6

© Hamarensetso «ILM ZIYO», 2007,

OT ABTOPOB

YuebHoe nocobue «Anrebpa H OCHOBbI MaTeMaTUYECKOTO aHa-
ausa», 4yacth 1l asaderca nposonxkenneMm vacty | OOHOMMEHHO-
ro mocobud, usmanHoro B 2005 roay. Hactodillag KHMra Hammca-
Ha B COOTBETCTBHYU ¢ YUeOHOH NporpaMMmoil, yreepXacHHol Mu-
HUCTEPCTBOM BBICLIETO H CPEAHEro CHEeHUANBHOTO 06pa3oBaHud
Pecny6nmkn Ysbekucran u LIeHTpOM cpeliHero CHeuuasTbHoOro,
NpodEeCCHOHANBHOTO 00pa30BaHHA, W NpeqHAa3HAYeHa IS Opra-
HH3AIHH YUeOHOrO MpoUecca B aKaneMHYCCKUX JTMIUEAX ¢ Yriyh-
JIEHHBIM H3YYEHHEM MATeMaTHKH,

KHura cosnana Ha oCHOBe OMBITA MpenoJaBaHWs MaTeMATH-
KH B aKaIeMHIYECKUX AUUEAX MPH TaWKEHTCKOM apXHTEKTYPHO-
crpoutenbHOM WHCTHTYTE (TACH), TalrKeHTCKOM UHCTHTYTE HH-
XeHepoB tpaHcnopTa {TaMHKT), 1 TauikeHTCKOM YHHBEpCHTETE
HHPOPMaUMOHHBIX TexHoAoTHI (TYHWT).

Yacts Il cocromut u3 10 rmas (maesr [X—XVIII):

Tnasa IX. Tpuconomempuueckue gynxuuu.

Fnasa X. Hecmandapmusie pyricyuu.

['nasa XI. Yuciogoie nocaedosamensnocmu u ux npedea.

[nasa X11. fpedes dynruuu u nenpepusrocms.

Inasa X1. fIpouzsodnas dhyuxuuu u ee npumenenus.

I'nasa X1IV. Humezpaan.

I'napa XV. Juppepensiuarvrme ypasnenus.

I'naBa XV1. Buemenmu xombunamopuru.

Inasa XVII. Suemenmet meopuu seposmuocmeis u mamemami-
HECKOl CMamUCMuK.

Inaa XVIE. Buemenmuot auneiinoil aszebput.

I'napa 1X nanwcana C.C. Xodwcabazanom (TYUT), rnasel X,
XVI u XVII — A.K. Amanosoin (TACH), tnaeer X1, XIT u XVIIT —
A.C. BOnycosurn (TTTTY uMenu Huzamu) v rmapel XITI—XV —
.M. Candamamosois (HYY3 umenn M, Vayr6eka).

ABTODBI BBIPAXAIOT UCKPEHHIOW NPH3HATEABHOCTD 34 LEHHLIE
3aMevaHuA U coBethl nipodeccopy HYY3 umenn M. Vayrbeka, nok-
Topy dusuko-MateMaTHuecKiX Hayk O.P. Xaimyxamedosy, 3apenyio-
weMy Kadenpod MaTeMaTHKM aKageMu4ecKoro muues npw TACH,
KaHgHaaTy GhM3MKo-MaTeMaTUNECKUX HayKk M. Mamamxyaoey u Tipe-
NIOABATENIO MAaTeMaTUKU TAlIKeHTCKOTo NMpodecCHOHANIbHOTO
KoJL1enXa KeJle3HomopoxXHoro tpaHenopra C.X. Hocuposy.

ABTOPH Takke OYIyT TIPU3HATEAbHB BCEM YMTATENAM, NPH-
CNaBLUIMM CBOH 3aMEYaHHA.



OBO3HAYEHUWA U COKPALLIEHHA

N — MHOXeCTBO HATYpanbHbIX YHCE

Z — MHOXECTBO LISNBIX YHCE

(¢ — MHOXECTBO PallHOHAIBHBIX
9HCeN

R — MHOXecTBO AelCTBHTE/NBHBIX
gucen

& — MYCTOS MHOXECTBO

ge A — 3NEMEHT a4 NPHHALIEKUT
MHOXECTBY A

a¢ A — 3neMEHT ¢ He NPHHALICKHT
MHOXECTBY A

J — 3HAK O0ObeAMHEHHA

N — 3HAK NepeceueHns

A=8—u3 Acneayer B

A & B — A paBHOCWIBHO B

A B — MHOXeCTBO A4 SABISETCHA

MOAMHOXECTBOM MHOXECTRA B

A=8— A ToXaecTBeHHO paBHO B

A# B — A He pagHo B

[a; B] — 3aMKHYTBIH MpOMEXYTOK
(OTpe30K) C HAYATOM @ M KOHLIOM 5

(¢; b) — OTKPHITHIH NpPOMEXYTOK
(MHTEPBAJI) C HAYATOM ¢ U KOH-
LuoM b

[a; +e0} — GeCKOHEUHBIH MPOMEXKY-
TOK ¢ HAuajioM a

{—2c; b] — GecKOHeuHHIH Tpo-
MEXYTOK ¢ KOHIIOM §

|l — abcomoTHas BeNMYIHA YHCIa @

fa}l — uenast yacTe uucna g

{a} — opoGHast 4acTe YHCHa g

e=2,87..

n = 3,1415..

$in — (PYHKLHS CHHYC

€08 — (YHKIHSI KOCHHYC

(g — (hpYHKUNA TAHTEHC

ctg — PYHKIIHA KOTAHreHC

Arcsing — apKCHHYC YMcna a

Arccosa — apKKOCHHYC MHCIIa @

arctga — ApPKTAHIeHC JiCiaa 4

arcctga — apKKoTaMreHc YHCHIa ¢

D{f)y — obnacts onpeaeneHus

dyHkuun f
4

E(fy — obmacTh 3HaY¢HHI1 PYHK-
uu f

{a — & a + 3) — OKPEeCTHOCTR
TOMKM @ paguyca §, § — okpecr-
HOCTb TOYKH &

X—=ad — X CTPEMHICA K &

lim f(x} — mpemen ¢ynkumu f
npux— a ’

Ax ~ npHpalleHHE apTyYMEHTa X

Af — npupawenue GyHKUMH [

df — mudpepeHunan GyHkiHH f

J7(x,) — npoussoaHasa GyHKuuu f
B TOYKE X,

Xpaxs Xmin — TOUKH MAKCHMYMA U
MHHHEMYyMa (OYHKUAH (TOYKH
3KCTPEMYMA)

Snaxs Jonin ~ MAKCHIMYM M MHHMMYM
GYHKLUHH f (IKCTPEMYMBI PYHK-
UMy f)

Jf(x)dx — HeonpelAeseHHBIH

WHTErpan oT (PyHKUHH f
]
_[f {(x)dx — onpemeneHHbI WH-

a
Terpan ot GyHKUIHHK f Ha oTpesKe
fa; B]

At=1-2-3-..-n

qx

A, — YMCTo pasMenieHUEE ¢ FIOBTO-
PECHHSIMH U3 #t SAEMEHTOB 110 &

AY — ymcno pasMmeurenuii 6e3

MOBTOPCHMIA M3 7 MMEMEHTOR 110 &
P — ypcno mepectaHoBok Ges

TNIOBTOPSHHIH M3 1 SMEHTOB
CE — uncno coueranuii 6¢3 no-

TOPEHUH U3 m 3JICMEHTOB 1o £
P(A) — BepoATHOCTE COObITHA A

dim V' — pasMepHOCTh MMHEHHOTO
npocTpaHcTea V

TJIABA IX

TPUTOHOMETPMYECKHE
OYHKIIMH

§ 1. I'paaycHas u paauaHHas Mepa yriia

1. Yroa B TpuronoMerpnH. PaccMOTPHM NYY, KOTOPHIH BHIXO-
AMT U3 Toukd O M 3aHUMaer HcxodHoe nonoxeHue OA. Caenas
HEKOTOPBLH MTOBOPOT OT MCXOJHOTO HNOMOXEHHs (MPOTUB WIH MO
YyacoBOH CTpelKe), oH 3aiiMeT monoxkeHnHe OB (puc. 1). Hosoe
NMoJoXKEHHUE BMECTe ¢ HCXOOHBIM 00pasyer yron AOB, y Koroporo
cTopoHa (A HasblBaeTcH HauaavHoil, a OB — xonewnol cmoporamu.
VroJl Ha3biBaeTCsl HOI0XNCUMeAbHbIM, €CAU OH 00pa3oBaH MOBOPO-
TOM J1y4a TIPOTUB YacOBOH CTPENKM, U OMPuyamensruis, eCIu 1o-
BOPOT Jiyua MPOU3BEIEH IO YaCOBOH CTpesKe.

T1pH BpaLleHMM jy4Ya OT HauyainbHON cTOpoHH OA 10 KOHey-
Hoif OB yron AOB MoXeT OBITh NOJNY4eH MHOXECTBOM Pa3NHy-
HEIX MOBOpOTOB. ClefoBare bHO, UTOObI 3a8aTh yron AOB, Heno-
CTATOYHO 3HATb €r0 HAuAJLHYI0 M KOHEUHYIO CTOPOHBI, 3 HYXHO
YKa3aTh €ile MOBOPOT, KOTOPBIH MepeBoIuT JIyY H3 HAMATBHOIO
nonoxkeHns OA B KoHeuHoe OB. DTHMK JaHHBIMU U OIPEAEIACT-
¢A YroJ B TPHTOHOMETPHH.

2. Eannnunas okpyxHocts, [ yao6cTBa B TPUTOHOMETPHH
MCIIONbB3YETCA TAK Ha3hIBAcMblif TPUTOHOMETPHUECKHH KPYF — OK-
PYXHOCTh MPOH3BONLHOIO WM eIMHHYHOTO pagnyca. BosbMeM
OKPYXHOCTh €IUHMYHOro paguyca (puc. 2) ¥ NpumeM 33 Hadano
OTCUYETA HA 3TOI OKPYXHOCTH TOUKY A — MpaBblii KOHEL TOPH30H-
TANLHOIO AHAMETpaA. B KadecTse MOJOXUTENLHOIO HANPaBACHUSA
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IBHXEHHSA MO OKPYXKHOCTH [IPHMEM ABHXCHME IMPOTHE 4YacOBOR
CTPEIKH, 2 B Ka4eCTRe OTPHUATEJLHOIO HAaNpaBAeHUA — ABRHXKE-
HHE 10 YACOBOI CTpeNKe.

Kaxno#i touke M OKpyXKHOCTH COOTBETCTBYET OECKOHEYHOE
MHOXECTBO OV, HAUMHAKIWIHXCA B TOUKe 4 H 3aKAHUMEBAIOILHXCA
B TouKe M. OnHOH M3 HHX ABAsAeTCHa KpaTyaiiuias Oyra, COeaMHS-
IOLIAs 3TH ABe TOYKH, & BCe OCTANbHBLIE MONYYAIOTCS W3 KpaTdaii-
wel ayry npubaBneHNeM HIM BRIYHTAHHECM LIEJOr0 YHCIA 1MON-
HBIX OGOpPOTOB.

Tak Kaxk AnAMHa OKPYXHOCTH €AMHUYHOrO pagvyca paBHa 2k,
TO BEJIWYMHBI BCEX AYT, 3aKAHUMBAKILMXCA B JaHHONW Touke M
OKPYXHOCTH, OTIHYAIOTCA APYr OT ApYra Ha Uei0e KpaTHoe 2.
OOCLIMil BUD 5THX BEIHYMH Takob: x + 2nk, rie keZ, a x — BeJau-
yuHa KpaTdaitimiei ayru, coenMHsioweit Touka A u M.

OKpY:XHOCTb €AMHHYHOTO paauyca ¢ BbIOpaHHBIM HAaYalioM
OTCYETa U HaripaBicHHeM 0OXOAa HA3BIBAIOT YUCAOBON OKPYICHOC-
maio. BepTHKanbHBIC U TOPU3OHTANBHbIE AHAMETPLL PA30UBAIOT
YHUCAOBYIO OKPYXKHOCTb Ha YeTkipe AYTH AB, BC, CD u DA, Koto-
pble Ha3pBawTCA cooTBeTcTBeHHO I, 11, TII w1 1V yeTBepTaIMM OK-
pyxHocTH. Ha puc. 2 oTMeyeHsl TOYKN HA YHUCIOBOH OKPYXHOC-
TH, COOTBCTCTBYIOLIHE YHCTIaM BHAA: k—; H %

3. Uamepenne yriios. Kak H B reOMeTpUH, YIJIbl B TPHTOHOMET-
pHM H3MEPHIOTCH B Tpagycax M pazuanax. HamoMHuM, uyTo padu-
AHOM HA3LIBACTCA AYTA OKPYXKHOCTM, IAWHA KOTOPOH pasHa palu-
ycy 910l OKpyXHOCTH. OJHAKO, €CIAH BENHYMHA 2e0MEHMPUHECKO20
yeaag ecTh NOJOXKMTENbHOS YNCTO, IPHHUMAaKIIee 3HaYeHua oT (°
Io 360° (rpaoycos) wim oT 0 ao 2rx (paanaH), To BeIUMYUHA mpu2o-
HOMEMPUHECK020 ¥21a MOKET IPHHUMATL [TPOU3BOIBHOE NEHCTBU-
TeAbHOE 3HauYeHUeE,

B rpanycHoll cucTemMe W3MepeHUS YIJIOBBIX BEJIWMMH €IHHHILA-
MM H3MEPCHHS CIYXAT Fpagyc, MHUHYTA, ceKyHaa. Mexny »TuMmu
eBIMHHIAMH CYIIECTBYET ¢BA3b: 1° = 60, 1 = 60”. B rpanycHoii
CHCTEME €IHHHL H3MepPSOTCa W yIabl nosopoTa. Kak 6blno otMe-
4eHO B MYHKTe |, BeIHUKMHY yria MOBOPOTA NPOTHB ABUXKCHHA
4aCcOBOI CTPEAKH MPUHATO CUMUTAThH NMONOKHUTENBHON, a MO ABH-
XKEHHIO YacoBOH CTpeflKy OTpULIATEILHON BenWYnHOMH (puc. 3. a).

TlyeTh Touka, nBUrasich o €AMHUYHOW OKPYXKHOCTH OT TOYKH
P ipoTHB 4acoBOH CTPenkH 40 TOUKH A, npounia nyTh JAHHOM o
(puc. 3, 6). B aTOM cayyae ropopat, 4TO TOUKA A MOMyYeHa M3
TOYKH P NOBOPOTOM BOKPYT Hayana KOOPIHHAT Ha YIOJ B ¢ pa-
nuaH. Ecnd JBUXKEHHE COBEpLIACTCA MO 4YacoBOH CTpelke, TO
TOYKa MpPOiiAET IyTh PaBHBIH jof U ToYka P OKaxeTcs B IOJMOXe-
HHH Touku B (pHc. 3, 6).
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OTMeTHM, YTO TIpH MOBOPOTE TOYKM P Ha yron 2n, T.¢. Ha

360°, Touka BO3BpallaeTcs B NePBOHAYANPHOE TOAOXKECHHC. Ipu
L]

MOBOPOTE 3TOM TOYKM HA —2m, T.€. HA —~360°, oHa TakXe BO3Bpa-

HaeTcs B MEPBOHAYATBHOE MONOKEHUE.

PaccMOTpHM MOBOPOT TOUKM Ha Yrojl SoapliMii 21, H Ha YIoq,

17 L

MeHpImMit ~—2n. HanpuMep, i1py MOBOPOTE Ha YIOX -7 = 22w+ I
TOUKA COBEpIIAeT ABA MOMHLIX 00OPOTA MPOTUB yacoBoi CTPENKH

M NPOXOAUT elle NYTh % (puc. 4, a). Iipu mOBOPOTE HA Yrok

-1;-2"!: TOYKA COBEPLIAET ABa MOJTHBIX ofopora no yacoBO#H cTpEen-

™
K€ W ellue MPOXOAUT MyTb = B TOM Xe HanpasieHHH (puc. 4, 6).

BooBule, eciu yron o = ¢, + 2nk, rae k — uenoe Yucio, 10
fpH IIOBOpOTE Ha YFOJ o HOJYYAETCs Ta Xe camas Touka, YTo H

IIpH IMOBOPOTE Ha VIO & )
Mpumep 1. HaliTh KoOpAKHATEI TOYKH, NOTYICHHOHM TOBO-

9
potom Touku P(1; 0) Ha yroi: 1) 5m, 2) —511:.



Pemenue. 1) Tak Kak 5® =  + 2z 2, TO TIPH IOBOPOTE
Ha YTOJI 3% MOJTyYaeTcsl Ta XKe caMasd TOYKa, YTC M NMPH IOBOPO-
T€ Ha yron w, T.e. mojay4yaercd Touka (—1; 0).
9 T 9
2) Tak kak -3n= —5—21&2, TO MPY HOBOPOTE Ha YTod -5 7
IIOIyYaeTCs Ta X€ caMasi TOMYKa, YTO W MpH HOBOPOTE Ha YTOJ

™
-3 » T.€. MONyYaeTcs ToUKa 0, —1).
FoBopAT, 4TO yeor o oxanuueaemcs B ToH 4eTBEPTH, B KOTO-
POl JIEKHT COOTBETCTBYIOLIUH eMy MOABHXHbIN paguyc. Ecnu

o — OCTPBIHA YIroj, T.e. 0 < o < g, TO TOBOPAT TAKXKE, YTO 3TOT

Yron MpUHAIICXKUT I yeTBepTH. YIJIBI, KOHEUHAA CTOPOHA KOTO-
PBIX JIEXKHAT HA FOPH3OHTANbHOM HWJIM BEPTHKAJILHOM JAHAMETpE
(TPaHMUEBI YeTBEpTEH), HE OTHOCAT HH K OZHOIH H3 YeTBEpTeit.
TakuM oOpasoM, yrmb, UW3MeHABOIINECS B HHTepBajax

n
(an; 7+ 2nk), OKaHYMBAIOTCS B MePBOH YeTBepTU. YIJIBI, U3Me-

Fis
HAIOWHKECS B WHTEPBAIax (5 +2rk; m + 2rck) , OKAHYHBAIOTCH BO

BTOPOH 4YeTBEPTH. YTNB, H3MEHAKIHECS] B HHTepBaaax

3 ..
(1C+ 2nk; 3T+ 2r|:k), OKaHYUBAKTCA B TpeTheil yeTBepTH. M, Ha-

3
KOHEIl, YIVIBI, H3MEHSIIOUIHECS B MHTEpBaIax (511:+ 2nk; 2n + Zth) ,

OKAHYMBAIOTCH B YETBEPTOH YETBEPTHU.
I[Ipumep 2. B kakoit YeTBepTH OKAHYHBAIOTCA YTIBL, SCIH:

ay o= i-rr,; 6) o = 2,3m; B) oo = —{),6mx.

x 3 .
PemeHHe. a) Tak Kak 3 < 7T <X, TO JAHHBIA YTOI OKaH-

YHBAETCH BO BTOPOH YETBEPTH,

n
0) yron o = 2,3r 3aKii0ucH Mexay 2x H 5+ 27, MOITOMY 3TOT
VIO OKaHYHBAeTCA B MEPBON YeTBEPTH;

ki
B) yron o = —0,6% 3aKII0UeH MEXIY -5 ¥ -7, 09TOMY NaH-

HBIA YTroJ OKaHYMBAETCHA B TPEThEH YeTBEPTH.

4. 3aBHCHMOCTE MEKAY IPATYCHBIM H3IMEPEHHEM H PAAHAHOM.
PaccMOTpUM YHMCTOBYIO OCH ¢ HAYAJIOM B TOYKE P H OKPYKHOCTD
¢ HeHTpoM O u paguycom 1 (puc. 5).

8

F 3

rul.‘-l--

Puc. 5

b

£2, 43, +n (THe T — UPPALMOHAIBPHOE YACIO, NPUOIMXKEHHOE 3HA-
yeHHe KOTOPOro paBHO 3,14). 3aKpenHM OKPYXKHOCTb B TOUKe P,
M OymeM HAMATBIBATh YHCNOBYIO MPAMYIO Ha OKPYXHOCTDb CJeAYIO-
MM 0Bpa3oM: TOAOKHUTEAbHYIO YacTh TIPAMOil NPOTHB 4acoBOH
CTPEJIKM, a OTPHLATENBHYIO 4aCTh — IIO 4aCOBOH CTPENKE. Mpu

ST ]

OTMeTHM HA YHCIOBONM NPAMOM HECKOJNBKO TOYEK: fl, *

w“ 1 n . _
3TOM TOYKM YHCHOBOH npsaMoi 1, 7 -1, -3 nepeiayT COOTBET
cteenno B Touku K|, K, K,, K, TaKue, 410 AAMHa AYTH PK, pas-

R
Ha !, annHa ayrd PK,pasHa 5 H T.A.

TakuM o6pa3oM, KaxXaoil TOYKE NpAMOil CTABUTCA B COOTBET-
cTBHE HEKOTOpas Touka okpyxHoctH. Touke ¢ koopauHaToH 1
CTABHUTCA B COOTBETCTBHe TOYKa K| HA OKPYXHOCTH, MOITOMY
yron POK| CUMTAIOT ¢AMHWYHBIM M MEpOil 3TOro YIjia H3MEpsioT
apyrue yrasl. Hanpumep, yron POK, cnefyer CUMTaThb PaBHBHIM

;, yron POK, papubiM —1, yron POK, paBHbIM —%.

[COBOPAT, YTO ITH Yoibt UIMEPRIOMCA 8 paduaHHol mepe, a YIol
POK, Ha3bIBAIOT YIIOM B | pamdaH (1 pan). HamoMHuM, 4TO IJTH-
Ha gyru PK, pasHa pamuycy.

PaccMOTPUM TeNepb OKPYXHOCTh HPOH3BOJIBHOrO pajmyca R
H OTMETHM Ha Heif ayry PK, mimHa xkotopod paBHa R. B 3atoM
cnyyae yron POK (ieHTpaabHBI YIO/1, ONMAPAIOLIMACA Ha JYyTy, -
Ha KOTOpPOI paBHa pagHycy) TaKxke Ha3HBaKlT YIJIOM B 1 paiuaH.

Tak KaK MOAYOKPYXKHOCTh INTMHOH TR
CTArMBAeT LEHTpaldbHuIil yron B 180°, To
Jyra ANHMHOW R cTATHBAaEeT Yroji, paBHBIH

180Y° o
o 57,3 . CaenoBatennho,

a2




OTtcioda, €Cid Yrol COAepPXKHT ¢ pajHaH, TO ero rpagycHas
Mepa paBHa

apan=(¥-a]- (1
IIpumep 3. Halitu rpanycHyo Mepy yrja, paBHOIO
Jd . n . 3n : 3
a) 7 pam;  6) 3 pan;  B) - pan ) 37 pan.
Pemwenuce. ITo popmyne (1) umeem
® _ {180 =Y _Age. . — ane-
a);pan—(T-z) = 45", 6) 5 pas = 90°;

B) %T" par = 135°; r) %n pan = 270",

Tak kak yron B 180° paseH = paa, To
l° =T pal.
180

Otciona, ecli yrosl COIEPXHT o TPAAyCoB, TO ero paaHaHHas
Mepa paBHA

o _ T
O = p=m O pan. {2
IIpuMep 4. HatiTv paanaHHyIO Mepy yria, paBHOTO;
a) 15% 6) 30°; B) 60°; r) 225°.

Pemenne. INpumenas dopmyay (2), nMeeM

e _ T _E .
a) 15° = Tgﬁ-ISDan—-ﬁ pan;

0_11:' :E *
6) 30 = 150 30 pan ¢ bam;

o b n .
B) 60 _m‘ﬁ(}paﬂ—g pam;

o 5
r) 225 =1%-225pa,u=f pan.

OObeTHHAS pe3yNbTATH NpUMEPOB 3 H 4 B TaGJMIIY YIVIOB B
TpalyCHOM H pagHaHHOU Mepe, MoAyYaeM:

Tpamycer | 0° | 15° | 30° | 45° | 60" | 90° | 135°|180°| 225° | 270°

T n T n
Papyaner 0 3 r 3 5| 3*| ™ =T

=] K

Y
[ TR
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Hanee, Tak KaK yron B 1 pagdaH cTATHBaeT AYTY, INHHZ KOTO-
polt paBHa pagHycy R, To yron B o paiHaH CTIFHBAET AYTY JAH-
HOIt

{= ak

B 3akmoyeHHe BhIBeneM opMyny MIOMEIA KPYrOBOTO CEKTO-

pa paguyca R, oBpa3zoBaHHOTO YIJIOM B of pag. TakK Kak TAOLIAAb
2

nR
TTOJYKPYTa, T.C. T , pABHa IUTOIIAOK CEKTOpa, COOTBCTCTBYIONIC-

T0 T pal, TO IUICIIALb CEKTOPa, COOTBETCTBYIOLIETO YIy B | pan,
nR? . R?

OylIeT paBHa 5 R= CnenosaTenbHo, MIOLIAAbL CEKTODA,

COOTBETCTBYIOILETO VIIY B o pal, paBHa

S=T-01.

EP Bonpocw H 3ananna

1. B xakMx eAWHMLIAX M3MEPSIOTCS YIJIBE B TEOMETPYH, B TPKIOHO-
MeTPUK?
2. B yeM cocTOHT 0coGeHHOCTD H3MEPEHNA YIIOB B TPHIOHOMETPHH?
3. Uto 03HA4ACT MOHATUS «TPUTOHOMETPHYECKUI KpyT»?
4. Kakyio ¢BA3b MOXHO YCTAHOBHTE MEXAY TOUKAMM UYHCIOBOH OCH
H OKPYXHOCTH panuyca 1?
5. Uemy papen yroa B 1 pan B rpamycax?
Ynpaxnens

1. Haiity rpasycHyio Mepy YIJa, BHIPAXEHHOrO B paadaHax:

R in S

+ m + . . -
_5-3 6) ga B) T' F) _"6"» ﬂ.) 05255 e) 3.
2, Boipa3ute B paauaHax yros, rpalyCHas Mepa KOTOPOTO DABHA:
a7, 6)135, BY240%, D30 D120 ey 225,

3. MMocrpoute 06pasel ToukH P(1; 0) npu MOBOPOTE BOKPYI Ha-
yasia KOOPIWHAT Ha YTJIbL:

a)

r . LN .
a) _E& 6) _59 B) T:\ r) T,
W} 4 n 3n
Il) -Ty e) _Ts }K) _“_2'_') 3) 2?5‘

n



4, OnpenenuThs Y€TBEPTh, B KOTOPO#H pacrosiokeHa To4Ka, MOony-
yeHHasl MoBopoToM Touku P(1; 0) Ha yron:

_T. lx,
6’ 3
5. 3anucaTh BCE YIibl, HA KOTODbI€ HYXHO MOBEPHYTb TOUYKY
P{1; 0), yToObl MOJYIHUTH TOYKY:
a) (0; —1); 6) (0; 1); B) (15 0); n (—1; 0.
6. OnpenemiTe 9eTBEPTE, B KOTOPOH PACHOIOKEHA TOYKA, IO~
JydyeHHad MOBOpoTOoM TOYKH F{l; 0) Ha yron:
a) 1,5; 6) 1,75; B) 3,47; r) 5,75. -
7. Halitu anuHy ayru okpyxXHoctH pagnyca 80 cM, ecnm myra

a) 2%15; 6) B) 2,2, 1) - n) 700°;  e) 460°.

CONEPKHT % pamHAaH.

8. Haiity anuny ayrd, cofepxauei }20°, ecnu ee craruBaer
Xopia anvHo# 10 cm.

9. HafiTu nnomans KpyroBoro cexropa, paauyc KOTOpOre paBeH

T
18 ¢M, a BeTHYMHA Ayra B panMaHax paBHA r

19. Pazuyc kpyroporo cektopa pabeH 12 ¢M, a eFo ayra COHEpPXKHT
50°. BHIYMCIUTD ILIOIIALL CEKTOPA.

11. TMoeopoT BOKpyr ueHTpa 0 enAMHHYHONH OKPYXHOCTH OTOOpAa-
xaer Touky P(1; 0) B Touky P (0; —1). Halith MHOXeCTBO yT-
JIOB BpallgeHHA, CBOAAILMXCS K AAHHOMY NMOBOPOTY.

12. Koneco MawMue! 3a 2 ¢ Aenaet 6 oGoporoB. BeipasuTs B rpa-
Jycax H paiHaHaX BeNTMYHHY YIJia, HA KOTOPBI MOBEPHETCA
Koimeco 3a 1l ¢; 3a 10 c.

13. OkpyxHocTh paguyca 12 ¢M pasoTHYTa B Oyry paguyca 30 cm,
Hafitu rpagycHyio BEeAMYMHY 3TOH IYTH.

14. [InvHa Ayrd Kpyroeoro cekropa pasHa 120 cMm. Haiitu nno-

2n
IaAL CEKTOpa, eCNU BENMHYUHA €ro OyTrH B pagHaHax paBHa 5

15, IMnowans kpyrosoro cexropa paeHa 300 cM?, a BeTMYHHA €T0
IyTH B paamaHax paBHa 1,5. HaliTu paguyc cekrtopa.

16. IIpumeHas npasiia npeofpazoBaHUA IPagyCHOH BEMHYHUHEL B
pagHaHHYI0 H OOpatHO, 3allONHHTE TabMHIlY:

I'pamycHasd BeJWIWHA 1 | 200 | 35°

PaguanHas BenMMMHA

| A
=2
= =]
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§ 2. Tpuronomerpuseckre GyHKIAn DPOHIBONBHOTO
apryMesTa

1. Onpenenenne W cpoiicTsa TpuroHoMeTpHIecKHX (pyHKumii. B
Kypce reoMeTpud ObLIH ONIpEAeIEHBl NMIOHATHS CHHycCa, KOCHHYCA
M TaHreHca ymna o npH 0° € o< 180°, Onpegennm Tenepe 3TH no-
HATHA HA CHAydYal TPOH3BONBHOTO ¢. KpoMme TOoro, BRelcM elle
HAOHATHE KOTAHTEHCA yIa ¢, KOTOpHH obo3HavaeTca cigo.

PaccMOTPHM OKpPYXHOCTL paaHyca
R ¢ leHTpOM B Hadajle KOOpPIHHAT. Ya
ITycTh MPH MOBOPOTE OKONO TOYKH O B(x, »)
Ha YTON o HavalbHBIH paguye OA ne- R
pexoaut B paguyc OB (puc. 6). al”

Onpenenenne 1. Cunycom yeaa o Ha- ol x 1"«
3BIBAETCH OTHOUIEHUWE OPAWHATBHl KOHLa
MOABHXHOIQ paguyca, COOTBETCTBYIOLLIE-
ro o, K IJHHe paguyca, T.e. N0 onpe-
IeNeHHIO

Puc. 6

»

. ¥
sing = —. 1
o= n

Onpenenenne 2. Kocurnycom yeaa o HA3BBAETCa OTHOIIEHHE
abGcryech KOHUA MOABMXXHOTO Paiuyca, COOTRETCTBYIOISTO o, K
ITHHE paguyca, T.e. MO OIpeaeIeHUIO

X
cosu = =, 2
% )

Onpenenenne 3. Tancencom yesaa of Ha3biBaeTcss OTHOLIEHHE
OPIUHATHL KOHHA MOABHXKHOTO paguyca, COOTBETCTBYIOIUEIO o, K
ero aﬁcuucce, T.e. MO ONMpPENENEeHHID

tgo = (3)

-
—.
Onpenenenne 4. Komanecencom yeaa o« Ha3bIBAeTCA OTHOIICHHE

a0cUHCCH KOHLA NMOABHXHOTO paanyca, COOTBCTCTBYROIIETO O, K
€T0o OpAHHATE, T.C. MO ONpPEACICHIMIO

ctgo = —? . 4)

HHoraa, KpOME 3THX YETLIPEX BCAMYMHH, pacCMaTpHBaAlOTCH
CLIC ABE. CCKAHC H KOCCKaHC.

13



Cexancom yana o. Ha3plBaeTCa BeMYMHA, 06paTHAs KOCHHYCY
a, T.e,

seco =

coso

Kocexancom yepa o maspiBaetcs BenmuuuHa, ofpaTHast CHHYCY
o, T.e,

coseca = —]— .
sin a

IMpumep 1. Haiitu 3HavyeHus sino, cosw, tgo ctgor pu
o= (.

Pemenne. PaccMOTpUM eAMHHYHYIO OKPYXHOCTE (pHc. 7).
Ecan o = 0, To opauHarta TouKK A paBHa HYIIIO ¥ 10 dopMyne

. 0

(1) uMeem sin() = 1= 0. ABcuMcca Touku A paBHa | H Ha oCHo-

BaHUUY GopMyAasl (2) cosO=_=1,

AHANOTHYHO Haxonum, uro (g0 = %

=0, ctgd He cymecTBYeT,

IIpumep 2. HUssectHo, uToO Sil](]t=% H §<0£(1t. Hafitu

3HA'EHHA COosa, 1go U cigo.

Peuwienwne. BocrmonbsyeMca eIHHHYHOM OKPYXHOCTBIO
(puc. 8). PaccMOTPUM NpSIMOYroJBLHBIH TPEYrONbHHK OBA . Tor-
Aa SIne U Coso €CThb COOTBETCTBEHHO OPAMHATA M abCcHMCCA TOY-

: I
Ki Ay :|OA,|=1, |0B|=3. Bocmonssosasumics teopemoit In-
¢aropa, HaxoguM

joos o] = [4,B| = \|4,0[" - |0B] = \jl -2 _2‘@

Y4 v,
Act Au, B %
o
al?y N\ \4oz0
X X >
O A(L; 0 O x X
Pac. 7 Puc. 8

14

ki
Tax kak 3 <A<, TO COSK < (, U noTOMY

1
cosa'——ﬁ tg0, = sine _ 3 _ 1 __£
= 518 COS & NE Nel 3°
2
[MpueeaeM TaBAMIY YacTO BCTPEHAIOUIMXCSA 3HAYEHMI CHHYyCa,
KOCHHYCa, TAHI¢HCA H KOTAHICHCA.

o| Z|E| 2| B 2|33 To|omjdm | 3n ] n | Tn | 1ln
. 6|2 32|3 ||| |6 |F!3|(7|3|9|%
30°|45°( 60°] 90°[120°|135°1150°|180°210°|225°[240°| 270°|300°|315°| 330°

) 1 (V243 N R 1| vz B | B oa ]
e Rl b el B il Bl IR R a2 e ik L bt iy I
SR O O R 4 O R | D PR T W B
22| 2 2772 2| 2] 2 2 |2

1 L ] ]
tﬂu{)ﬁlﬁ-—ﬁ—l—ﬁﬂﬁlﬁ——v@—l‘3
tﬂ—ﬁll{)—l—lﬁ*ﬁlll}—l—lﬁ
o BB 7 Bl

T
3
Peuwrenue. Ucnmonb3ya Tabauiy, MoOaydaeM

MpuMep 3. Bomumenuts /3 sin +3cos-§-~2tg§‘

.om ) T 3 1 _
ﬁ51n§+3cos~§—2tgz—ﬁ—2—+3-5 2-1=1.

INonoxeHHe TOYKH HA KOOPAHMHATHOH OKPYKHOCTH MOXHO 3a-
JaBaTh ¢¢ ACKApTOBHMU KoopauHatamu. CHoBa BhiGepeM cucte-
MY JEKAPTOBBIX KCOPAMHAT HA TJIOCKOCTH TAK, YTODHI HAYAIO CU-
CTEMBI KOOPAMHAT HAXOTHIOCH B LIEHTpEe (O eNMHHUHOW OKPYXHO-
cTi. JlekapTOBH KOOPIWHATH TOUYKH B(X, ¥) eBUHUYHON OKpYX-
HOCTH OyIeM Ha3bIBaTh KOCHHYCOM M CHHYCOM YHCHA o (pHC. 6).
TeM caMbIM KaxaoMy JEACTBHTCNLHOMY YHCAY ¢ OYVIYT MOCTABJE-
HBl B COOTBETCTBHE IBa 4MCIA: COSC ¥ sina, T. e. onpeAencHH 1BE
YUCAoBEIC PYHKUHMH YHCIOBOTO apTryMEHTa.

Onpenenenne 5. OyHKUMA cOS (KOCUHYC) CTABUT B COOTBET-
CTBHE KaXIOMY WHCiy o abcuuccy TOYKH B(x, y) eMHMYHOK OK-
PYKHOCTH, a (DYHKIUHA sinc (cuuyc} CTABHT B COOTBETCTBHE YHCIY
oL OPAMHATY TOH K¢ TOYKM.

15



Omnpeneaenne 6. YactHoe oT geneHusa GyHKOHE Sine Ha PYHK-
IHIC COSO, HA3LIBAIOT (HYHKIMEH tgo (manzenc), a YaCTHOE OT Aeiie-
HHS QYHKIHH ¢0So. Ha (PYHKUMIO Sing HasmBaloT QyHKUHEH ctgo
(Komawnzenc).

a) M3 onpedeneHlS TPHIOHOMETPUYECKHX GYHKUHE ACHO,
YTO SiNg M COSO OMpPedeNCHBbl A4 JK00TO ¢, IPUYEM MHOXE-
CTBOM 3HaYeHUM DYHKUMHA sino U coso ABAAeTcA oTpesok [—1; 1}

DyHKUHS tgo ONpedenAcHa 1A BCEX o # -’25+ krnk=0;%1..),

YHKLHA ctgo onpedeneHa Aad BeeX o # kx. MHOXECTBOM 3Haue-
HUH QYHKLHHA tgo U clgo ABAAESTCA MHOXECTBO BCeX ASHCTBM-
TeJIbHBIX YHCEN.

©) 3Haxku QyHKUMH sina M Cose COBMAJAIOT CO 3HAKAMM OpAM-
HATHI U aGCUHCCH KOHUA COOTBETCTBYIONMIETO paanyca. 3HakH
PyEKIM#H tgo M ctgo MOMCKUTEAbHB! B TEX 4ETBEPTAX, Ie COBNA-
AAl0T 3HAKH KOOPAHHAT X U y. CnefoBaTebHO, sing > 0, ecny o
okanuyupaerca B I u II derpeprsx; cose > 0, ecAd o OKaHUHMBAET-
ca B [ u IV yerseprax, tga > 0 1 ctgee > 0, ecay o OKAHUMBAET-
ca B | v III yerBeprax (puc. 9).

HOpumep 4. OnpenenuTs 3HAKH CHHYCA U KOCHHYCA YIMOB:

a) %" ; 6) 730°; B) - “T" .

In
Pewenue. a) Touka, COOTBETCTBYIOILAA YT = » pacmosno-
XKeHa BO BTopoll uyersepTh. [ToaToMy

sin%rt > 0, cos%’-'» <0.

6) Tax kak 730° = 2-360° + 10°, To yron B 730° oxaHuHBaeTCA
B nepreo# yerBeptu. [losToMy

sin730° > 0, cos730° > 0.

b b

ey
COSCL tgo, ctpo
+ - +
iy >y
’7 . j

Puc. 9
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B} Tak Kakx —rr.<—4—n<—f,
7 2
B TpeTbeil yeTBepTH. [Mostomy

. in 4r
sm[——j-)< 0, cos(—T]< 0.

TO AAHHBIA YFoJl OKAHYUBAETCA

Npumep 5. OnpenenmuTh 3HAK TAHTEHCA YINOB:
a) 170°; 6) 3,5.
Pewenue. a) Tak kak 90° < 170° < 180°, 1o tg170° < 0;

6) Tak Kak 1t < 3,5 < 37" 10 23,5 > 0.

2. YeTHOCTL H HEYETHOCTH TPHrOMOMETPHYECKHX yHEumi. B
rnase VII, § 3, yacrb | Oy AaHBI OMpeAcneHUs! YETHBIX U He-
yeTHbIX PyHKuu#d. Ecay y TpMIrOHOMETpHISCKON PYHKIIHM ABa
APryMeHTa O U —0 OTJIMYAIOTCS TONABKO 3HAKOM, TO COOTBETCTBY-
olU{e UM MOJRMKHKE panuyckl OB, 1 OB, cuMMeTputHbl 0THOCH-

TEMBHO OCH abemyce. 3nauuT X B = X 8 > YB‘| = —Y,92 H TIO3TOMY

. ¥ Y . X X
sin(-q) = % =—% = —sin, cos(-q) = Zh _ 2R _cosa

-¥,
A - _tga, (u¢£+nk),

4
i

Xa

CornacHo ompeleleHUID, OTCIOAA BHITEKAET, YTO PYHKLHA
coso. — 4yeTHadA, a PYHKLUHH Sina, tgo M Clgo. — HEeYeTHbIE.

Mpumep 6. Hokazars, yro PpyHKuma f(x)=sin2x+ tg-;E

ABASAECTCA HEYETHOH,
Pewenue. Obnactb onpeleeHnsi GYHKLIMH CUMMETPHYHA
OTHOCHTENBHO HavyaAa KoopaAHHAT. [1oAcTaBMM BMECTO apryMeHTA

S

x 3Havyenue —x. Torma f{-x) = sin(-2x} + 1g (— 33{) Tak xax
A
LM Sinx M tgx HEYETHBIE, TO

S
DL SR,

Ry
YR

2 — Ajrebna, wacts M



2
Mpumep 7. JokasaTh, 4yT0 QYHKUHA f(x)= é_. ABASAET-
SX

Cs YeTHOM.
Pemenune. OGaacTe ompeaeneHuss GYHKIIMH CUMMETPUUHA

OTHOCHTE/AbHO HA4ada KOOpAHHAT.

Kpome toro, f(-x)= —{f—xﬁi = -i = f(x). [ToaTOoMy 3a0aH-
! cos(-x) cosx
Hast GYHKIUMA SBASETCS UETHOM.
(cos(-oc)—sin(—oz))2
1-2 sin{—o) cos(—ar)

NMpumep 8. YNpocTHTL BBIpAXEHAES

PemeHue. BocnonbiyeMcsi paBeHcTBaMH sin{—a) = —sina,
cos(—o) = coso. Torga MoTy4YrM

(u:os{—oe)—sin(—cxt))2 __ (coso+sin a)2 _ 1+2sinwcosa _ i
[ Zsin(-o)cos(-a)  l+2sinecose  l+2sinecosc

3. IepuoananocTb. 3HAMECHUS TPUTOHOMETPUUECKAX DHYHKITHIA
OTIpENeNAITCSA TIOJIOKEHUEM NOIBHXKHOTO paauyca, KOTopoe HE
MeHsleTcd, eciIH ero TIOBepHYTh Ha MOJHBIH yros 1o 4acoBOR HAM
NPOTUB YACOBOM CTPENKK. DTO O3HAYALT, YTO NPH npubGaBIeHHH
K apryMeHTy o Mc/Ia 21 3HAYeHHA CHHYCA 11 KOCHHYCa HE H3Me-

HAIOTCS, T.€.
sin(a + 21) = sing, cos(o £ 21r) = coso. NpH JOGOM ol

Jing TaHTeHCa W KOTAHTEeHCA HMEEM
tg(o + T} = g TIPH o # 325 +7n, ctg{o.+ X) = Ctgo, MIPH o # 1A,

IeiicTBUTENBHO, TOUKN B (x,, ¥)) 1 By(X,, y,) Ha OKDPYX-
gocTH (puc. 10), COOTBETCTBYIOLIME APTYMECHTAM O M & + 7T {(unu o
Va H 0,— T}, CHMMeTpH4YHEl OTHO-
CHTEJIEHO HAa4aja KOOPAKHAT.
Bi(x\;¥y) 3pauut, x, = —X,, y, = ~), Tor-
X X Y2 _ N
Ia UMeeM T Fale
T tg(aw) = tgo ¥ ctg(o ®) =
- =ctga. Taxkum oGpasom,
GYHKUWH Sino, cosd, tgo M
ctgo ABAATCA NMEPHOANICC-
Puc. 10 KHMH.

By(xy; ya)
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ITokaxeM, YTo OCHOBHON IIepHon PYHKLIUIT Sino. M COSOL paBeH
2r, a GYHKUMH tgo M Ctgor — paBeH T.

Tak kax sina = [ npu o = g+21r.k , cosa = | mpn o = 2nk,

T

tigo =0npn oo =nmkn ctge =0 npH o = 5

qaeM, YTo:

1) napMeHBKE TONOXUTENBHBIH MOBOPOT, Yepe3 KOTOPHIi
MOBTOPATCS 3HA4CHMS CHHYCA M KOCHHYCA, paBeH 2. DTO 03Haya-
€T, YTO OCHOBHOW MEPHOA CHHYCA W KOCHHYCa paBeH 2r;

2) HaHMEHBILIHKI MONOXUTEIBHBIE MOBOPOT, Yepe3 KOTOPLIil
MOBTOPHTCA HYNEBOC 3HAYEeHHEe TaAHTEHCA W KOTAHTEHCA, PABCH K.
CirexoBareNbHO, YHCAO T SIBJISETCH OCHOBHBIM MEPUOLOM AJA
3THX (PYHKUWH.

ITokaxem, 4yTOo ecan f(x) — nepuoguyeckas dyHkiuMg ¢ mne-
puosoM 7, To IpH MoBoM LeNoM K MMeeT MecTo paseHctBo f(x +kT) =
=f(x). JedcTeutensHo, TaK Kak f(x+7T) = f(x) = f(x — T), 10

S 2Ty =fx+ T+ D) =f(x+T) = f(x),
Sx 3D =fx +2T+ T) =fx + 2T) = f(x)

U T.A., T.e. NMPH N0OOM 1eOM K BBITOAHNAETCA PABEHCTBO
F(x+kT)Y = Ax).

Taxum obpa3oM, MBI AOKa3amu, uTo e¢ciu T ecTh mepHon He-
KOTOpOoil GpyHKUMK fix), TOo KT npH mMoBoM Leg0oM k Takke SIBNs-
eTCA NePUOIOM.

PaccMoTpuM  ¢dyHkumMlo y=coskx, k>0. Hmeem

+ mk , TO OTCIONA 3aKII0-

2
cos k (x + -k—) = cos(kx + 2r) = coskx . Orciona Moaydyaem, uTo

n
T = - OCHOBHOM neprol PyHKUHYN y = coskx. AHAJTOTUYHO

MOKa3bIBaeTCA, YT0 PYHKUMA y = Sinkx MMeeT OCHOBHOM mephoa,

in
pPaBHBIN Vi (pyHKUHH ¥ = tgkx ¥ y = ctghkx UMEIOT OCHOBHBIE

NEPUOILl, PaBHbIE 42— .

HoxaxeM eute, 4TO CYMMa M NpOM3BedeHHe ABYX NMEPHOAH -
4ecKHuX (GYHKUHH, MepUOIbl KOTOPHIX COU3MEPHUMBI, TAKKE SIRJISI-
I0TCA NepUOAHYecKoll GyHKIIHeH,

HeACTBUTENBHO, NYCTs GYHKIHH ¢(x) B y(Xx) onpeaciacHs Ha
HEKOTOPOM OOLUEM MHOXECTBE H X Tepuoanl T, u T, coH3mMepH-

n _m
MbI, TIycTE LR THe m W ® — B3aHMHO IIPOCTHIE YHCJIA H
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T'=nT, = mT, Torma yucao T 6yaer mepuonoM cyMmEL ¢{x} +
+ y(x) H apoussencHUA @(x) - y{x}, HOCKONLKY

ox +T) +ylx + T) =olx +rT)) +wylx + mT) = ¢(x) + y(x),

ox +T) ylx + T) =glx + nT) - y(x + mT) = ¢(x) - y(x).

MpuMmep 8. HailT HaliMeHBIHHA MOAOKUTENBHBIH (OCHOB-
Ho¥t) nepHoA OYHKIUHIA:
0) y = sin8x.

PemeHue. a) [Iyctey m — nepHos GYHKUMH cos5x, TOTAA
cos S x+m) = cosSx ana modoro xe R. Eciu B3dars x = 0, TO HMe-
eM cosSm = cos0 = 1 u Ha npoMmexyrke [0; 2x) nonyuum 5m = 2rn

a) y = Cosdx;

(m +0). Orkyaa m = 2?“ CneaopaTelbHO, M = -2575 — HAWMEHb-
1IHHA MOJOXKMTENBHEI WA OCHOBHOH mepHol (DYHKUHH ¥ = COs5X.
6) Mcnonb3ys nony4eHHule BuilE DOPMYAB, Ang GyHKIUU

¥ = sin8x UMeeM OCHOBHON MEpHOA, paBHbIM %’5 , T.&. %
Hpumep 9. HaitTh ocHOBHoH nepHon GyHKIIMIA:

a) f(x)=sinx+ % sin 2x + % sin3x; 6)flx) = sin’x.

PeumeHue: a) OcHoBHOM nepHod DyHKIMH sin X paBeH 27,

. . In o
OCHOBHOU nepHol YHKIIMY sin2x paBeH T OcHOBHOI ne-

. 2r
prod dbyHKUHH sin3x paBeH 5 IMosTOMY OCHOBHBIM TIEPHOIOM
3aDaHHOH QYHKUHKM OyIeT HauMEHblUee 00Mlee KPaTHOS YHCEH

2n
2, Ru 5 » T-e. 4ucIo 2n.

6) Tak Kak sin’

I
x = 5(1-cos2x), a cos2x UMEET OCHOBHBIM

TICPHOAOM HMCIQ 1, TO 3alaHHasl (PYHKIMS SNy TaKxke MMeeT oc-
HOBHOW NepuHoJ, PAaBHBIH T,

Bonpoch w 3azanms

L. faTe onpedeneHnd CHHyca, KOCHHYCA, TAHTeHCa M KOTAHTeHCca
NpPOU3ROJBHOTO YINa o.

2. lna Kakux 3HAYCHHH o MIMEeT CMBICT KaXaoe U3 BBIPAXKEHMIL:
sino, cosa, tgo n ctgo?

3. Kakue 3HAKHM HUMEIOT CUHYC, KOCHHYC, TAHTEHC Y KOTAHTEHC B
KDKAOH H3 KOOPAMHATHRIX YeTBepTeii?
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1.

4. Natp onpeneneHns TPUTOHOMETpUYECKHX byHKUHH sina, cosa,
tgo v ctgor.

5. Kaxkuie W3 TPUTOHOMETPUYICCKUX (QYHKLHI SBASIOTCH 4eTHBIMH,
Kaxue — HeuyeTHEIMH?

6. Ha3paTh 0CHOBHOM Tepron GyHKIMIT sina, cosa, tgo U cigo.

Yopaxnaenns
Brruvcaurs:
. 2w, Sn _ry,
a) sin = r) ctg 5 X) tg( 4),
6) cos%ﬂ : I) cos{(—90°); 3) sin{—135°);
B) g %‘ ; &) sin{—270%); u) Cos (— '%n) .
. BBIUHCTHTE:
a)2cosg+ctg-g; B) tg2rt+ 2sin 2 ;
6) cos%f+sinf-; 1) cosrc—2sin§.

Haiiti 3HaueHUe BEIPAKEHHUA:
. %t 7 .
a) 3sinm - 4cosE + 2tgz- ctgi ;
6) 2005% - 3sin{® + ﬁtg%+ ctg%:—[;
B) 2sin60° — 3tg30° + ctg(—270") — 1g180°;

r) 2tg(—45°) + 2sind5° - 3tg0 — 2ctg4d5®,

HaiiTu 3HAYCHUME BBIpaXCHUA:

a) 2¢os 0. + /2 sin ¢ py o = %; 1} 3cos3a + tga npu o = 60°;
B) sin20t — cos3aTIpH O = % : ) dtg2o+ cigdo mpH ¢ = % ;

B} V3 cose + 2sin ¢ npu o = 30°;

. OnpenenuTh YeTBEPTh, B KOTOPOH OKAHYHBAETCH YIOJN o, SCIIH:
a) o= g; B) o = 230°; 0 o = 840°,
6) 0t=-3ﬁ; r) o = —200%

4
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6. OmnpenennTh 3HAKKM YHCEN Sina U €Osal, eCIH:

3n 3= _ o
a}a=T; B)oa——~8—, n) a = 750°.
5n 4n _ .
=——; e) o = 520°.
6) 0= = ) o 3 )
7. OnpeNenurh 3HAKM YUCET Lot M cigo, €Cii:
7n 2r _ o,
= — =-—= o = 185%;
a) o= 6 ] B) o= 5 a ﬂ)
lin _ 5, — o
8. OnpesennTh 3HAKU YUCEN SiNo, COSK, tga U Ctgal, eCiH:
a)5<a<n; B)—<a<21c
7= n<o< Bl
6) - tco< = r) 20 7 -
9. HyCTb o — ocTpuiit yroia. OnpelenuTh 3HAK YHCIA:
a) sin (g— + a); B) tg(R + a); a) cos{oL— o).
6) cos (% - a); r) ctg{o— m);

10. Kakue u3 yKa3aHHbIX HHXKE QYHKIHUA SBAAIOTCS YeTHBIMM, a
KaKue — HeyeTHBIMH?

a) y = sin’x; B) y=sinx: my=
6) y = cosx + 2 D y= cos2x |

sinx
11. HaiiTy HAMMEHbIIKI MOMOXUTE/LHEIN NepHOA GYHKIMH:
a) y =2 4 3cos(6x + 7); r) y=cos’x + 1

3
6)y = 2sin(3x + 2) — 1, ) ¥ =¢os (Sx—i),

B) V= 2tg%—3ctg3§;

12. [TIpoBepHTL Y€THOCTD HAN HEUCTHOCTH GYHKUAR:

a) f(x) = sinx + tgx; r) f(x) = x’sinx;

6) f(x) = sin2x - tgx; m) f(x) = x* + sinx.
X2

B) f(x) = c052x
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13. HaiitH ocHOBHo# nepuox GyHKLIHI:

a) y = sinbux; B) y=tg (x + ‘1‘)
0) ¥y = cos3x; r) y = ctg{3x + 5).
14, HaiiTH ocHOBHOK mepyon GyHKIMIA:
a) f(x) = sin3x + cosSx; 1) f(x) = 3 + sin’x;
6) f(x) = cosl2x + tgdx; ) f(x) = sin®x — cos’x.
15, OnpegcauTe 3HAK YKHCOA:
x4
. g .om sin 3
a)sm-s—vsm:‘-, B) T
Cos™ —
4
4 T ir
6) oS-+ C0S 3, r) tg—+smT
16. BRIYHCIUTE:
PR T . 2
a) sin 7 sin” 5, B) tg sm— ctg’ 3 ;
n T .
0) cos’ 6 cos’ 3’ r) ctg§ cos” z-sin =,

17. HaiiTi 3HaueHHe BBIpAKEHHA:

. I + ™
a) 3su15+2(:050—351113 3 toosm;

—sin? 2 2R g2 T
6) 3 —sin 3+2cos 5 Stg 1
B) 6sin’ = 4tg 40052%+3ctg2g

§ 3. I'padaxn TpHronoMeTputecknx GyuKkumit

JanpHeliine cpolicTBa TPHIOHOMETPWYECKHX DYHKUIHA MOX-
HO TIONYYHATH NPH aHANU3Ee HX TpadHKOE.

1. y = sinx. Bo3bMeM OKPYXHOCTE €IMHHYHOTO paiHyca C
LEHTPOM B Touke (—1; 0) W pa3fenuM Ha m paBHBIX YacTeil Bepx-
HIOI0 NOAyokpyXHocTh (puc. 11). Touku meneHHA oGO3IHAYNM ye-
pes Ay, A, ..., A,. Ha ocu abcumce orpesok [0; n] Toxe pasnenyum
Ha m paBHbIX YacTed. Touku geneHus obo3HaymM depes x, = 0,
X, Xy .y X, = m. [1poBens U3 TOYEK AeNEHMA X, X, ..., X, BEPTH-
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I\-"m

1=y

n

13
() =

Puc. 11

KaJlM, a U3 ToueK Ay, A, ..., A, TOPH3OHTANH, MBI MOJAYUUM pAA 2)
NPHHHUMAET HaHOObIee 3Ha
_ YeHHe =
Touek M, M, ..., M, MeXaWHX Ha HCKOMOM rpadpuke. Coean ke Z M HamMeHbIIee 3HAUCHIe pasHoe _], PaBHOC_l npu x = 2k,
HHMB 9TH TOYKH MJaBHOI KPHUBOH, NMONYYUM rpadHK CHHYca Ha ’ » IPM X = + 2k, ke 7.
orpeske [0; x]. Ucnonas3ys ¢BOHCTBO HEUCTHOCTH M MEPUOANYHO-
CTH CHHYCA, NMOCTPOUM ero rpaduk cHayana Ha otpeske [-m; 0], a

3) obpawrae -

) obpaimtaetes B Hymb npu x = X4k, ke 2
3aTeM Ha Beeit uncnopoil ocu. ITodyueHHas KpUBas Ha3bIBAETCA

CHHYCOUJOU.

Puc. 12

Toqié }E—zl .tg{;c. [TocTpoum CAMHUYHYIO OKPYXHOCTD C IIEHTPOM B
; 0) (puc. 13). Pasgenum AYTY NEPBOIi YeTBEPTH Ha M
H3 rpadwvka BugHO, YTO q)yHKu_Hﬂ ¥y = sinx: PaBHBIX YacTeil Touxkamu A4, =0, 4 A= q o
1) MOHOTOHHO BO3pacTaeT, MPUHUMAas 3HaueHHd oT —1 no | Ha Anycs OA,, 0A 04 u Hpono; » An— 5 - tlpoBeaem pa-
20 s - XHAM HMX A0 NepecedeHud ¢
.- m OCh
TPOMERYTKAX [—5 + 2nk, 5 + 2T[k] H MOHOTOHHO Y6BIBaeT, IIpHHU- 10 OpﬂHHaTrCOOTBeTCTBeHHO B TouKax CI! Cp v C T Pa3,[[e-
-
AuM orpesok |0; 2
. 3 P |5 OCH abCLMCC Ha M paBHBIX YacTeil ToYKaMmu
Masd 3Ha4eHHs oT | 10 —1 Ha MPOMEXYTKax (5 + 2rk; ST+ 2nk |;
¥
2) npuvHMMaeT HauGoJibliee 3HAaueHWe, paBHOoe 1, TIpH Tomm Mo
\ y=igx
=2+ 2nk, ke Z, v HauMeHbIIEE 3HAYEHHE, paBHOe —1, npu : :
n ' :
x=—5+2nk,ke2; ; H
3) obpaluaercs B HyIbL NpH x =k, ke Z .
G
. T _
2. y = cosx. Tak kak €OSX = 8in (5+x) (byner roxasaHo G £
: 1 e
g o} a1 X2 X o — N
HuXke), TO rpaduk GyHKUMH y = COsx Mojyvyaercsa M3 rpaduka Z " a T 3, —,
- 2 S
¥ = sinx CABMIOM MOCJACIHErO Ha 5 CAHHHI BJEBO BIONb OCH
OX. TlonyyeHHasi XpUBad HA3BIBAETCA KocuHycoudol. OHa CHMMeT- Lyl ctgx 3
PUYHA OTHOCHMTENBHO ocd OV (puc. 12). U3 rpaduka BUAHO, 4TO ! '-.l-"’z'“g*
dyHKUHA ¥ = cosx: : ‘
1) MOHOTOHHO BO3pacTaeT, IPHHUMAA 3HaYeHUd ot —1 jgo 1 y=tgx '
Ha MpOMEXyTKax [r + 2nk, 2x + 2mk], ke Z 1 MOHOTOHHO YObIBa- :
eT, IpHHKHMAA 3HayeHHud oT 1 Ao —] Ha npoMexyTKax [2rnk, m + 2rk], 1 '
ke Z; Puc. 13
24
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n
X, = 0, X Xgy s X, = 7 TIpoBens BePTHKAMU U3 TOUEK X, Xy,

m
vy X M CIPOEKTHPOBAB HA HUX TOUKY C, C,y o C,,_, COOTBET-
CTBEHHO, HaXxOAWM TOYKH M, M, .. M __,, Aexallue Ha rpadu-
ke y = tgx. CoenUHUB TOYKH fnaBHol KpUBOI, TojydaeM Ipa-

s
UKk DyHKUMY y = 18X Ha MPOMEKYTKE (O; -2-). HUcnoab3ys HevweT-
HOCTH W MEPUONNYHOCT TAHFEHCA, CTPOUM ero rpadux BHavdane

b . "
Ha HWHTepBane ('—.} 5 0) , & 3aTeM Ha BCEH YUCJOBOH OCH.

Fpaduk (pyHKUKN ¥ = LEX HA3bIBACTCA manzencoudos. TaHTeH-
COMAA COCTONT U3 GECKOHEYHOTo YHCAA OTAENbHBIX ONHAKOBBIX
peTBEH, HA KOTOpbIE OHA pacnanaercd rph [POXOXASHWH ApPTY-

T
MeHTa X uepes TOUKH X =3+ nk, k€ Z . No3TOMY AOCTATOUHO

b 14
paccMOTPETh OHY U3 TaKhX BETBEH HA (— 3 ,,) Ha »ToM HH-
Teppajic ¥y = 1gx BO3pacTaeT, NipUHKMAs KaK oTpHLaTesibHbIe, Tak
W TIONOXKUTENbHbE 3HAYEHNS. OGIacTbio 3HAuUCHUI DYHKIIWH AB-

T
nAeTcs MHOXECTBO (—eo) +0¢). TlpaMbe X = 5+1tk ABNAIOTCH BEp-
TMKAJbHHIMH ACHMNTOTAMU TAHTEHCONADI.

4. y = ctgx. Tak Kak ctgx = —1g (x - %) TO COTNacHo MpaBu-

JIy NOCTPOCHHUS rpadukoB, rpadvK KOTAHTEHCA MOXHO [TONYYHTH
u3 rpadMKa TAHTEHCA TIYTEM CIOBHIA TAHTEHCOHABl ¥ = tgX Ha 3‘2.

eIMHHI BMpaBo BAONB OCH OX, a 3aTeM NOAYueHHBI rpaduk

GYHKLHMKM Y = (8 (x—; cneayeT oToBpasuTh CHMMETPHYHO OT-

HOCUTEABHO ocn abeuuee (puc. 1.

I'paduk GyHKINK y = C1gx HaswipaeTes komaneencoudod. OH
COCTOUT M3 HecKoHEUHOro Yucia OJMHAKOBBIX BETBCH, COOTBET-
CTBYIOUIWX MHTEPBANTaM (nk, mk + 1)), ke Z. Ha xaxioMm H3 3THX
MHTEpBANoB ¥ = Clgx MOHOTOHHO yooisaer. flpAMble BANA X = ntk,
ke 7 ABISIOTCA BEPTUKATbHBIMH ACUMDTOTAMHU.

5, T'padmk rapMoHNIECKOTO KoneOanma. lapmoniueckoe xoaeda-
nue onuchiBaetcs GyHKIMeN y = Asin(ox + o). Bernyuna A na-
spIBACTCS amnaumydoi xosebanus, OHa XapaKTepu3yeT pasMax Ko-
neGanysg. BelnynHAa © HA3LIBAeTCA wacmomoti Kosebanus. Hem
Gonablle @, TEM OOMbllee YHCIO KonebaHuil cosepllacTcs 3a eid-
Huly BpeMeHn. Hucio o WA3BIBACTCH HauaAbHOU (aszod kxoneba-
Husg (noapobHee O rapMOHUYCCKHX xone6anMuax cM. B [MaBc XV
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H -
allpuMep, CCJIH Ipy3, BUCAIIHH HA TIPYy>XXHWHE, BBIBECTH M3 110
JAOXKCHHA paBHOBeCHH TO OH HAYHET COBep]"alb K()_f[e(iaH“ﬂ 3a-
1 a
KOH : I I y - .‘I
rae y OTKNOHCHHC rpy3a OT MOAOXKCEHUHS paBHOBECHA, a X :
*

BpeMA OTKJIOHERNA. TOT ke
. 3aKOH BCTpEHACTCA K
TPHYCCKOI'D TOKA. b ;IO e

IMpenctaBuB GyHKUHIO B BUAL y = Asin co(x + E) BHAHM
¥ 4

4TO ee rpaduvk nonyvaercd B3 rpadHka y = o

IUX TTOCJASAOBATENBHBIX MPeOOpa3OBaHMIA:

=l‘) ¢XKaTHeMm BIOIbL OcH OX ¢ kKo3dhduuUeHTOM ® rpaduka
y =sinx, nojay4yaeMm rpaiuk PyHKIMU ¥ = Sinmx;

sinx NyTeM CAeayio-

2) cOBMIoM KpHBOH y = sinmx BRogb ocd OX Ha oTpe3ok H
(BNpaBO, eCJIU 2« ¢ n
, - 0 u BreBo, ecau - > 0) nmonyuaem rpadpux

byHRUMM y = sin w(x + E);
()}
3) pacTarvBasg KpuBYIO y = Si ( o
y=sinw|x+ =
w) BIONL OcH OY ¢ Koad-

PULMEHTOM A, MonydaeM rpadbux GyHKLHN y:Asinw(x+ 3) HAH
y = Asin(wx + o). ?
Tak Kax ¢yHknus y = 4sin{fox + o) — nepuosnyeckas ¢ ne-
2n
pHonOM = |
—; TO J0CTaTOYHO MOCTPOHTE e rpadMK cHadana Ha

oTpeske |-= - X
[ =0 —— 0|, A 3aTeM MPOLOJIKHTEL NMEPHOLNIECKH Ha

BCH) YMCAOBYIO MPAMYIO,
" o
TaK, rpaduk GyHKUHKM y = Asin{wx + o) eCTh CHHycoMIa ¢

nepuoaom T = 2_“ ]
L]

Npumep. Moctpours rpaduk GpyHkunun Y = 2sin [i - E]
3 .

=)

P
cmeHUe. 3anviieM GYHKLHIO B BUJE ¥ = 2sinl x-Z

3 .
HNocTpoeHue rpaduka OCYIECTBHM B CICAYIOLIEM TOPAIKE:

oc OX BMpaBo M MOCTPOMM rpaduk QYHKIUMH ¥ = sin [x - 3]'
2 *
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A 1,51+ %

(}/ |.5n

e

-2

Punc. 14

2) BBUIIONHUM CXaTHe MOCICAHETO rpaduKa BIONL OCH OYc

k03¢dhHIeHTOM % ;

.1
3) npou3peleM PACcTHKEHHS rpaduka y = sin g[x - %] OT OCH

OX ¢ xoahbuIHeHToM 2.

B wrore noayiiM rpapuk GyHKuMM Y = 2sin [% - %] (puc. 14).
McKoMbiil TpadyK €CTb TapMOHHUKA € aMIIMTYaoH A = 2, ne-

puonoM T = bm M HauajnpHOl daszod o = - % I'padpuk (oCHOBHAs

BOJIHA) PACTIONOXKEH B MPIMOYFOABHHKE €O cTopoHaMK y = 2,

n
x=33n+ .
T3

Bonpochl H 3aJAHKA

1. Kax nasmiBaetcs rpadsK QyHKIHH Y = sinx?

2. [MepeurcanTh CBOHCTBA (dYHKIMH y = SINX.

3. Kak crpourcs rpaduk QYHKIAH Y = sinx?

4. Kak crpourcs rpaduk QyHKUMA Y = cosx?

5, TlepeuncIThL CBOHCTBA GYHKUHH y = COSX.

6. Kak cTpoutca rpadK HYHKUMH p = tgx?

7. Kak HazwiBatotcs rpadmku GyHKIMiL y =tgxu y = ctgx?

8. Kaxoe ABIXKeHUEe OTIMCHIBACTCA dopmyaoi y = Asin{ox + o)?

23

_ *x
A Ik,

Ynpaxuenus

. HMocTpouTh rpaduk QYHKIUHA:

a) y = sin3x; ) y:sin[x+%); u) y= cos(x+g];
0) ¥y = coslx; e) y=—cos[x—g]; K) y = Cos Zx-%'-

B) y=2+cosx; X) y=lsinx|;

r)y=-2+sinx, 3)y=sin|2xl;

. Tlone3ysack rpadyikaM GYHKUMIA y = sinx M y = COSX, HalTH

penieHUe YpaBHEHMH.

a) sinx = 1; B) sinx = —1; n) sin x = 1/2;

6) cosx = 1; r) cosx = —1; e) cos x = 1/2.
3. [Mocrpouts rpaduk GyHKIUA:

a) y = 1g2x; )y = ltgxl; X) y = ctglxl.

6) y = ctg3; ) y = te;

B)y =1+ 1gx &) y = letgx|-
4. Mocrponts rpaduk QyHKIHA:

.1

a) y=25m5[x—§); 6) y=1,50052[x+%}

5. Mocrpouts TpapuK GYHKIUHI:

b

a) J’=cos[x—g]; B) y=|cos(x—g];

6) y=sin[x+g]; r)y=sin[x+%],
Haiiti o61acTh onpeleyeHus, o6JacTh 3HaYeHHN, MPOMEXYT-
KM BO3PACTAaHHs B yObiBaHHs GYHKOMIl M MOCTPOUTH Tpaduk:
a) y = cos2x + 2; r) y = [cosx + 2,5];

. T
6) y=3sm[-2——2x); o) y = 2tglx;
B) y = 2c08(t — 2); e) y = 2tg lx - g‘
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7. HafiTi aMmauTyny, Nepuoa, HadaabHylo ¢a3y H MOCTPOUTD
rpadiK rapMOHHYECKOr0 KoneGaHHA:

a) y= 2sin[3x+g]; B)y= 2,551n[0,5x~§};

6) y = O,SSin2(x + g] 1) y = 28in(3x — 2).

§ 4. CoortHollieHHst MEXAY TPATOHOMETPHICCKAMHE
byHKUHAMH 0JHOTO H TOFO 3Ke APTYMEHTA

1. B § 2 Obliu onpeneneHsl 3aBUCHMOCTH

sin e .

tgo = —2 o £ = +
£ coso L g T TIe ne Z, (1)
ctge = 2% o 2 wn, rae neZ. (2)

SN

Ya PaccMOTpUM eAMHHYHYIO OKPYXK-
M.(x.y) HOCTB (PUC. 13} U HEKOTOPYIO €€ TOYKY
M (x, ¥), COOTBETCTBYIOLIYIO YIIIY O
al? Koopnuuatel nw0boii ToukHn M(x, y)

oy
Ll

EOHHWYHOK OKPYXHOCTH CBA3aHLI CO-

ol ¥ A
: oTHoweHreM x* + y? = 1. Ilo ompene-
JIeHUI0 X = cosa; ¥ = sino. [ToaTomy
sinfe + cosfo = |, 3
Prc. 15. TA¢ of — NPOM3BOJBHBIA yron. Pasen-

CTBO (3) HA3BIBAIOT OCHOBHBIM MPUOHO-
Mempuieckum moxcdecmeom, YCTAHOBUM €llle HECKOJNbKO BaXHBIX
TOXZECTB.
HUcnonb3ys paseHctsa (1) W (2), nonyyaem

too - cten = 2—2 . 222~ o
go. - ctga oo oo b o 2,u1em=_Z, 4

T.€. MOJYYaeM 3aBUCHMOCTh MEXAY TAHTEHCOM M KOTAHTEHCOM.
H3 (4) MOxXHO HallTM 3HAYEHWE tgo MO 3AMAHHOMY 3HAYeHHIO
ctgo u obpaTHoO:

1 1 e
tgo = —;cClgo = —, a#—
8 g S8 T e O F 5, T ne Z. 5)

Paznenum toxaecTso (3) MOYJIEHHO Ha COSZa, YTO BO3IMOXKHO
Mpu BCeX 3HAYCHMAX ¢, He oOpalllaloHIMX COSK B HYAb, T.e. NPH

30

o #12:-+Tm, rae ne Z. Toraa

.2 2 1
smzu+c052a: _
cos“ o €Os° . COS‘x
2 1 i 7 6
l+iga=—5, 1de a0 s+ 71, Hel (6)
cos“o 2

PasfpeuM Tenepb TOXAECTBO (3) Ha sin’c, YTO BO3MOXHO Npu
BCEX 3HAYEeHMdX ¢, He oOpailarolumX sine B HYRb, T.C. [IPH O # A,
rae #ne Z. [lonyunm

a2 2 1
sm2a+c?52m: L
sin‘e sin“a SN
l+ctg2rx= s—, O %W, TIe ne”Z. )]

sin“o

Mpusmep 1. Boruucnuts ctga, ecan tgo = 5.
Pemwenune. Tlo dopmyne (5) HaxonuM

1
Ctg(‘.(=—l—=—

tE 5
Mpumep 2. Bayucantb tgo, €CAH COSC = -0,6 n
n<a<3n
5T

Pewmenue. Hcnonesya dopmyay (3), Haxodum, 4TO

3
sin=—l—-costa=-y1-0,36 =-0,8, TaK KaK M<Oo< ST M

sing. < 0. CnegoBaTelBHO,

q _sinec 08 _4
80 = ose . 06 3
. 4 i1
Dpumep 3. Beraucants Clgo, ecld sSIng. = TH5< o<zR.

Pemeuue. U3 dopmMynbl (7) HaxoouM, 4TO

I 9
ctgzaz—-l—- -1= 13_12'1_6‘

sin? o 10
25
Tak Kax Bo Il ueTBEpPTH KOTAHTEHC YIla ABAAETCA OTpHLATENb-
HBIM JHUCIOM, TO
3
ctgo = ——.
& 4
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Mpumep 4. BeMHCIHTE cOSO, €CMH tgo = 3 ¥ n<a4%n.

Pemenune. U3 popmynsl (6) Haxomum

cc;s,QOL:__l _=L:1.
1+t e 143 4

3
Tak Kak T < o < 3T, TO COsx < 0, u mo3TOMY
cosot = —0,5.

2. Tabauupl 3uavenuil TpuronoMeTpuyeckux Gynxunit. [pu-
OAMKeHHbIE 3HaueHUS GYHKLUH Sino U cOSe MOXHO HAHTH MpH
MOMOLIM OKPYXKHOCTH. Ha mpuBeseHHOM HUXe pHCyHKe H306pa-
XE€Ha OKPYXKHOCTH B Maciutabe | ex. = 5 ¢cM. Ha okpyxHocTH
H300paXCHB TOYKH, COOTBETCTBYIOWNE yucaaMm oT 0 a0 2m, vepes
kaxawie 0,1 pagnana. C NOMOIUBIO TaKoi OKPYKHOCTH MOXKHO
HAaXOAUTh 3HAYEHHS SINQ M COSCL C TOYHOCTHIO Jo (,02—0,03.

Bonee TouHbiMKu gBIAIOTCA «YeThIpex3HaYHBIE MaTeMaTHYeC-
KHe tabanusi» B.M. Bpaayuca, Koropele NO3BOJSIOT HAXOAUTE
3HAYEHHS $ino, COSal, tga M cigo, eCNM 3a0aHO 3HAYEHME apry-
MeHTa o B rpaaycax ot 0° 1o 9¢°, Tabmauna XII (B.M. Bpanuc) no-
3BOJIAICT HAXOAUTH JHAYCHNA 3TUX QYHKUMIA IPH 3HAUSHMM apry-
MEHTa B paguaHax oT 0 1o x. PacCMOTpHM cleayIOIHe MPUMEPDL.
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IIpuMep 5. Haiitu sin65°20".

PeweHue. Bocrionbsyemeda Tabnuueit VIII (B.M. bpaauc). B
JIeBOH KONOHKE HaXOoAMM 4HCIO IpagycoB (63°), B BepxHel cTpo-
Ke Bauxaiiiniee K 20, yHcao 18', Ha (epeCceYyeHHH CTPOKM, CO-
Zepxaiueil 65°, H KONOHKHM, colepxaueii 18°, HaxoquM: sin65°18”
= (1,9085. HeofxonuMo Tenepb y4ecTh MONPaBKy Ha 2, Koropad
COIEPXKUTCA B TPEX MOCIEAHUX KOJTOHKaX. Tak Kak Ha MPOMEXYT-
Ke oT 0" 70 90° ¢ BospacTaHHEM ApTYMEHTa BO3pACcTaeT 3HAYEHMC
CcHHycCa, TO HailzeHHylo monpasky 0,0002 npubasnsiem K 3Hade-
HHKIO sin 65°18" n monydaem: sin65°20 = 0,9087.

MpuMep 6. Haiitn cos34°13".

Pewenne. Moapsyemcd toin ke tabauneit VIII, Tonbko
YHCAO Tpanycos OepeM ¢ MpaBodl KOMOHKH (Y€TBEPTAad KOJIOHKA
cTipaBa), a YHCJIO MUHYT — M3 HWKHeH CTpoxM. B HUXHEH cTpoKe
HaxomuM Omoxatiwee K 13 — wueno 12 M nomydyaeM cos34°12" = 0,8271.
B oToit ke cTpoKe HaXOmuM MOMpPaBKy HAa |, U TaK KaK KOCHHYC
Ha NnpoMeXyTke o1 0 g0 90° yGeIBaeT, TO HAMAEHHYI) MOMpPaBKY
2 JecITUTHICSYHBIM BBIYMTAEM OT 3HauyeHHA cos34°12’. B urtore
nonaydaeM ¢os34°12" = 0,8269.

I1o Tabauue IX HaxoadaT 3HAYEHHS TaHTEHCa ¥ KOTaHIeHCca
IpH IpalyCHOM BeNW4YHHe apryMcHTa. I1o Tabnrue X HaxodAT
TAHIEHCH YTNOB, 6JU3KMX K 90°, M KOTAHIeHCH MAbIX YIJIOB.

ITo taGanue XII HaxoAasT 3HAYEHNAI TPHUIOHOMETPHUYECKHX
byHKIUI YACTOBOTO apryMeHTa.

Mpumep 7. Haiitu cosl,47.

Pemenne. Mo Tabmuue XII B KONOHKe (3BHAYEHHE apryMEHTa)
HaxoauM 1,47. Ha mepeceueHHH CTPOKH, cogepXaulell 3T0O 3Have-
HHe apTYMeHTa, H KOJIOHKH COSs X HAXOmMUM OTBeT: cosl,47 = 0,1006.

3. Buipaxenne 3uavennii TPHrOHOMETpRISCKHX DyHKUMil yepes
3HaYeHHA 0AHO# H3 HHX. PaccMOTpMM OCHOBHOE TPHTOHOMETPH-
yecKoe TOXAeCTBO sin’al + cos?oe = 1. M3 3T0ro paBeHCTBA MOXHO
BBIPA3HTH SiltGL Yepes coso. U 00paTHO!

sing = +y1—-cos’ @, cosa =1yl -sin’a. ®)

Ecau 3agaHo, HAapUMeED, 3HaYeHHe sino, TO cOSo HAXOTUTCH
13 QopMya (8), a 3HaYeHMS g0 ¥ ctgo HaXomATed M3 GOpMYyN:

tgo = 202 ctge = % €)]
COS O sin o

3 — Asrebpa, yacte 11 33



IMMpumep &. Haiiti 3HaYeHHNS TPUrOHOMETPHYECKHUX (PYHK-
. 3 n
uHit yIIa o, ecAM M3BECTHO, yTo SINGL =% M O<ac 3

Pemenune. U3 dopmyn (8) monmyuyaeM, 4TO

cosa=\/1—sin2u=,f1—i=%.

25
3Hech 3HAUYCHHUE COSQ ABIAAESTCA MOJOXUTENBHBM YUCTOM, O-

CKOJIBKY YTOJI ¢ HAaXOAATCS B MEPBOH YETBEPTHU.
3HaveHns tgo W Ctgo. HaxoauMm no dgopmynam (9):

Ecnu 3agaHo 3HAueHHe tgo, TO 3HAYEHUS OCTaNBHBIX TPHIO-~
HOMETpUYecKHX GYHKUHMA HaXoadaTCs CAeAYIOUM 06pa3omM:

2
1 1 | | . 2o
__..._:...-—2———1::5 3 +1= 7 ﬁslnza‘: 5
t22¢  sin‘ o 2 sin‘ o 1+

OTKyIoa nonydaem

[ﬂzot tEe

=z . 10
[+t el o

sine =%

AHANOIHYHO, MMEIT MeCTO QOPMYITEI

1 1
COSOL =+ ——ov ] ClEgol= —

\,‘I+t?~20t R ”

Ecnu 3amavo 3HaYeHHe Ctgo, TO 3HAYEHUS OCTANbHBIX TPUTO-
HoMeTpHuecKMX GYHKUUK HaxomoaTcd w3 GopMysT

. 1 ctfo
SinNg =& ——; cosa==%

Jl+etrdy ’ Jl+etgle ’

NDpumep 9. Onpemenuts 3HAYEHUA Sing, COSoL H Ctgol, €CAu

4 n
=-= H - < O<T.
tgo 3 5 <O

1
tga—m. (11)

34

1 1

Pewenue. Umeem coSa =1 =+ —
Jtel \/1+E

3
=!__.
—S.TBK

9

" 3
KakK AaHHBIA yrosa okaHyusaercd 8o Il 4eTBepTH, TO COS @ = -3
AHATOTHYHO TTOJivyaeM

4
. 2ot 3 _4 1 3
singt=—-——=-—2=—  (clogg=—_=_2>
Jl+teta R g tee 4’
3

TaK KaK yroa okaHuvpaercs Bo 11 yeTBepTH.
{Ipumep 10, OnpenennTsh 3HAUSHUH Sino, COSOL M g0, eCIH

ctg.:)tzl_g5 H 1'I:<0t<a32-r|:.
Pemwenne. U3 dopmya (11) noaydaem
] { 8

sing =+ .
Jlrcte?e I, 225 17

. 8
flockonbky yron o okanumsaetca B Il yerBepTv, TO smuzmﬁ.

AHAJIOTHYHO, HMeeM

15 -
COS(}(:—LU-_:—-_&:._E‘ teo = I :i.
lecwlo 17 I clrer 45
8

4. IIpumenenne 0CHOBHBIX TPHTOROMETPHYECKHX dopmyn K npe-
o0pasoBannio Bovipaxenunit. PaccmoTpumM npumepbl npecbpaszosa-
HUH TPATOHOMETPHUYECKUX BbIpaXKeHWii.

ITpumep 11. ¥Ynpoctuth BelpaxeHHue tgra(sin‘o — 1).
Pewenune. Bocnonbiyemcst (GOpMyTaMH (80 = —e
COS o
sin‘¢ + cos’e = 1. Torma nonyqum
2 sin? o
tg’asin’ o — 1) = —=(~cos® o) = —sin at.,
COs™ a

Cos o 1+sin o
+

[IpumMep 12. YIPOCTUTH BbIpAXKEHUE, ——
1+sin o COoS e

35



Peuienne. Umeem

COS o I+sina _ cos? c+{1+s1n a)2 _ cos? o+ 1+2sin otsin? o _

l+sina  cosa (l+sin ) cos & (l+sin o) cos o B
_ 2+2sine 2
(l+sine)cose  COSa

[MMpumep 13. YNpocTHTL BHpaXeHUe

tEo+ i
1 1 sin o cos e .
Peulennte. —-—. = 0 — = -5 ———_ =SiN0COSQL.
otctfo. SO COSO  gjp a+cos’ o

COosSo Sino

(:‘?F Bonpocu M 3anaHus

L. [TepevucaHTs TPMIOHOMETPHYECKHE TOXKISCTBA.

2. OGBACHUTE, KAaK MOJIb30BAThCA UeThIpeX3HAYHbIMU TabnHuaMu
B.M. Bpaauca.

3. Kax BBIpaskaeTca TaHreHC yrna 4epes ero CMHyc, KocuHyc?

4. Kak Bhipaxkaercd KOTAHTCHC VTJIa Yepes €ro CHHYC, KOCHHYC?

5. Kak onpenensiercs 3HaK 3HAYSHUA BHIPAKAEMOH TPUTOHOMETPH-
ueckol GhyHKunM?

Ynpaxneaus

1. HaiiTH 3HaueHHa TPUTOHOMETPHYECKMX (YHKUUN YTIa of, eCHU:

a) Sina=% }10<0.<-;;

6) cosct = % H o — yroa | yeTBepTH ;

p=

B) lgo =— Ho<a<n;
g - 3 2 ]

1) ctgo = -2,5 1 oo~ yron 1V dyerBepTu .

2. BolUMCANTH 3HAYEHHA TPUTOHOMETpHYeCKUX GYHKUMA yrna

36

B, ecnn:

a) sinp =2 g<[3<1t;

4 3 ;
i1 B) cos[.’;—g U 511:<[3<2TE,

6) tgp=1 PI]'E<B<%TI:; r)ctg[}=3y10<|3<%.

3. Moryr A OAHOBPEMEHHO BHITOTHATLCH PaBEHCTBA:

a) Sina=l H cosoazl; B) sirux:—i H cosoz=-§'
2 2 5 57
6) sing=0 U cosaa=-1; 1) sinaz—% H cosa:%?
4. VTIpOCTUTE BBIpaXXeHHE:
_sinacose 2

tEoctEo—sin® o
; B — 27
£1vd 2cos o

a) 1- .lg ;o 61
SN o

5. Ilpeobpa3oBaTh BHIPaXEHME:

2 —
a) COSTGL + tgactgo
sin” a—1

1 -
l+sine  sino-1"

B) ctg’p(cos’p-1);

r) sin® o — (tg’a + D cos’ o.

0)

6. YipocTHTH BhIpaxeHue:

. N 2 _
a) sin x sin x : B) clf-'ch 1 + sin? 0
l-cosx  1+cosx ctz“g+l
: 3 3
Sin o COS o +3IN" o .
6) —— + ctgo; pp 7 )
Tcos G g ) oo TCosasina
7. HaiiTH 3Ha4eHue:
9 =
a) tgo, ecaM coso = ~a 3 <o<T,
. _1 in
6) sino, ecnu clgo = 3> BCO<I,

8. Haifty 3HaueHKue TPHIOHOMETPHYECKHX (DYHKUMIH VIVIA o, eCIIH:

8 . J3 15
COoSOL = — = - - -

a) 7 6) sing 55 B) tgo 7 -

9. YOpocTHTh BLIpAXEHHWe W HATH €ro YUCNOBOe 3HAUSHME:
a) (sin a+cos o:)2 .

: -(1+tg’«) mpu a=2I;
oS o 6

2
6) (1+ctgla)—(ijm npu o =
sinT o

10. YOpocTiTh BHIpakeHHE:

W A

) sin3(—u)+c053(—a)_
l+sin ccos(—at) ’

6) ]—(cos(—a)—sin(-a))z‘

—sin{-o}

37



11. YopocTUTE BbIpaxeHue:

1-4sin’ ¢cos® o .
————————+2sinocor o
{COs o+5in o)

2 s 2
COs” o
L0 OS2 tg(—o) coS(—at) .
COS u+S8in{—o}

§ 5. @opmyasi croxeHus

1. GopMyiel, BrpaXAKUIMEe TPUTOHOMETpHUUYeCKUE DYHKUHN
CYMMbl W PA3HOCTH ABYX YINOB 4€pe3 TPHTOHOMCTPHYCCKHE (])YH-
KUMU 3THX YIJIOB, HA3BIBAKOTCH (hopmyaaMil CrOMCeHUA.

Jokaxem, yTo 115 MOOBIX 3Ha4YeHUH o U B cNipaBeAllMBO pa-
BEHCTBO

cos(or— B) = cosctcosB + sina sinp. N

Ry He#CTBUTENbHO, PACCMOTPUM

D, Cixe py YTABL GH [ KaK yrisl B TPULOHO-

Bixa, ¥1) e 3) METPUYECKOM Kpyre pazuyca R
il {puc.16). TloBepHeM paauyc OA,

B

paBHBbli R, oxono ToYKH O Hna
Q B 40X

yroa o, a zatem Ha yroa B. [Toay-
YUM COOTBETCTBEHHO pPaAHYCHI
OB u OC . rae C= Clx;; y).
B= B(x,; y,). Torna nmeem

Puc. 16 x, = R -cosB, y, = R - sin,
x,= R - cosa, y, = R - sino..

A d

CormacHo opmy/ie paccTOAHNA MEXKIY ABYMSA TOUKAMH MMEeM:
' 2
|BC|" = (xy = X)) + (= 3) =
= R¥(cosa - cosp)’ + R*(sin o —sin B)*. (2)

Otciona
[BC‘]2 = R*cos? o+ sin’ o -+ cos® B+ sin® B — 2(cos a.cosP + sin o.sin )] =

= R*[2 - 2(cos oucos B -+ sin ausin ).

Bo3pMeM Tenepk Ha OKpYXHOCTH Touky [ Rcosy, Rsiny). co-
oTBETCTBYWOLIYIO yray ¥ = o — B. Toraa |4D? = (R — Rcosy)? +
+ (0 — Rsiny)? = RY2 — 2cosy|. Tak kak |4D| = |B(|, To cnpasen-
JIHBO pPaBCHCTBO

2 — 2cosa cosp + sinasinf) = 2 — 2cosy.
38

3aMeHsiA ¥ Ha o — 3, MoAy4aeM paBeHCTBO
cos(a — $) = cosa cosp + sina sinf,

CTIpaBedMBOe M MOOBIX 3HAYCHUH o U .
Tak xax o + B = o — (-8), To u3 popmyssl (1) BBITEKAET, YTO

cos{ar + B} = cosfo — (—B)] = cosa cos(—p) + sina sin(—p).

OTcwaa B CHAY CBOHCTB YeTHOCTH KGCHHYCA H HEYCTHOCTH
CHHYCA NOAy4YaeM paBEHCTBO

cos(ot + $) = cosar cosp — sino sinf, (3

TAKXKe CTIpaBedanBoe 1A AOBIX 3HAYeHUH o U B.
NDpumMep 1. BoUHCANTE cosl5°.
Peuwenne. Tlo dopmyiae (3) Haxoaum

c0s105° = cos(60° + 45°) = cos 60° cos 45° — sin 60°sin 45° =

2 2 2 2 4

IMpumep 2. BulMHCAUTL cosl5’,
Pemwenue. Hemonbsya dopmyay (1), noayuaem

c0s15” = cos(45° - 30°) = cos 45°cos 30° + sin 45°sin 30° =
A I e

27 T 3T T

[MTpumMep 3. doKa3aThb CHpaBe/IMBOCTE HOPMYI:

cos (; - a) =sin o, sin (g - a) = cosa. (4)

IloncrasuB B gpopmyay (1) o = I[j' HMeeM DPaBeHCTBO

cos (; - B) = cosgcos|3+ sin %sinB = sin B.

Otcrona, 3aMeHsd B Ha o, MONyYaeM mepByio U3 gopmyn (4), T.e.

i

PaBEHCTBO COS ( 5

a) = sin o,
TMogaras Teneps ;— B =o B neppoit U3 hopmyn (4), uMeeM
cosP = sin (g - B). 3aMeHHB P Ha o, HOJYINM COSO. = sin(% - a).

39



Hanee, ucnoab3zya ¢popMyanl (1) — (4), BeBeaeM GopMyay
119 CHHYCa CYMMH yrios. MMeeMm

sin{ot + B) = cos [% —{o+ [3)] = cos[(; - a) - [3)] =

= cos(%— a)cosB+ sin (% - a)sinB = sinocosP + cosasinP.

Taxnm 06pa3zoM, Oist MOORIX 3HAYeHUH o U B HMEEeT MecTo
dopMyra
sin{o, + B) = sina cosf + cosa sinp. (5)
Tak Kax oo — B = o + (-f), T0 U3 (5) nonyyaeM paBEHCTBO
sin{oe — B) = sino cosp — coso sinf, (6)
TaKXe CIpaBefiuBoe JUIS BCeX 3HAYEHMH o U f.

MMpumep 4. Beryuceaurs sin75°.
Peuerne. [lo dopmyne (5) Haxoaum

$in75° = sin(45° + 30°) = sin 45° cos 30° + cos 45°sin 30° =
V23 2 _ J6+42

T 27T 1T e

Mpumep 5. Beyncnurs sinl50°.
Pemenne.

sinl50° = sin{180° - 30°) = sin 180° cos 30° — cos 180°sin 30° =

Haree, mycte o+ P # -g + 1tk . CornacHo dopMyie (1) 3 §4 u
dopmynaM (1) u (5) u3 § 5 umeem

sin ccos N cosasinp
sin{o+B) _ sinoacosp+cosasinf _ cosocosp cosawcosp

tg(o.+B) = cos(a+p) cosocosP-sinasinf  coswcosp sinosinB
cosocosp cosccosp
_ {Za+t2p
T 1-tea ted

MpHU YCIOBHH, 4To cosa.cosPp = 0, T. €. o= /2 + =k, B = n/2 + nk,
ke Z

40

Taxum 06pa3oM, TIPH YKA3aHHBIX 3HAYEHHAX O, M B CIIpaBelIn-
Ba popMyna

_ tRo+tEp
1-t2e t2p

tg(o+B) (7

3amevast, uto o.— B = o + () u tg(-p) = —tgB u3 dopmyns (7)
noJjIy4aemM, 4UTO

tg(a_g)z.l{%, a-PrImk keZ, 8)

AHATOTHYHO, M8 JIIOOLIX 3HAYCHUH o M B, YIOBIeTBOPSIIOIIMX
YCIOBHAM:

oxpf=rk, oznk, Pznk
nMeeT MecTo dopmyia

Ctg (a + B) _ Ctlo CtEPFL

oo 9
JokazatenbcTBo 3ToH HOpMYIB mpegocTaBasieM YHTATENIO.
[Ipumep 6. HaliTu 3Hayenue: a) tg 225°; 0) ctg?5°.
Pewenne. a) U3z dopmyasl (7) Haxoaum

(RI80° + 1245 _

tg225° = tg(180° + 45°) = T I8 w5~

0) no dopmyne (9) nosyyaeM

ctedscte30 -1 —97_ \/:,—,

ctg?5" = etg(45” + 30°) = o=

2. Qopmyam npuseaenus. Popmyiamu npusederus Ha3bIBAIOTCH
(OPMYJTEL, CBA3BIBAICIIHE TPHTOHOMETPHYECKHE QYHKLHMH YIIIOB
n 3n
-2—i o, T, Ti o, 2nt o 4yepe3 GYHKUMU yIia .

Bripesem cHavana GopMyabl npuBedeHHS IS CHHYCA M KOCU-
Hyca. Jlna storo Bocnonwdyemcsa gopMynamu (1), (3), (5) u (6).
[pn 11060M 3HAYEHHH o HMEEM:

R n | .
COS(E—G,)t COS-2—COSCL+SIIIESII](1= sma,

T n R L .
COS(5+CL)= COSECOSO‘.—SH‘IESII’1(1= —sm o,
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. n .
Sin(g+a)= smgcosa+cosisma =cosa ,

. T .
sin (%—a): smgcosot—cosisma = COS 0 .
DopMyIbl IPUBESACHHS VA CUHYCA U KOCHHYCA YIIIOB T £ o
BLITEAOAT TaK:
cos(n — o)) = —cosw, cos(x + o) = —cosa,
sin(m — o) = sing, sin(x + o) = —sina.

19
®opMynpl NPUBEACHHS AN CHHYCA H KOCHHYC2 YIIOB — to

HMEIT BHAO!

cos(%ﬂ— a)= -sind, 005(37”+ a)z sin o,

sin(%’t—a)z -coso, Sin (%‘4—&): —COosS Q.

Haxonen, GopMyIb NpHBeAeHM ANl CHHYCA M KOCHHYCA yI-
JIOB 2% + o BHITEKAIOT U3 TOTO, YTO TIPM M3MEHEHHH yria Ha Le-
n0e YHCA0 060pPOTOB 3HAYCHHS CHHYCA U KOCHHYCA HE M3MEHS-

10TCS:
sin(2rx + o) = sina, cos(2x + o) = CcosoL.
CripaBelNUBb TaKXKe QOPMYIbI
sin(2n — a) = —sino, cos(2x — o) = coso.

dopMysbl IPABENCHUS WIS TAHTEHCa M KOTAHIeHCa MOXHO
NONYYUTH ¢ MOMOIIBIC (hOPMYA NPUBEICHUA MUl CHHYCA H KOCH-
Hyca. Hanpumep,

sin %Jra cosa
n _ —
te (5 * Ot) = n T —sino clge,
cos| = +o
2
_ cos{mra) _ ctea
ctg(n+a)—m— ga.

TIpoaHanN3upOBaB MOJIyYeHHble BhlIE GOPMYNBI MPHBEACHHA,
MOXHO TPOCIEAMTh HEKOTOpblE 3AKOHOMEPHOCTH. DT 3aKOHO-

MEpHOCTH MO3BOAAIOT CHOPMYNHPOBATH TIPABIIO, C MOMOUIBID

42

KOTOPOTO MOXHO 3aMHCaTh M00YI0 H3 (HOpMYIT NpHBedeHUS. D10
MPABHAO BKJIIOYAET 3 NyHKTA:

a) HeoOX0OMMO OMpelNeNMTh YeTBEpPTh, B KOTOPOI OKAHYMBA-
eTcst 3aNaHHBIH yroa;

0) onmpeAesuTh 3HAK 3HAYCHHI TaHHOH TPHTOHOMETPHUECKOH
GYHKLHY B 3TOIH YeTBepTH;

B) €CJIH YOl o OTKNAABIBAETCH OT TOPH3OHTAALHOTO AHAMET-
pa (m + «), TO HAUMEHOBaHHE MPUBOANMOI GYHKLNHM, T. €. HyH-
KILHA apryMeHTa (n + o) He MeHsAeTcqa. Ecan o oTknagpiBaercss OT
n In
3 +q, 5 x cc), TO HaUMEHOBaHME NpH-
BOAMMOI QYHKLHH 3aMeHACTCS Ha CXOAHOE (CHHYC Ha KOCHHYC,
TAHTEHC HAa KOTAHTEHC M 0OpaTHO).

BEPTHKATBHOIO AUHAMETpA (

3n
Hpumep 7. Bolpasuts cos (7 - a) Yepesd TPUTOHOMETPH-
YECKVI0 (DYHKIHID OCTPOTo VIJIa ol.
PeuweHue. a) cornacHo NyHKTaM NnpaBH/a HAXOAUM YeT-

" In

BEPTh, B KOTOPOH OKaHYHBAETCS yTOJ 5o, BTO TPEThS YETBEPTD;

©) B TpeTheli 4eTBEPTU 3HAYEHUA KOCHHYCA YIa ABIAIOTCH
OTPHUATETLHBIMH,

B) TaK KAK yTOll O OTKJAABIBAETCA OT BEPTHKANBHON OCH, TO

Ha3BAHHE MCXOAHOH (GYHKUMH MeHAeTcA Ha cunyc. Takum obpa-

Iz .
30M, COS —2——0‘. =—sinao.

IMTpumep 8. Boipasuts tg(m — a) yepes TpUTOHOMETpHYEC-
Ky GYHKLUHIO OCTPOro yrna o.

Pewenne. Ecnu cuntars, 410 o — yron I YETBEPTH, TO T — O
GyneT yrioM, okaHYHBaowuMes Bo 1 yetepth. Bo II YEeTBEPTH
3HAYCHMA TAHTEHCA YINA ABNSIOTCA OTPULATENBHBIMU, H [TOITOMY
Ha3BaHHE MCXONHOH (PYHKUMH «TAHIEHC» COXpaHseTcs (o OTKia-
ABIBAETCA OT FOPH3OHTaAbHOrO AuaMmerpa). Takum obpazom, ume-
¢T MECTO PABEHCTBO tg(w — o) = —tgo.

C nomowbio GopmMyn npupedeHUS HAXOXIEHHE 3HAYECHMIT
TPUTOHOMETPUYECKHX DYHKLUHH A10GOr0 yraa MOXHO CBECTH K
HAXOXICHUIO 3HAYEHHH TPHIOHOMETPHUYECKHX (GYHKUMII yrna ot

i
0 o 7
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Ilpumep 9. Hajitn 3HaueHue cos%ﬁ.
PemeHue.

8n 2y n _ _my =__1
cosT—-cos(Zn-r—s,—)_cos?_cos(n j)_ oS3 =—>.

MMpumep 10. Haiitn 3Hauenue sin(—405°).
PemeHue.

sin{—405°) = —sin405° = —sin(360° + 45°) = —sind’* = ——\/22.

3. ®opMyan ABOHHOrC ¥ NOJNOBHHEOIO apryMentTos, Bocmons-
3yeMcs ceayiownMe dopMynaMu CIOKEHHS:

sin(o. + By = sino cosf + coso sin,
cos(ar + B) = cosa cosp — sina sinf.
3amenaa B 3THX PopMynax P Ha o, HMeeM TOXAeCTBA
sin2a = 2sino - cosa, (10)
cos2a = cosia — sinoL. (11)

Hcnonbaya dopmyasl (10), (11), MOXHO MOAYYUTD CACAYIOLLIME
TOXIECTBA:

2 —
1g20 = % (2a B —;- + nk), ctg2o = c;i;al (200 = mk). (12)

Toxaectsa (10)—(12) HasbIBaIOTCA Qopmysamu d6oinoco apey-
Menma.

CrenaeM teiteps 3aMeHy o = B/2. Torza gopmynsl (10)—(12)
IPHMYT BHI:

Bnch

inB < 2sin P cos® | 10
sinP = 2sin 3 cos (10
cosp = cos? & —sin? 2, (11)
2 2
zuzg cm2%—1
th = B> Cth = B (12’)
1—m25 2ct87

Honyuyenuple TOXAECTBA HA3BIBAIOT DopMyAaMu NOAOGUHHD20
apeymerma.
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IIpumep 11, Beiuucants cos2a, ecny cosa = 0,4,
Pemenne. Henonbiya dopmyny (11) 1 0OCHOBHOE TPUTOHO-
METPHYECKOE TOXKIECTBO, NMOAyYaeM
cos2a = cos’o — sin‘e = cos?e — (1 — costo) =
=I2coszcc - 1=2(04»—-1=—-0,68.
MMpuMep 12, Berumcauts sin2a, ecnu sina = —0,8, rae
K<< 3
5
Pemenne. [No dopuyne (10) Haxommm
sin 200 = 2sin 0. cos o = 2(~0,8)(—V1 ~ sin &) = —1,6(-0,6) = 0,96.

3HaK mepen KOpHeM OTPHMIATSAbHBIR, TaK KaK 3afaHHbIH yroj
OKAHYMBACTCHA B TPEThEH UETBEPTH.

Hpumep 13. Buuncaurs tg2o, ecnm tga = 1/3.

Pemenne. [lonaras B ¢opmyne (12) tga = 1/3, monyvyaem

2.1

tg20 = 13 =
)
3
Buiseaem Teneps dopMyanl oA sindo, coslo, tg3a u ctgla.
Hmeem

)W

sindo = sin(20 + o) = sin2o cosw + cos2a sino.
Otciona, ucnoawnsyd dopmyast (10) u (11), noayyum
sindo. = 2sina cos?o, + cosio sina — sindo =
= 3sinat cos?or — sinda = 3sina(l ~ sino) — sinfa =
= 3sina — 4sin’o.
TakumM ofpazomM, HMeeT MecTo dopMmyna
sin3ot = 3sino — 4sin’ce. (13)
AHaNOTWYHO MTOAYYUM, YTO
cosda = cosio — 3sino coso = densda — Jcosa. (14)
W3 roxaecrs (13) u (14) notyvwaeM, 410

sin3e.  3sina-4sir® o 3tRa-t2a
t 3(1 = = T = 5
cos3a  4cos’ a-3cosa -3t

:d . L
(3a¢§+nk,a¢5+nfc)‘

Taxkum obpazomM, cripaBemrypa GopMyna

. 3teo-tea b . n
tg3a-m (30&#-2—+1rk,0c¢5+1tk).- (13)
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AHANOTHIHO JOKA3HBAETCH, YTO

3 p—
ctglo = c—fﬁ%‘? Go = rnk; o # nk). (16)

Hanee paccMmoTpum M3BecTHYIO dopMyny Myaspa
{cosat + i sina)” = cosng + | sinnac.

PackpuiBan sieBylo 4acTh paBeHCTBA Mo (opMyae GuHoMa Hbio-
TOHA, UMeeM

cosne. + isinne = cos"e + iC)cos" ' sino — CF cos™ ot sin’or —

L 3 _ . _ . .
— iC}eos"Sasin’o + Ccos™*asina + ... + i"sin"a.

Ot1crona NPUPaBHMBas JCHCTBUTENEHBIE H MHHUMBIE YAaCcTH ABYX

PaBHBIX KOMTUICKCHBIX BHIPAXEHMI, TlonyuaeM ABe HOPMYITHI:

cos na. = cos” & — C2 cos™ aesin? o+ C cos™™ asin® o + ...

. ! o o, _ 17
sin no = C) cos™ asin o - C2 cos” asin® o + C cos™ asin® o + } {17

Muorotouna B opMynax (17) o3HavyalT, YTO CAATACMBIE B
HHUX MULIYTCSA A0 TeX Top, MoKa B KOS PUIIHEHTAX C,‘f‘ BEpPXHHHA
MHAEKC kK He CTaHeT Gonblue 7.

B 3akmwuenue, ucnonbiya (11), BbiBedeM ellle ABe BaXHbIE
dopmynbl miua cos2o. UmeeMm

cos2a = cos’o — sinfor = cos?a — (1 — cos?or) = 2cosia — |,
cos2o. = cos’or — sinfo = ) — sin’oe — sin‘o = 1 — 2sin‘g,

Takum o6pasom,

cos2a = 2cos?o — 1, cos2o = 1 — 2sino.

Bonpocw n 3a1anna

1. Hanucars GOpMYIEL CIOXEHHAA 0119 KOCHHYCOB, CHHYCOB H TaH-
TEHCOB. '

2. Kakue dhopMynel HaspiBaiorca GHOpMyTaMH NpHBEICHUA?

3. CohopmynrpopaThk MPABHIO, KOTOPHIM NOJAB3YIOTCA NPH BbIBOAE
chopmMyn npHBEIEHMS,

4. Hammucate hopMynsl ABOHHOTO M MOAOBHHHOTO apIyMeHTa.

5. Hamucars ¢hopMyNp Ang COSHA | sinac.

YnpaxkacHUA

1. BEIYUMCNUTE:

a) sinl05; 6) cos105°; B) sinl5’; T) cos75’.
2. HajiTi 3HAYEHHE BHIPAXKCHMA:

a) cos109°cos19” + sinl09°sin19%

6) cosd46°cosl4® — sin 46°sin14’;

B) sin61°cos 29° + cos61°5in29°";

r) sin53°cos23’ — c0s53%sin23".
3, BLIMHCIHUTH:

a) tg1357; 6) tg75°%; B) ctg225; r) ctgl20°.
4, BuIluHcIUTE:

O Sn

g—-1g—

ted1°+1219° 6 _16 16
1 tedl°1Elo" ) PLLITELY
1616

5. YIpoCTHTH BLHIpaXeHHE:

. n T ny . _ T
a) sm(a+g)cos(a—g)—cos(a+§)sm(a 3),

6) cos (% - [5) cos (; + B)« sin (% + B)sin (E - ﬁ).

6. YNIIpOCTHTEL BBIPAXCHHE!

cos(o-P)-sinasinf 6) sin{u+p)-2 cosasinp
a) cos(a+B)+sin asinp’ 2 cos o, cos f—cos{o+p}
7. YTIpOCTHTDb BHIPAXECHHE!
[ 2o+ }cos o—CtEa)
_3 . 6 (1 — ctg?o)sin’a; B) ==
a) tZa+ctia ) & ?

{cosa+ct2u)[l.2a— L ]
cos o

8. Haijitu 3Hadenue BhHIPAKCHHA!

a) cos810° + sin1500° — tg1125%
6) 1g1620° — sin405° + c0s945°;

. 32 11
B) sin{-5m) +2cos —35 - 1g -4—“: ;

r) cos(-7m)+ 2sin (— 3%") - cig (— 9—:»).
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9. YIpoCcTHTE BHpaXeHHE!
a) sin®(n - o) + cos*(ct + x); X)
6) cos(r + a)cos(2m - o} — sin(ot + m)sin(o — 2m).

10. BEHYHCAHTS:

l-cos 2ee+5in 2o 2 sin o+sin 2o
1+cos 2ot+sin 2e ’ 3) 2sin e -sin 2e °

16. Haittu 3HaYeHHe BBIpaXKEHU:

a) sin1080° + cos6870°; p) 3230:‘:08(_90?0) ; ]
(2385°-ct810 sin7“+cos(—n)+t2§ \/_sm[——}dcos[—gj
o 1 . sin(~4,5m)+t&(—6m) a) — i B) 3 :
6) cos330 5tg240, r) cos{~5m)+ct&(-12,25m) ° 25"‘3"’05—2* <:f)5[—f)ﬁ%in—2E
11. YrpocTuts BHIpaXeHUE:
r 2Slﬂﬂ+m[——)¢ﬂ——) Sin[_Ekcm[—E}]
2) cos(rR+a)+sin(2n—o) ) COS[?_*‘a]‘ te(mra) ) 6) 1 4 4
SiN[§+a]+sin(ﬂ:—a) , m{n_g’) Siﬂ(%ﬁ-!-u]’ 5ten- 6%][1[—5-) Sin3—2n-+COS[—-§§E]
17. ¥nipocTuTh BHpaXeHHE:
sm[i—a}cos(n+a) cosz(n+a)+cosz(r—c~a p' (b (p
6 S ¥ _ tg(n—o). q) Sn(a—B)sin(a+p). cos{ e+B)-cos( o)
) sin(x—a)—cos[gﬂx] ) sin{rm+a) ) sine+sinp © coso-sinf
1Ro+E  (Ro—tEp
. : B ;
12. VpoCcTHTh BEIpAXKEHHE ) ) k) o)
cos 2a-1 €os” o
a) cos Zsin = ; N ————; ey —————=—;
2 2 2sine (sina+cos a) -1 n T . =
N tg|-+a)tg --ol+sinf=+al+sin| -«
6) sin “+a)sina' y Sne x) o8 le ) ) ¢ ¢
) (5 ’ N cosa’ l+cos 2o * 18. YapocTurs:
B) cosda + 2sin’2e; 2 i in 2a—sin 2a-cos 2
. » +1g? (C $2 ___). sin 2e—sin 2o-cos 2o
13. Boiuucaute sin2a, eciau: a) (l e B a) 08" o 2 B) 4cos o ’
. 2 . l
sing + Ccos ¢ = = SIng—CosS¢r = ——, 05 2 a+sin 2008 2
a) o o=z 6) 3 6) (1820 - 21g0) (ctet - tg01); ) cos c;+§|r; a:’:os o
14. Bul4uCINTD: sin” e

o4 cind 10
a) 2sin?15° — 1;  6) 2cos® %‘ 1; B) %"i' § 6. TIpeoGpasosanua Npou3BeIEHHA TPHIOHOMETPHIECKHX
dyHKIRi B CYMMY H CYMMBI TPHIOROMETPHYECKHX

15. VnpocTuth BEIpaXKeHwue: (yHKUHI B IPOH3BEICHAE

20
2cos™ -1 1. llpeoGpasyeM BHauasle NPoUlBENeHNE TPUTOHOMETPHYEC-

sin2e  ? KX (yHKUMA. CKIaABIBas U BBIMKUTAA TNOYNeHHo paseHcTBa (1) M
(3) U3 § 5, DoMyuaeM TOXIECTBA:

) sin 2o=2 sin o

el B) sinZoctge — 1;  O)

6) cos 2a—cos? o i r 1-cos2a_ e) 615 | |
—'__j_, . £ - S— k] —
1-cos® o sm%cos.f’)_‘ 1-t2?15° COS (LCOSP = E[cos(a —B) + cos{a + B)], (D
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sinasinf = %[cos(a - B) - cos(a + B, (2)

yeHHit o U B.

cnpaBeAAMBLIe AJTs MOOBIX 3HA

! AHaNOTHYHO, CKNAIbIBad MOWIEHHO PABEeHCTBa (5) H (6) uz
§ 5, nonyyaeM TOXIECTBO

sin e cosp = %[sin(a + By + sin{c - B, 3)

TaKKe COpaBedTMBOe A1 MOOHIX 3HaueHui o U B. .
[peobpasyem Tenepb CyMMy H pasHOCTB Tle“OHOMeTpB tecku

(byHKUMHA B MPOM3BEICHUE cby_HKuHu. U1ohHn 1'1_13311(5;&113}173 Sl

MPOU3BENEHHST CYMMY sina + sin, MONOXUM o = X ~ ¥, Xy

H BOCMOAB3YeMcd (HOPMYIAMU CHHYCA CYMMBI H CHHYCA P

yrnos. Toroa nMeeM

i i i — y) =si + cosxsiny +
sing + sinp = sin{x + y) + sin{x — y} anx cosy y
+ sinx cosy — cosx siny = 2sinx cosy.

o+

=Xx - X=—H
U3 paBeHCTB ¢ = X + ¥, B = x — y HaxOAUM, UTO >
y =2 Tosromy
2
. . .o+ o-p 4
since + sinf} = 2sin — - cos——. €]

MonyueHHas (opMyna HOCHT Ha3BAHHE (OPMYAbl CYMMBI CUHYCOE

JBYX YIJIOB.
AHANOTHYHO BHIBOTATCH (POpMYAbl PASHOCHIU CUHYCOS8, CYMMbL U
PAIHOCINIL KOCUHYCO8 08YX y2A08.

L a+p
sino. — sinf} = 2smaTﬁcosT, 5)
cosa + cospp = 2cos°%lscosa—?, (6)
coso. — cosp = —2sina—;Esini;—E. M

sine. . sinp _ sin acosp+cososinp -
Jlanee uMeem tgo + tgf = cose  cosP Cosacosp

_ sin{a+p)

= ——— ., 1103TOM
cos o cosP I y
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sin(o+B) ,t

tgot'i‘tg[i:m, rie &#-2-+Ttk,B¢§+Ttk. %)

AHANOTHYHO BBIBOAATCA (OPMYNBL:

sin(o—B) .

tgo — tgf = cosacosp THE @ # S+ Tk M B¢§+nk, )
in{p +
clgo + ctgp = %ig—is%’ e oo#mk u B=nk. (10

[Ipumep 1. HailTh 3naveHus MPOU3BEAEHUH TPUTOHOMET-
PH4eCKHX (QYHKUMI yIVIOB 75° u 45°.
Pewenne.

-3 o ] —
1) cos75°cos45° = %(003120 +¢0830°) = 5(—1 +§J: 3 1

2} 8in75°sin45°

%(00530°~cosl20°) = %[? 4+ ]: ay

3) sin75°cosds°

Il

1 (sin120° + sin 30°) = %[ 3, %]z Bl

4) tg75°tgdse = SN7SSIndS 34l 4 341423

cos45°cos75° 4 [i_] 2 2443,

Mpumep 2. BouMcauTh 3HaveHMe cos8(cos40°cos20°,

Pewenne. YMHOXHM 1 pasneauM JaHHOE NpOoM3BeIeHMe
Ha sin20°, Torga umMeem

€0s80°¢c0540° cos 20°sin 20° 1 cos80° cos 40° sin 40° _
sin 20° T2 sin 20°

~ 1 cos80°sin80° 1 sini60° 1 sin20° 1

“ 4 Sn20° 8 sna0° 8 sma 3

[IpuMep 3. MpeoGpazosats CYMMy sin94° + sin26° B npous-
BeIEHMe.

Pewenne. Bocnonpsyemca dopmynoi (4). Umeem

$in 94° + sin 26° = 2sin 9404267 cos 940;260 = 2in 60° cos 34° = /3 cos 34°.

IMIpuMmep 4. Mpeacrasuts B BHI

€ TIPOU3BENCHUA BBIpaxe-
HUe cosd6” — cos74°.
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Peumexue.

cos46° - cos74° = 25in 2 5in I = 9in 60esin 140 = V3sin 14°.
2. Bupaxenne TparonoMerpHiecknx ¢GysExuMi yepes TaHTEHC
NOAOBHHEHOrC apryMenta. B § 4 Mbl BUACTHH, YTO KAXAYIO U3 TPH-
TOHOMETPHYECKMX (QYHKIMIT MOXHO BHIDA3UThL Yepe3 APYrue TpH-
roHoMeTpuyecke GyHKIHH. [IpH 3TOM HEKOTOpHBIE M3 BLIpAXE-
HUH comepXand KBaJpaTHBIE KOpHH. OaHako yaofHee ObIBacT
NPeICTaBISATh TPUTOHOMETPHUYCCKHE MYHKUIMH B BUAC paulioHaIb-
HBIX BHIpaXeHHii OT APYriX TPHIOHOMeTpUdecKKuX PyHKUMH.
BriBeaeM ¢GopMyNibl, TIO3BONAIOIHE BHPaXaTh GYHKIUH Sinx,

cosx, tgx M ctgx yepes tg%.

. . X X . X X
Wcnonsaysa GopMyabl sinx = 2sin=cos= u sin?=- + cos?= = |

2 2 2 2 ’
. X
BBIPA3UM Sinx Yepes tg-z—. Himeem
X X
2sin—cos—
22
. X
2 sm% cos% cos? % 2 123
sinx = = = ,me x=n+ 2rn, ne .
.9 X X .2 X 3 X
sin® —+cos” — sin“ — 1+18° =
2 2 | pi 2
—x
COSz—-
2
Taxum obpa3zom,
22
sin x = Zx, e x = + 2un, ne 2. (11)
1+t 2
2
X a2 X
Hcnone3ys dopmyanpl cosx = COS 3~ sin 3 H
2 X s 2 X X
cos” 5 + sin 3= 1, BEIpa3uM Tenepb cosx yepes tg~2—. Unmeem
.2 X
Sin° —
_ 2
cos? Z-sin? % cos?E  1-m?2
_ 2 X fn2 X 2 . 2 2
cosx =cos” 5 —sin” 3 = - == == =
cos? Z+sin? = sin?= 1+l
X
2
CO8™ —
2
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Takum oGpasom,

, e x#n + 2nn, neZ, (12}

Hanee, BuIpa3HM tgx H cigx yepes tg%. Hmeem

218X 1-1g2 X
tgr=—%, ctgx = 2 (13)

1-t8° = 2te—

2 2

ITpumep 5. Ilyeth tg% = 3. HaiiTH 3HauyeHMA sinx, cosx,

tgx u Cctgx.
Peure Hue. Cornacno opmysam (11), (12) 1 (13) uMeeM

. 23 3 1-9 4
MX=15735 BT TTs
23 3 I 4
= om— = —— Ct = —_ = ==
Br=y5=-3 w73

3. IlpeobpasoBanue Bbipamenus asino + bcosa B nponssene-
HHe. YMHOXWM H pasgeidM BoipaXxenue agsino = hcoso Ha

Ja* + b . Toraa uMeem
. a . b
asina. £ beosa = a© + b (== sinet ~——cosm).
Na© +b Va* +b*

PaccMoTpum TouKy (a, b), JeXalyid Ha TPHTOHOMETPHYECKOM

kpyre paauyca R. Torma R = & + b* W 3TO¥ TOYKE COOTBET-
CTBYET YTON ¢, NI KOTOPOTO

b _a _b
e S ®Te

B atoMm Cay4yae MOXHO 3anmHCaTh PaBeHCTBO

sing=

asino+ bcosa = va® + b’ (cos¢-sin o £ 5in ¢ - cos o) =

=va® + b sin{a £ ¢). (14
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Mpumep 6. IlpeactaButs BEIpaxeHue Sin15°+ J3cosls® B
BHAE NMPOU3BENEHHS.

Pewenue. UmeeM +a? + 5 =12 +J§2 =2, sing=
o = 60°. Ucnosib3ys dopmyny (14), noayyaeM
sin 15° + V3 cos 15° = 2sin(15° + 60°) = 25in 75°,

¥

J3
2

BriBeleM Temeph COOTHOLUEHHS MEXIY apryMeHTAMH OIHO-
HMEHHBIX TPUTOHOMETPUYECKHX (PYHKUMIA.

A) Tlycts oo 1 B — ABa apTYMEHTA, CHHYCBl KOTOPbIX PABHBIL,
T.e. sing, = sinf. Mcnonesya dopmyay (5), uMeeM

sino - sinp = 2003-2—B -sin “ZB 0.
o+
[Tony4yeHHOe paBeHCTBO CHPaBeAINBO, KOrAa o8 —- = 0, 1ubo
.o o+p _n
sin —= = 0. M3 nepporo ycnosus caelyert, 4To - =ztmn,a
H3 BTOPOrO, YTO —2-9 =mk, rae # U kK — Lenble yicaa. Takum of-

pa3oM, M3 paBeHCTBA CHHYCOB ABYX apryMeHTOB o M [} ciedyer,
aubo cyMMa 3THX apryMeHTOB paBHa tt + 2mn, T.e. o+ B =n+2nn,
JHGO Pa3HOCTh AapIyMEHTOB paBHA 2rk, T.e. - P=2nk, rae v u k —
HEnbie YUCTA.

B) IIycte coso = cosP. Torma

cos o — Cosf = 2smT|3 smﬂt[i 0.

Orcioga caeayeT, Jaubo sm-j-(), 6o sinf;—ﬁzﬂ, T.€.

o+pB=2nn umn o -B=2nk, e n, ke Z

B) Ilycte tgee = tgp. 3anMuem 3TO paBeHCTBO B BHAE
sin{ o—p)
coso-cosf
3aKIoyaeM, uto o — B = nn. Takum o6pa3oM, U3 paBeHCTBa TaH-
TeHCOB [BYX apryMEHTOB o W B cleayer, 4T0 0. — B = 7tn, e ne Z.

AHAJIOrMYHO, U3 PaBeHCTBa Cctgo = ctgf cneayer, 4ro o - = nk,
e ke Z.

tgo - tgf = =0, nmpuuem coso =0 u cosp = 0. OTciona

34

[Mpumep 7. Onpenenursh 3HaYEHUA X, IPU KOTOPBIX BHIMOJI-
HAETCS PaBeHCTBO:

a) sin3x —sinSx = 0;  6) cosbx = cosdx; B) tg2x — tgx = 0.

PemeHHue.

a) Mmeem paBeHcTBO 2sinx - cosdx = (), OTkyma x = nk, ke Z

™ A
JHbo X=gto, neZ,

6) UMeeM paBeHCTBO 2sin5x - sinx = 0. Orkyna x = — , ke Z

mibo x =nn, neZ,
B) UMeeM paBeHCTBO tg2x = tgx. OTKynda 2x — x = nk, x = nk,
Tac ke Z.

4. JoKa3aTeabcTBO TPHIOHOMETPHYECKHX ToXiecTR, PaccMoT-
PHM HECKONBKO NPHEMOB, NOME3HBIX TIPH AOKAATENbCTBE TPHIO-
HOMETPHUECKHX TOXAeCTB. [Ipy A0Ka3aTelbCTBE TOXKIECTB OObIY-
HO ux OoJiee CIOXKHYIO YacThk PAa3JHUYHBIMH OPeodpa3zoBaHUAMHU
CBOIAT K Apyroi fosiee npocToil yacTy.

Mpumep 8. dokasaTh TOXKAECTBO:

cos( 5711 -6o }»sin( n+do+sin(In—o)
a) - e =tgo.

Pewenue. Mcnonbsya GopMyabl mpuBeAeHUSA, 3anuiieM

sin 6o-sin 4a+sin o
c0s bo+cos dotcosa

Tenepw Bocnoab3yeMcd dhopMynaMu (5) u (6). Toraa vMeeM

JICBY1O YacTk B BHOC

2sinacosSo+sina _ sina(2cosSa+l)
2c055acosa+cosa cos{2¢cos5u+l)

= tgor.

6) 1+ = = 3etgd0e .

l'lpeoﬁpa3ycm JIEBYI0 4acTh JAHHOTO BhIpaXeHHA Tak, YTOOM
OOAYYHTb yroda B 40°, MMeem

I _ cos20°t1 _ 2sin20°(cos20°+1)  sin40°+2sin 20° _

T os0F | cos20° | 2sn20°cos20° . snd0e
_ (sin40°+sin 20°)+sin 26° _ 2sin 30°cos 10°+sin 20° _ cos10°+cos70° _
B sin 40° B sin 40° T sindbe T
2 cos 40°.cos 30° -
= W = \ﬁctg40 .

55



B cnyuae Korna 3aTpygHUTEILHO CBECTH ORHY YacTh TOXIECTBA
K ApYroii, obe 4acTH TOXIAECTBA CBOAAT PA3NMYHBIMH Ipeobpaso-
BaHMSIMM K OJHOMY H TOMY X¢ BBIPaXKeHWIO.

INpumep 9.oKa3aTh TOXAECTBO

"
sin| da+—
2cos? 20+ 3sindo-1 _ [ 6]

2sin? 2a+3sindo-l sin(4a~%)'

Pemenue. YOpocTUM cHavyaia JeBYIO YacTb COOTHOLLEHUA:

1+cos 4o++3 sin do-1 _ J3sinda+cosda
l-cosda+3sinda-t  J3sinda-cosde’

Vhipolasa npaBylo 4acTh COOTHOLIEHHS, MOIY4UM

sin 4o+2 in 4o.cosZ+cos 4o sins
6 _S e *Hng _Jgsin4oa+cos4a

- " f3sindo-cosda

sin(4a—%] sinda cosg—cos 4o sin%

Kak Mbl BHAWUM, Ne¢Bast YACTh 33JAHHOTO COOTHOLUEHUA OKas3a-
Jachk paBHA [paBOil, 4TO H TpGﬁOBaJTOCb AoKa3arth.

HHorna MpH A0Ka3aTCNbCTRE TOXHECTB yI00HO HCMOAB30BATH
YAKE€ H3BECCTHRIC TOXICCTBA.

IMMpuMep 10. Joka3aTe TOXKASCTBO:
tgot + 2tg2a + dtgdo + 8ctg8u = ctgo.

Pemenue. g AoKa3aTeNbCTBA ATOrO TOXKAECTBA A0OCTATOY-
HO NOKa3aTth, UTO

ctgo — tgo — 2tg2o — dtgda = 8cigla.

OGo3Hauaq JIeBYIO 4acTb NOCHSIHErO PaBeHCTBA Yepe3 A M He-
TI0Jib3YS M3BECTHOE TOXIECTBO Cigo — tgo = 2ciglo, UMeeM

A = (ctgo — tgoy — 21820 — dtgdo = 2(ctgo — (g2a) — digda =
= 4(ctgdor — tgd4o) = 8ctgla.

Mpumep 11. Hoka3aTh TOXAECTBRA;

cos%= %(«Jl+sina ~Jl-sina),
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1

sin-;"-z (VI+sina +VI-sine}, ecmm 90° < o < 270°.

Pewenue. BospMeM Ba U3BECTHBIX TOXKICCTBA:

cos? 52’"-+sin2 %:l u 25in%—cosgl= sin ¢ .

CknanplBasg ¥ BbIYMTAA UX NOYNCHHO, NMOAYYaeM ABA HOBBIX
TOXOECTRA:

2

2
(cos%+sin%) =l+sina, (cos%—sin%) =1-sing.

Tak xak 45‘“3%-5]35", T0 cos%+sin%20 H cos%-sin%EO.

ITosToMy

o . A - -
cos-+s1n%=\:‘l+sma , cosi—smgz—\/hsma.

2 2

CknanelBad U BHIYMTAA MOYACHHO NONYyYC¢HHBIC PABCHCTBA,
HMeeM

cos%:%(dhsina—\fl—sina),

sin%:%(\/l+sina+,f1_sina).

EF Bonpocel n 3agannsa

1. Hanucats ¢opMyitbl npeobpa3oBaHHs CyMMb! TDHTOHOMETPUYEC-
KHX GyHKIIMIA B pOM3BECHHE.

2, Hanmucare dhopMynibl MpeoOpasoBaHus NIPON3BEICHHSA TPHIOHOMET-
pudecKuX QYHKIMI B CYMMY WIH Pa3HOCTE.

3. Hanncare ¢opMynnl, BRIpaxamLMe CHHYC, KOCHHYC, TAHTEHC U
KOTaHTEHC Yepe3 TAHTeHC HOJOBUHHOTO apryMeHTA.

4. OGBACHHTE ciocob TIpeobpPa3OBAHMSA BHPAKEHHS asina + bcoso B
MIPOU3BEACHHE,

5. Hamucats cooTHOMIEHNS MEXTY apTYMEHTAMM OTHOUMEHHBIX TPH-
FOHOMETPUYECKMX (PYHKLIHH.

6. PacckazaTh 0 crnocofax MOKA3aTeNbeTBa TPHIOHOMETPHYECKHX
TOXKOCCTB.
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VYapaxHenus

3anucaTth B BHAE CYMMEL

a) 2sin72° + cosl2%; B) 8c0s5°c0s10°cos20°cos40’;
6) 4sin25°sin35°cos25°; r) sin2x - sin{2x — 2).
fIpenctaByTs B BHOES NMPOU3BEASHMS:

a) cos63° + cos27’; B) cos47” — cosl3®;

6) sin86° — sin26°; T)sin70° + sin30°.

[IpeobpazoBaTk B NPOH3BEACHHE!
1
a) 1+coso +cos>; N l-tgo+—: e)3—tgly
2 €Os o
6) coso. — sina - sin2a; 0 3 — 4sin‘o; K) ctgla — 3.
B} coso + sinZa — cos3a;
. YIIpOCTUTEL BHIpaxkeHHe!
sin| =+ sin .E—Ct
) PRl i I . B) coso+2cos2arcos 3o
a e NE: ? sin oe+2 sin 2a+sin 3o
sy —-+o SNt ——0o
[feponlie)
COs| Cf.+ﬂ: COs5 U.—E
6 3 3/ ) sin 4o+ 2 cos 3a-sin 2o
) cosdo-2sin3g—cos2o

b n !
COS5j i+ — HCOS O~ —
(5 eedo-3)

. Joxasatb TOXIAECTRO:

Jf cose—-2 COS(-:-—OL ]
2Siﬂ[g+0’.)—\/§ sin o

= -2tga;

a)

cosa—2 cos[gﬂx ]

2 sin[oc— %]»\5 SN o

6) = -3 tgo;

c0s —Cos 3a+C08s Sa—cos 7ot
B) = tgo;

sin o+sin 3o+sin See+sin 7o

cos —C0s 2a—Ccos do+cos Sa
sin o-sin 2c—sin do+sin So

T) = ctgla,

2sinoa-3coso [y

4sino+5cosa’ ecn th:B'

6. BelMMCINTE

x .
7. BpIYHCIUTD th, ecnm sinx + cosx = —1.

8. YIpoCTHTh BEIpaKEeHHE:

l+sin e+cos o
l4+sinc-cosa

2
: o 3o
) B) sin zctgz 1 .

2
2o oy,
6) cos 5(I+tg5) ;

9. YOPOCTHTb BHIpAXKEHHE!

sin 65° cos 5°-sin 5° cos 65° EI2°HE 2137

2) c0s 407 cos [0°+sin 407 sin 107 ° B) w122 a2’
6) ¢os 75° cos 25°-sin 75°sin 25° 2225°+ 171~ 2l°
sin 20° cos 10°—cos 20° sin 10° ° D) Tw-171°)+wm201°
10. ¥YnpocTHTh BHIPaXEHKE:
. fe 1 .2
a) | +sm(——-3n:)—-cos = +s8in° = ;
) 2 7 T
6) 14sin 2 4 cos? o ]+cosa+c052ri+cos3rx
cos{2a—2n)ct2[a—%] Cosa+2cos” a1
11. TpeoGpazoBars B NpoU3BEAEHUE!
wto—t2ba

[0 4 o
a) lg—+ctg—+2; 6) —— .
) £3 &3 )cl£4a~ct22a

12, Ipusectn K BUAY Asin(w! + o) BblpaxKeHue:
a) 6sin5f + 8cosSs; 6) 4sin3r + 3cos5t.
13. Haiitu Haubonblee U HAMMEHBbHIEE 3HAYEHWS PYHKLIMIA:

a) y=2sinx++Scosx; 6) ¥y =5sind4x-12¢cosdx.

14. JdoxazaTh TOXIACCTBO!

sin o+2 cos 3o—sin So sin® a+cos? -1

h = —ctg3u; 6
CO8 ot~ 2 510 3oe—cos Sa 20 ) sin® e+cos® o[

cosdat2lo—sindo
cosdact2a+sindo

B) =—-tg’ 2a.

_20
=5

59



§ 7. O6paTHble TpHronoMerpuIecKne GyHKINH

1. Kak u3BecTHO, TpUTOHOMeTpHYecKHe GYHKIIUK, OYyAyYH
HepHOIMYEeCKMMH, He 00J1aAal0T CBOHCTBOM MOHOTOHHOCTH BO
Beeit obnactit onpeneneHUA. [ostomy GopMATEHO NOCTPOCHHBIE COOT-
BETCTBYIOLMEe oOpaTubiec PYHKUMH (omnpeacneHHe oOpaTHOH QVHK-
i cM. B mraee VII, yacte [} we OymyT oaHO3HAUHBIMH, YTOOH MOMy-
YHTL OAHO3HAYHBIE BETBH OGpaTHEIX QYHKUUMH, cAeiyeT paccMar-
pPHMBATb T€ MPOMEXYTKH M3 00/1acTH ONpeieneHA TPUTOHOMETPH-
YeCKHX (DYHKLHH, Ha KOTOPHIX OHM SBAAIOTCA MOHOTOHHBIMH.

HUccneayem oGpaTHbie DYHKIMH AN KaXA0H H3 TPHIOHOMET-
pHYeCKUX (DYHKLHA.

a) Apkcnanyc. OyHKUNA y = sinx gBiIdeTcd MOHOTOHHON Ha

KaXAOM W3 MPOMEXYTKOB [—; + rk, -g- + nk], rae k = 0, =1, £2,

;] Ha 3toMm mpoMexytke GyHK-

HKsl BO3pacTaeT M MPUHHMAaeT 3HaueHusa ot —1 Ao 1. Cornacho
ofleil TeopuK, B 3TOM cly4yae CYLIECTBYET O0OpaTHAs K ¥ = sinx
¢yHknusa. O6parHas GyHKUMA onpedescHa Ha otpeske [—1; 1]l u

PaccMoTpuM TIPOMEXYTOK [—;;

n T
MOHOTOHHO BO3pacTacT, NPHHHMAaA 3HAYCHUA OT "E Ho 5 - Dra

dyHKIIHA 0603HaYaeTCs] CHMBONOM X = arcsiny, ve[—1; 1] win, B
OOBIYHBIX 0003HAYEHUAX, B BUIC

y = arcsinx, xe[—1; 1].

I'padpuk GYHKIMH y = arcsinx MOXHO MOJIYYHTh U3 Tpaduxa

. " .14
HKIOHH Y =SINx, —= £ X £ 5 3€pPKaJbHBIM OTPAXKCHHUEM MO~
Y 73 2

cleqHero oTHocHTeNnbHO OMccekTpuchl [ u 111 KoopaWHATHBIX yr-
aos (puc. 17). HepeuHcaHM HeKOTOpBIe cBOHCTBa YHKUUH
¥y = arcsinx;

1) dbyHKuMsS onpeacaeHa d HelpepblBHa Ha orpeske [—1; 1;

2) GYHKIMS MOHOTOHHO BO3pacTaeT Ha otpeske [—1; 1];

3) dYHKLHA FBIACTCA HEYETHOM,

ST

ar T[ .
4) o6nacTbio 3HaUeHUI GYHKIIHU SBISICTCS OTPE30K [—5,

5) mna moboro xe[—1; 1] clipasenIMBG PABEHCTBO

b2

. . ™ .
sin(arcsin x) = x, -5 <arcsinx <

60

¥ = arccosx

V & _}rh
kL /,-
N s
< 7
11 /,’ r=siny
_...] O II .:%“ '\
/’/ -1t
/// _%"
‘L‘ = arcsm\
Puc. 17 Puc. 18
MIpumep 1. Haiitn arcsm%
3 R n.ow
T_N —el-Z <
Pemenue. Tak Kak sm3 5 M3 3°3 | TO
N3 n
arcsin — = —,
2 3
NNpumep 2. Haitth arcsin(—%).
Peumienue. UMeeMm arcsm(——) ~arcsm-_—%‘

0) Apxkocunyc. Paccmotpum byHKUHIO y = cosx Ha npoMe-
xytke [0; x]. Ha 3TOM nMpomexyTke ¢pyHKHHR MOHOTOHHO YOBIBA-
€T, MPpUHUMasA 3HayeHHa oT 1 no —1. CnenoBaTeNbHO, CYLUECTBYET
obpatHas QyHKUMS, onpeaeNeHHas H MOHOTOHHO YOBIBAlOIIAs Ha
otpeske [—1; 1]. O6parHaa ¢byHKUMA 0Bo3HadaeTea x = arccos y,
yel[—1; 1] wiu, B oGBIYHKX 0003HAUYCHHUAX, B BHIE

y = arccos x, xe[—1; 1].

Fpaduk GYHKUMH y = arccos X MOXHO NOJYYHTh M3 Ipacduka
$YHKIHH ¥y = cos X, ( €Xx <1 3epKANBHBIM OTPAKEHHEM TOC/EIHETO
oTHocHTeNBHO BHcceKTpUcH I K 11T KoopauuarHex yrios {puc. 18).

IMepeurcnnM ceoiicTBa (HDYHKLIHH y = arccos x:

1) byHkuMa onpeneneHa W HempepeiBHa HA oTpe3ke [—~1; 1;

2) GYHKUHSA MOHOTOHHO yORBaeT Ha [—1; 1];
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3) dYHKUUS He ABISAETCA YETHOH M He ABAAETCA HEUETHOM;
4) ob6nacThio 3HaueHwil GyHKUKYM siBAseTca oTpesok {0; xl;
5) aas aboro xe[—1; 1] cnpapeLinBo PaBEHCTBO

cos(arccos X} = x, 0 € arccos x < f.

V3

MpuMmep 3. Haittu Arccos —-.

3
PeweHue. Tak Kak cost=3 y Ee [0. =], To arccosizf.
6 2 6 2 6
5
Mpumep 4. Haiitu arccos[—-‘é_—).
53
Pemenue. Tax xKak cos%’fz—-‘g—: H Tne[{); x|, 170
) J23_3

B) ADKTAHreHC H apKKOTaHTeHC.

n
A) PaccmoTpum dyHKUKIO ¥y = (gx HA WHTepBane (_%; 5).

OHa MOHOTOHHO BO3PACTAET HA 3TOM WHTEpBane, MPHHHMas BCE
NeWCTBHTEIbHbIE 3HaYeHns. CnepoBareibHO, CyllecTByeT obpar-
Hasi PYHKUMS, KOTOpas OfpeleaeHa Hu Beel Yucaopoil ocH. OB-
paTHas QYHKUMS MOHOTOHHO BO3pacTaeT, IPUHHUMAS 3HAUCHUA

n —
). Ee 0603HAUYAI0T CUMBORIOM X = arctg y,

2e
M3 WHTEPBAJIA (, 555

ye (-0, +eo} UNH, B OOBIYHBIX

1 -‘“1& retgy 0603HAYEHWAX, B BUIE
I I i
U SRR 1 . __731_“ 1 y = arctg x, xe(—ee; Foo).
s 1 ve=arelgy
S = I'padnk PyHKLMH (pHC.

I
ks
,

! 19) MOXeT ObITh MNONYUEH 3€p-
|
| KaJbHbIM OTPaXXE€HHEM OTHO-
O I x CUTENbHO OucceKTpHChl | 1
12
|
|
i
1

[1l xoopAHHATHLIX YTAOB BET-
KM TAHTEHCOMIbl, COOTBETCTRY-

i T
ouiei HHTepBaly (FE: E)'
[MepeuncamM HEKOTOPLIE CBO-
Puc. 19 cTB2 hYHKUHHK ¥y = arctg x:
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1) dynkuus onpeaeseHa U HenmpepHIBH2 Ha BCEM HHTEpBaje
{—o0; too);

2) GyHKIMS MOHOTOHHO BO3PACTAET HA (—oo; +eo);

3) OYHKUKMA ABJsIeTCs HEUeTHOI;

4) oGnacTblO 3HaYeHHH (YHKUMH SIBIAETCA HHTEPBan (—525; g),

5) tg(arctg x) = x gaa n00oOro geHcTBUTEHPHONO 3HAYeHUA X, a4
arctg(tg x) = x npu yeaosuu |x| < g

IMpumep 5.

n r T [
a) arctgl = 4> TaK KaK tgz_l U EE(_E’ 2),

6) arctg(—x/g)z—ﬁ,'rax Kak tg(—1)= -3 u —Ee(vf; E).
3 3 3 272

b) ®yHKUKA y = ctg x MOHOTOHHO yObIBaeT Ha WHrepBane (0; w),
NpUHUMasa BCE AcitcTBUTENLHBIE 3HaYeHusi. CnenoBaTeNbHO, Cy-
HecTByeT obpaTtHaa K Hel dMyvHKUUA, OMpeleNeHHAA Ha BCeH uMc-
Jnosoit ocu. ObparHas (yHKUHSA MOHOTOHHO yObiBaeT, OpUHHUMAas
3HayeHns n3 uHTepBasa (0; m). Ee 0G0O3HAYAIOT CHMBONOM
X = arcctgy, ye(—w; +te) WIH, B OOBIUHBIX 0003HAYEHUSAX,

Y = arcctg x, xc (-, +eo).
I'paduk dyHKuKuKn ¥ = arcctg x u3obpaxend Ha puc. 20. Tlepe-
YHCJIMM HEKOTOphIC e¢ CBOMCTBA:
1) pyHKLMA onpeneieHa U HempepbiBHA HAa BCEM WHTepsaane
(=o0; +oo);
2} DYHKLIMS MOHOTOHHO YOBIBAeT Ha (—ee) too);

H————
&
L]
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i
-
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3) dYHKUHA He ABMAETCA YETHOH H He SBASeTCS HeUYETHOIT,

4) oGnacTblo 3HaYeHHI QYHKUHH ABIAETCH HHTepBal (0; x);

5) ctg(arcctg x) = x mas J000re 3HaYeHHA X, a arcctg(ctg x) = x
npH yeaosrH 0 < x < @,

L _= ol uroom:
MpumMep 6. aI'CCtgﬁ—‘,;,TaKKaK ctg3 =3 H ge(O,n),
5
arcctg(—\/g)z%n,'ral( KaK ctg%“:- 3imn %e(ﬁ; ).

2. [IpeoOpazopanue BLIpaXKeHHH, COOEPKANMX OOpATHBIE TPHTO-
HoMeTpHuYeckie dynknun. [1pu npeobpa3zosaHUM BLHIPAXEHUH, CO-
JdepXKAUIHX 0OpaTHBIE TPUTOHOMETpUYeCKHe GYHKUHU, MOJAE3IHO
HCTIONB3OBATH CACAYIOIHHE COOTHOIIECHMS:

. - T .
arcsin{ — x} = —arcsin x, -3 < arcsin x €

(ST

El

arccos(— x) = m —arccos x, 0 <arccosx <,

’ (1
arctg( — x) = —arctg x, —; < arctg x < ;
arcctg(— x) = n—arcctg x, 0 < arcctgx < =,
arcsin.x+arccosx:%, -lsx<1, (2)
arctg x + arcctg x = g, — o0 <X < too 3)

JokaxeM oIHO W3 HHX, HapuMep, (2). JJocTaTouHO MOKa3aTh,

. ™
qTO 4arcsin x = 5 — arccos x. J14 3Toro BHIYHCIAHM 3HAYEHHA

CHHYCOB OT O0¢HX YacTeil NMOCACIHErO PaBeHCTBA. HmeeMm

sin(arcsin x) = x,

N n
sin (2 — arccos x) = cos(arccos x) = x .

Tax xak 3HaueHHusd CUHYCOB pPaBHBI, TO OCTACTCA MMOKA3aTh,

- m
YTO 3HAYCHHA arcsin x H 3 — arccos x nmpHHagnexaTtT OAHOMY H

TOMY XK€ IPOMEXYTKY MOHOTOHHOCTH (hyHKITMH y = sin x. HMeeM

4 .
—5 < arcsinx € =, 0 <arccosx <m.

| A

Otciompa —

n . i
< —arccosx £ x, T.e, arcSINX H = — arccos x

- 2

A
[T 8-

MPUHAATEKAT OTPE3KY [—-;; %]
IIpuMep 7. VIpocTHTs BEIpaXkeHHe:
a) cos(arcsin x), toe —1 € x < I; 6) sin(arctg x).

Pewenue. a) Monoxum, arcsin x = y. Torna siny = x,

£y £ 5. HUsBectHo, yto cos’y = 1 — sin?y. 3Haunr, cosly =

(ST ]
[T -]

=] — x2 TaKk KaK -

S]]

gy <

(TR

, To cos y = (). ITosTomy
cosy = V1-x? ymm cosarcsin x) = vl-x* , rme -1 < x < 1.

6) Ilonoxum, arctg x = y. Torma tgy = x, —; <y< % Haii-

1
l+t&2y

IeM sin y. UssecTHo, uto 1+ tgly = 12 . Otcloma cos® y =
cos™ ¥

19
Tak xak 3 <y< —215, TO cosy > 0. [Toatomy COSy=_l..__
\||'1+t22.\’

WK cos(arctg x) =

. Cnepoparennto,

1
V1+x2

sin(arctg x) =siny =gy - cosy = —=

v'l+x2 ‘

Ilpumep 8. Haiitu o61acTs onmpeneneHus hyHKINY;

.2
a) y=arcsmx—j€l; 6) y=1/1c—4arccos§.

Penienne. a) Apkcunyc ONPEACNeH ANA BCeX 3HAYEHMIA ap-
TYMEHTa, HE¢ NMPCBOCXONALUHX 1O aOCOMIOTHON BEMUYHMHE €IUHU-
2x

us. CiemobareabHo, -1 < P <1. Pewas 3Tn HepapeHCTBa, Ha-

1
XogiM —1<x < 3 CrenoBaTenbHo, 061acTs onpeaencHHs tyHK-

LMH Yy = arcsin % €CTb OTPE30K [—1; %]

3 — Anrefoa, vacts II 65



6) OGnacTb onpeaesieHNa JAHHOMN (PYHKIHY COCTOHUT M3 BCEX

X X
3HaueHui x, And Kotophx -1< 3 <l wu 1!:—43[‘000852 0. To-

4

&alA

. YyuTsiBas, 4TO A1¢COS = =

& A

X
sToMy | x| £ 2 | arccos> <

NS

X
HMeeM arceos 5 < arccos 2~ . Tak kak (VyHKIHA y = arccos x Mo-

HOTOHHO YOBIBAaeT B CBoell 00nacTH ompeacneHud, TO HMEEM

1> % > —‘j@ Otciona V2 < x < 2. TlonyueHHOe MHOXECTBO COAEP-

«uTcH B oTpeske [—2; 2]. Tlosromy 061acTLIo OTIpeleeHHA
y= ch -4 arccos% asageTca OTpe3oK [\/f . 2).
Dpumep 9. BoiuHcINTD: a) arctg(igb); 6) arccos[sin(—3]).
PemeHue. a) arctg(tg x) = x mpu |x] < 325 Hcnonb3ys CBOKCTBO

NepHOMUYHOCTH, HMEEM tgb = tg{6 — 2m), npHieM —% <6—2rm<0.

Tlosromy arctg(tgb) = arctg[tg(6 — 2n)] = 6 — 2=
6) arccos(cosx) = x pH 0 € x<r. AMeeT MeCTO paBeHCTBO

sin(-3) = cos[--;E + 3]. Ho % +3 > . TToatoMy Herob3yeM hopMy-
Ay cos o = —cos(a — ®). Hmeem

T3y —cos(E+3-m)=- I I
cos(5+3)— cos(2+3 n) 008(3 2), npuyeM 0 <3 5 < T
Orcroga

arccos] sin(-3)] = arccos [— oS (3 - -;-)] = 1 — arccos [cos (3 - %)] =

:1:—(3—%):3—]1:—

Opumep 10. BouucAuTh:

a) tg [Zarccos (— %)] ;

6) arctg2 + arctg3.

66

PemeHnue. a) O6o3HAMB 0. = arccos(—%), HMeeM COS 0 = — 2
3’

.4

e 3 < a <. Takum obpa3oM, 3ana4ya cBeaach K OTHICKAHHIO tglo

™
MPU YCTOBHAX = < & < T U COS QL = —%. Mmeem

-2
2t 2
tg2o = = . fcosa 2
1-telo l__[__l_____l] 3 =45.

COSEOL

IMepea panMkanoM B3AT 3HAK MUHYC, [OCKOABKY tgo < 0 npu

n
<< Takum obpa3oM,

tg [2 arccos (- -25)] = 445,

6) OG0o3HAYUM WCKOMYIO BEJTMYUH
y uepes A, T.e. arcig? +
+ arctg3 = 4. Toraa ¢

tE(arctZ2)+iR(arcte3) 243

tgAd = tg(arctg? + arctg3) = _
g £3) 1-tg(arcte2) te(arcte3) ~ 1-2.3

-1

k24 K
) 4 2
TE =< A<

> n. OTciona 0 U3 paBeHcTBa tgA = —| BbHITEKAET, YTO

n . T T
Tak kak 7< arcig? < 3H5< arctgl < 5510 5 < arctg2 +arctgd < &,

3n
A= T [Moaromy arctg2 + arctg3 = %ﬂ.

[Ipu mpeobpazoBaHnu BbIpaXeHUH, COAEPKALMNX TPHUTOHO-
METPUUYECKHE W OOPATHBIE TPUTOHOMETPUYECKHE (PYHKHUM, BBI-
BacT NOJIE3HOR CACAYIOMAS TAGAMLA:

arcsin x arceos X arctg x arcelg x
sin X ] = x? Z 1
1l -x —
Fyl+x? 1422
o8 +1 - x? x ‘ﬁl =
l+x? t\/l*.-xz
X
tg = + ]—-X2 x ]
+l-x~ x }-
g tvl-x X 1
X ty1-x* X x

67



[MpumMep 11. HaliTH 3HaUeHHe BRIpaXeHUA:

a) sin [2 arccos (— %)), 6) cos [2arctg (— %)]

PeuieHue. a) Ucnoansys ¢opmyly cuHyca KBOHHOIO VIjia U
Tabauly, MeaydaeM

sin (2 arccos - %)]: 2sin [arccos(_- %)J cos(arccos - %)] _
o e ) A 2 (-

6) Ucnonesya GopMy1y KoCHHyca ABOHHOIO yraa M radmuuy,
Toay4aeM

cos e (-1] = co?(ace (1)} (a1

!
1 ¥ | 3 9 9 4

)

[Mpumep 12. [IpopepHTH paBeHCTBA:

b

-

. T 9 - 33y
a) arccos [sm (— ?)] =12 6) arcsin (cos T) =

Pemenne. a) PaccMarpupaa o6e 4acTH Kak apryMeHTH
GYHKIHH y = COS X M MCIONb3YS CBOMCTBA 3TOH QYHKIIMHU, UMe-

. n . .o . x 9 9n
: —=] = —=|=8Mf=-——1I|= —_.
€M ClieBa. COs arccos(sm( ?)) sm( ?) 81 (2 14] cos

9n
CrpaBa Takxke MMeeM cos 7 CnefioBaTeNbHO, PaBEHCTBO a) AB-

NAETCH CTPAaBEIIUBEIM.
6) PaccMatpuBasa o6e 4acTH KakK apryMeHThl YHKIMH y = sin x
M UCIONb3YA CBOMCTBA 3TOH GYHKUWH, HMEEM CieBa:

. . 33myy_ 3n _ 0n 3y _ . f ®
sm[arcsm(cos-—s——-)]wcosT-cos( 3 + 5)—8111( 10).

. n
CrpaBa TakKXKe UMeeM Sin (—ﬁ). 3HaYHT, PaBEHCTBO O) ABAAETCA

BEPHBIM.
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y=aresin(sinx) y=arccos{casx)
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y=arcctgietgx)
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y=arctg{igx)
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Pac. 23

B 3akmoucHue npuBeaeM rpaduku byHKUMit y = aresin(sin x),
¥ = arccos(cos x), y = arctg(tg x) H y = arcctg(ctg x).

I'pacduku pynxomit y = arcsin(sin x) # y = arccos(cos x) H306-
paxeHBbl Ha pHCyYHKax 21, 22.

I'padpuxu dpynxuuit y = arctg(tg x) 4 y = arcetg(ctg x) nsodpa-
XKEHEl Ha pUCYHKax 23, a, 6.

@' Bonpocs # 3a5auns

1. Ha3paTh ofpaTHble TPUTOHOMETPUYECKHE (DYHKIIMHA.

2. Tlepeuncautd CBONCTBA OGPATHHIX TPUTOHOMETPHYECKUX PYHK-
185158

3. Kax noayyuts rpadukyt 0GpaTHBIX TPHIOHOMETPHYECKHX DYHK-
mit?

4. HapucoBatb rpahKH OGPaTHBIX TPHTOHOMETPHYECKUX (DYHK-
11515 8
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YnLa}lmenm 8. Ucnosb3ys paBeHCTBO ¢OS§ (arccos ¢) = ¢ npd —1 £ a < 1,

BBIYHCITHUTE:
Beruuciurs (1—6): . 3
( ‘ a) cos(arccos(,3); B) sin (arccos 3);
- 1Y, . 2.
1. a) arcsin 0; B) arcsin (— 5) ; A) arcsin -5 \ .
cos| arccos|{— =1 | Mt s| -— ||
. ). . V3 ) 0) ( ( 4)] ) g(arcco ( J1_3])
§) arcsin - ; r) arcsin —-; ¢) arcsin 1. . )
2 - 9, Mcnonb3ys paBeHCTBO sin{arcsing) = a ipy —1 € a <€ 1, Bb-
2. a) arccos 0; B) arccos%; 1) arccos (_ %)’ 9UCAHUTD: 3
a) sin (arcsin «?1) ; B} COS (arcsin —);
7 5
Ja a).
6) arccos —-; r) arccos —5 ¢) arccos 1. 3
0) sin(arcsin (—3)); r) tg(arcsinﬁ).
3. a) arcig |; B) arctg(—ﬁ); Ay arcctg 0; .
1
6) arctg 7 ; T) 3FCCt8(-%]; e) arcctg (—1). 10. Ucnonp3ys paBeHCTBO tg(arctg g) = a mpu MoGoM ¢, BRIYKC-
JINTH:
4, a) arcsin 1 + arcsin{—1); B} Zarcsin§ + 4arcsin%; a) tg(arctg 3,5); B) tg{n — arctgS);
t t2(—0,5)); r) ct ( + arct ?)
.2 A 1 N 6) te(arctg(—0,5)) ) ctg g
0) 4arcsin— — 2arcsin| —— |; T) ar¢sin (— —) + arcsin| —— |. .
2 2 2 2 11. HaiiTi 3HaYeHWe BHIPAXKEHHA:
V2 1Y,
5. a) 2arccos 1 + larccos O B) 6arccos§ - 3arccos( %), a) cos(arccosT—arcsm-z— ; B) sin arcth— arcctg 3
3 .
0) 2arccos(—1) — 3arccos§; 1) 2310008[-—] ( % . 6) sin (arccos ? + arcsinl ); ) tg [arcsm 32 _aretgy3 ]
) i A 12. HaiiTH 3HaYeHUE BLIPAXKEHHA:
6. a) 3arctg\/3 + 3arccos;j; B) 3arctg( + 2arccos ( 5 A ) Ne
ay tg2 (arcsin -*2—]; B) sin [arccos (— 5) + arcsin ?);
6) 2arcctg 1 +3arcsin (— %), ) Sarctg( - 3arccos[ % . 1 A
6) tg (arcth + arcig —); ) cos[arclgﬁ +arccos — ]
7. BBEIAICHHTB, HMEIOT JIH CMBICA BhIpaXeHus: 2 .
a) arccos (V8 — 3); r) aresin (2 - V15); 13. TIpoBepuUTh PaBEHCTBO!
.3 3 27
a sin = + arctg = = arctg —;
6) arccos{3 - \/l-g), ) tg(2 arcsin _‘/22], } arcsi z g 3 2 1
1 1 | 1 _=
B) arcsin (V6 - 2); e) tg (3 arccos %) _ 6) arctg 3 + arctg g +arctg 5 varclgg = 7.
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§ 8. TpuronomeTpHuecKHe YPaBHERHA H HEPABEHCTBA

1. Pemenne npocTeiiliux TPHroHOMETPHIECKHX YpaBHennii. Bri-
BeJeM (OpMYJIH S PelleHUS TMPOCTeHINHX TPHTOHOMETpHYEC-
KMX ypaBHEHUI, T.¢. ypaBHeHH Buna T(x) = a, rae T(x) — Heko-
TOpas TPHIOHOMeTpHYecKas QYHKLIHA.

A) PaccMoTpuM cHavala ypaBHeHHe sinx = g, e ~1<a< 1.
WUcnonb3yeMm rpagpuk dyHKUMKM (pUc. 24) H MPOBEAEM IPAMYIO
y=a. Ecnu |a| > 1, #o BBAAY TOTO, 4TO |Sin x| < 1, ypaBHeHHe
sinx = g He UMeeT pellieHHA, T.e. CHHYCOHZA M IIpIMaA He HMEIOT
oB1IHX TOYEK.

Myets 0 < g < 1. Toroa Ha mpoMexytke [0; 2n] naHHOe ypaB-
HeHHe HMeeT ABa KOpHA {cM. pHc. 24), T.e. CHHYCOHAa ¥y = Sinx i
npaMmas y = a Ha [0; 2x] uMeloT ABe TOYKH MepecedyeHus ¢ abce-
UMCCAMN X, H X, TIPUYEM X, = | — X,.

M3 paccyxaenuii, IpuBeIeHHBIX B § 7, ceayer, 9T0 x, = arcsin g,
a x, = g —arcsin a. OGbeAUHAL 3TH KOPHU B onHY bopMyIy, HMeeM

x=(—Drarcsing + tn, n=20, 1, (1)

JelicTBUTeNbHO, NIpH # = 0 H3 dopMyns (1) moayuaeM
x = arcsin g, a pu # = | ¥MeeM x = § — arcsin a.

B cuany nepHoauYHOCTH GYHKLHH ¥ = Sinx IS HaXOXICHUS
MHOXeCTBa BCeX KOpHeH 3alaHHOTO yDaBHEHUA, K KAXIOMY K3
HaUJeHHBIX KOpHEH caenyeT npHOaBUTh YMcha BHAaA 2wk, rae
ke Z. Tlo3ToMy penlieHie YPaBHEHHS SinX = g MOXHO 3amycath B 06-
eM BHAE KaK

x = (—D)*arcsin a + nk, ke Z 2)
Hpumep 1. Peurnts ypapHeHue sin x = % .
Pewenne. Cornacuo ¢opmyne (2) umMeeM penicHue
x = (~Draresing + k= (~1)F + nk, ke Z.
¥

N T TN y=a
/. N\ a N\ 2

Puc. 24
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IMpumep 2. Peuts ypaBHenue sin (f;— - %) = ‘/;-

. Tor-

il

ol

. X T
Pemenne. UcnonsiyeM paBeHCTBO SIN (5 3

2
ga no dopmyre (2) HMeeM %— 1—“2 = (-1 arcsin[—%]+ wk, ke Z.

Tak Kak arcsin [— 3/5_2—-] =-7 TO

X_ T D {-E =R (- E
E—E—( 1) ( 4)+1tk,HJ'IH X 6+( D 2+2Ttk, ke Z.

OTMEeTHM CHeayIollHe BaXHBI€ YACTHHIC CNydYal YpaBHEHHS
sinx = a:
Eciu ¢ = 1, pelileHue ypaBHeHUS yIOOHO 3aMUCHIBATH B BHIE
b
x=5+2n:k, ke Z.

Ecnu a = —1, pelieHUe COOTBETCTBYIOWIETNO YPaBHEHUS 3amH-
CHIBAIOT B BHAE

x=-g+2nk, ke Z.

Ecnu a = 0, pellicHHE COOTBETCTRYIONICIO YPABHEHUA MMEET BUI
x=nk, kelZ

Mpumep 3. Peunth ypapHeHHE Sin ('I% - %) =0.

=mk +~. Otkyna

to| =
—_
=

T X k
Pemenne. Hmeem —E+5=TE,

x=%+2nk,ke2. ya

Pemenue ypapHeHHd sinx = a Ax, A
yao6HO WLIIOCTpHPOBaTh Ha €AHHHY- a
HOU OKpyxkHOCTH. Ilo onpereneHuo D
sinx ecTb OpAHHATA TOUYKHM A eAHHUY-

HOH oxpyxHocTu, Ecam {a| < 1, 1o Ta-
KHX TOYEK Ha OKPYXHOCTH ABE {pHC.
2%), mpu @ = £l — ogxa. Prc. 25

F
k‘
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B) PaccmotpuM ypaBHeHue cosx = a. Ecnu |a| > 1, ypas-
HeHHE COSX = 4 He MMeeT pellleHMs, MMOCKONbKY | cosx| < 1 mna
mio6oro x. Ilycte | a| < 1. Torza Ha oTpe3ke [0; x] cyiuecTByeT
B TOYHOCTH OJHH KOPEHb YPABHEHHA COSX = g — 3TO YHCJIO
arccosa.

DOYHKIHNA ¥ = cOsX ABAACTCS YETHOH, M IIO3TOMY Ha OTpE3Ke
[-7; 0] ypaBHeHHE COSX = ¢ TAKXKE HMEET B TOUHOCTH OJUH KO-
peHb. I10 x = —arccos 4. TakuM oOpa3oM, YPaBHEHUE COSX = ¢
Ha oTpe3Ke [—&; m] OAMHONH 2% MMeeT ABa KOpHA: X = arccosd
(coBmagalolie npu a = 1).

Tak Kak PyHKUHA y = COSX MEPUOAMYECKAsA C MEPHOAOM 2T,
BCE OCTAJBHBIE KOPDHU OVAYT OTAHYATBCA OT HaHJeHHBX Ha 2nk
(ke Z). CnenoratenbHO, QOpMyJIa PELICHHUS YPABHEHHA COSX = &
HMeeT BUA

x = tarccosa + 2xk, ke Z. (3

J3

IIpumep 4. Pemuurs ypaBHEHHE COSX = 5 -
3

Pewenwue. ITo popmyne (3) HaxoauM x:iamcosT+2nk,

ke Z. TlocKONBKY arccos

Mla

2%, NPpHUXOOIHM K PC3IYIBTATY

x=¢g+2nk, ke Z.

OpowocTpupyeM pellleHHe YPaBHEHHUS COSx = @ Ha €IHHHY-
HOH OKpYXHOCTH. 1o ompeneeHHIo cosx — 3T0 abCIMcca TOYKH
A, eqvnnuHOM OKpyxHOCTH. Ecau |a| < 1, To TAaKMX TOYEK Ha
OKDPYXHOCTH OB — Ax| H sz {puc. 26). Ecniv xe ¢ = | wmm a = —1,
TO TOYKA OJHA.

Mpu a = 1 ymcna arccose H —arccosg COBNAAAIT (OHU PaBHb!
HYAI0), O3TOMY pelieHHe YPABHEHUA COsX = 1 MPHHATO 3alMChI-
BaTh B BUAE

x=2nk, keZ

Ocofasa dopMa 3anKcH PELISHUS YPABHEHHA COS X = ¢ IIPHHI-
TaTakke ipH a = -l n a = O:

cosx=—1 = x=n +2nk, keZ

cosx =0 =>x=g + nk, keZ
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-1 0 a J1 x 12 0 v x
A 8
K
Puc. 26 Puc. 27

Mpumep 5. Pewnts ypasHeHue cos (3x - %) =0,

Peuwenue. Cornacno dopMe zanucu pellieHHA ypaBHEH U
_ nT_n
cosx = 0, nMeeMm 3x - 7-37 mk . Pelllast 9T0 ypaBHEHHE OTHOCH-

ok

TEeJABHO X, MOJyYaeM X = = + 5 ke Z.

n
4
B) PaccmoTpuM ypasHeHue tgx = 4. Tak Kak tgx = 8%
cos Xx

(gx paBeH OTHOWMIEHHIO OPAHHATH TOYKH A YHCNOROI OKPYXKHOC-
TH K ¢e a0cliucce, TO HaitheM CHavyala TOUKH OKPYXHOCTH, AN

3

’

¥
KOTOPBIX Pl a. OTH TOYKH J1eKaT Ha rnepeceyecHHH OKPYXKHOCTH

C MpAMoit y = ax. TOrza Mbl HONYYaeM ABE NHAMETPANbHO MpPOTH-
BOITOJIOXHBIE TOYKH A # B, 0Ha U3 KOTOpLIX {A4) JIEXHT Ha mno-
AyokpyxkHoctH KMN, a BTOpas (B) — Ha noAYyOKpyXHocTH NLK
{puc. 27). Touka A Gyner COOTBETCTBOBATL YHCTAM BMga arctga + 2nk,.
a ToYKa B — umcnaM BuOa arctga + m + 2nk. DTH ABe $opMyIIL
MOXHO OOBEAMHMTDL B OAHY: arclga + nn, ne Z.

Taxum oBpasom, peilieHue ypaBHEHH tgx = ¢ UMeeT B

Xx = arctga +nn, ne Z 4)
AHAJOTHYHO 47191 YPAaBHEHHS Ctgxy = g [I0JIydaeM peilleHue

X = arcctga +na, ne Z, (5)
ITpuMep 6. Pewnts ypapHeHne (g8 (x - %) =3,

Pemenue. Ucnonriys (popMyy (4), uMeem
X - % = arctg(-v3) + nn .
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Tak Kak arctg(—ﬁ) = —arctg(«/g) = —;, TO OTCIOAA MOJyYaeM

n n
X—g ==z +RH, WM X=—c+RN, ne Z.

r
6
[MpumMep 7. PetlinTh ypasHEeHHe Ctgx = -\-;_5 .

Pemenne. Ucnonwzya dopmyay (5), HMeeM

1 n
x= aroctg—ﬁﬂtn, WIH X =3+ 7 ne Z.

MpuBegeM TabAHUY CTAHAAPTHHIX QOPMYI pellleHHH MpocTeii-
WX TPHTOHOMETPHYCCKHX YpaBHCHMI Ha MHOXeCTBe HelCTBU-
TeJbHEBIX YMCeN:

Yoapnenne {dopMyaa pemeHns TIoumeyaumns

sinx = g [x=(—1)*arcsing + nk, keZ | arcsin(—g) = —arcsina, lat< 1

cosx = @ x = tarccosa + 2nk, ke Z | arccos(—a) = m — arccosa, ld<1

t2x = a X = arctga + =k, ke Z arct&(—a) = —arctfa, aec R

ctEx = g x=arccta + nk, ke Z arcct&(—ag) = n — arcciga, ae R

2. OCHOBABE THIB H METOAB! PEIEHHA TPHATOHOMETPHIECKHX
ypasHennit. K TpUroHOMETpUYECKUM YPABHEHHAM MPHMEHSIOTCS
Te XKe METOHBI, 4T0 M K anredOpaHuyeCKHM YpaBHEeHHAM, 2 MMCHHO:
BBEIEHUE HOBOM MEPeMEHHOH, YMHOMXEHHE HA HEKOTOPHIA MHO-
XUTENb W Ipyrue.

PaccMmoTpuM creayiouiMe THIB TPHIOHOMETPHYECKHX VpaBHe-
HUHA ¥ METOOB HX DEIeHUA:

a) Ypasuenue O(f (x)) =0.

JIna HaXOXIEHHA X MPoM3BeneM 3aMeHy f(x) = z. Toraa momyyum
{z) = 0. Pewaa nmociaeiHee vpaBHeHKe, HAXOIZHM €Io KOpeHb
Z=1z,;, 3aTeM M3 YpaBHEHHUA f(X) =z, HAXOIHM HCKOMOE 3HAUYCHHE X.

[Ipumep 8. Peluuts ypaBHeHUe cos(le + g) = %

Pemenune. ObozHauum 10x + g = z. Torma mMonydmm ypaB-

1
HeHHMe COSZ= 3. Ero pemicHMe HMeeT BHA Z = ig- +2nk, ke Z.

™ i
=z 3 + 2nk , HaXoOUM

Pemas teneps ypaBHeHHd 10x + 3
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=1

(—gi§+2nk),k52.

©) Ypasnenus sinx = siny, cosx = cosy, tgx = tgy. Pelenue
3TUX YPaBHEHUH OCHOBAHO Ha paBeHCTBaX X = {—1Y¥y + nk, ke Z,
x=xy+ 2nn, peZU x =y + mr, meZ COOTBETCTBEHHO.

[Mpumep 9. Pewnth yparHeHHe Cos(3x — 40°) = cos(2x + 60°).

Pemenue. MMeeM papencTBa 3x — 40° = +(2x + 60°) + 360°n,
rae ne Z. Pewlasd 9TH YpaBHEHUA, HAXOZMM:

3x —40° = 2x + 60° + 360°n = x = 100° + 360°n, ne Z;

3x —40° = —2x — 60° + 360°n, 5x = —20° + 360°n =

= x =4 + ?2°n, neZ.

B) Mpaenenue f(R(x)) = 0, rme R{x) — TpUroroMeTpnyeckas
DYHKUMS apryMeHTOB sinx, cosx Wi tgx. Takoe ypasHeHHe 3aMEHOIl
R(x) = z cBogmTcs K anrefpandecKkoMy ypaBHeHHIO. PelunB an-

rebpanvecKoe ypaBHeHHe, HaXOAUM €ro KOPHH Z, %, ..., 3aT€M i3
ypasHeHnit R(x) = z,, R(x) = z,, ... HAXOONM MCKOMBIE BHRUCHMA X.

IMpumep 10. Pemuts ypaBHeHHe sin®x + 3sinx + 2 = 0.

Peurenue. Obo3HauuM sinx = z Toraa noAyyuM ypasHeHHC
2+ 32+ 2 = 0. Pelunp 3T0 KBaJpaTHOE YpaBHEHHE, HOJydaeM
KOpHYU 7, = —2, z, = —]. VpaBHeHue sinx = —2 He HMeeT pelie-
HMA, a ypaBHEHHWE Sinx = —1 MMeeT pelieHue x = 270° + 360°k,
ke Z. CrepomaTenbHo, 0o0llee pelleHME 3a0AHHOIO YPAaBHEHUS
HMeeT BUA

x = 270° + 360°k, tae ke Z, UM, 4TO TO XKe,
x = —90° + 360°n, rae neZ.

r) Ypaenenue, codeprcauiee soipadcenue, pazineaemoe Ha MHOXCH-
menu.
Npumep 1. Penrs ypaBHeHUE

2sinx — 2sin2x — 242 cosx + 2 = 0.

Pewenue. CaenaeM 3ameny sin2x = 2sinx cosx. Torma ypas-
HeHUe TIPHMET BUI

2sinx — 4sinxcosx — 22 cosx + 2 = 0.
P33JIO)KHB JCBYXD HacThb YPaBHCHHS HAa MHOXHTEIH, HOJIYIHUM
2sinx (1 ~ 2cosx) + /2 (1 — 2cosx) = 0, win
(] — 2cosx)(Zsinx + v2) = 0.
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Orcona

l
2.‘
V2

2sinx+\/§=0=>sinx=——-2—.

1-2cosx=0=cosx =

. 2
3 M SiX =——, HAXOMUM BCE KOPHH:

X, = i-’;+2nn, X, = (-1} ;Hck, e n, ke Z.

Iy Ceedenue k odunolt mpuconomempuyeckou @yuxuuu. Ecin 3a-
JAaHHOE¢ YPABHEHHE COJEPXMT TPUTOHOMETpHUYECKHE (PYHKLHU
HECKONBKHUX BHIOB, TO MX CASAYET CBECTH K OJHOMY BMIOY.

MMpumep 12. Pemnth ypaBHeHHeE:

3sinZx + 2sinx + 2cosix — 5= 0.

Pemenue. [IponsseseM sameHy cos’x = 1 — sin’x. Torna 3a-
BAHHOE YPAaBHEHHE MPUMET BUA

3sinix + 2sinx + 2 — 2 sin®x — 5 = 0, win sin’x + 2sinx — 3 = 0.

[Tonyuuny KBagpaTHOe ypaBHEHHE OTHOCUTENLHO sinx. Te-
nepb, Aead 3aMeHy Sinx = Z, peliaeM ypaBHeHHMe 72+ 27 — 3 = 0.
Ero kopsamM aensiores: 7, = —3, g, = |. YpaBHeHHe sinx = —3 He
T
2
ne Z. CnefoBaTe/lbHO, pelIeHHe HCXOTHOIO YpaBHEHHS HMeer BMI

HMeET pelleHus, a A YPAaBHeHHA sinx = | nmoaydaeM x = = + 27w,

=§+21m, ne Z,

e} Oduopodnoe ypaenenue. TPUTOHOMETPHYECKOE YPABHEHHE
R(sinx; cosx) = ( HazpiBaeTCa odnopoduvim, ecrd R{Asinx; Acosx) =
= A" R(sinx; cosx) ang Hekotoporo ne N. Takoe ypaBHEeHHe Oene-
HUEM Ha COs”X WM Sin"x CBOAMTCA K YpaBHeHHIO Buaa R(tgx) = 0
HIH R(ctgx) = 0.

[TpuMep 13. Peuruth ypapHeHHE
sin’x + 2sinxcosx ~ 3cos?x = 0.

PemeHue. 3agaHHOe ypaBHCHHE ABNSETCS OOHOPOIHBIM
(rn=2). Ecnu B 3T0M ypaBHeHHH cosx = 0, To u sinx = {, uTo He-
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Bo3MOXHO. ITo3ToMy cosx # (). Pa3nenuB Bce 4ieHE YpaBHECHHS Ha
coslx, MOJMYYHM KBaAPATHOE YPaBHEHHE OTHOCHTEABHO (gX:

tg2x + 2tgx — 3 = 0.
Pemnn ¢ro, MMeem:
a) tgx =1 =>x,=§+nn,neZ;

6) tgx = =3 = x, =arctg(-3) + wn = -arcig3 + nn, ne Z.

fd
4
IIpumep 14. Pemrurs ypaBHeHHE

OtseT: = +nn;, —arctg3 + xn, IAe e Z.

SsinZx + 3sinx cosx — 4cosix = 2.

Pemenue. IpuBeneM 3alaHHOE ypaBHEHHE K OTHOPOAHOMY
BuOY. s 5TOTO YMHOXMM TPaByio 4acTh YPaBHEHWs1 Ha TPUTOHO-
METPHYECKYIO enMHHLY. Toraa mogaydyum

5sin®x + 3sinx cosx — 4cos?x = 2cos’x + 2sin’x.
IMocne npeoGpa3oBaHUil MOAyUYaeM OTHOPOTHOE ypaBHEHHE
3sin%x + 3sinx cosx — 6cosix = 0,
KOTopoe JeeHueM Ha 3cosix = 0 croaMTea K By tgix + tgx — 2 =0,
Pemias nocneatee, NOAyIUM:

a)tgx, =1 = x1=%+1tn,neZ;

6)igx, = —2 = x, =-arctgl+an, ne Z.

X) Ypasuenue, codepacaigee apeymenmut 2x, 3x v 1. A. 4 pe-
LICHUA YKA3aHHOTO YpaBHEHHA CleayeT MpHMeHATh (hopMyasl JBOH-
HOro, TPOHHOTO M T. A. APTYMEHTOB.

Mpumep 15. Pelunure ypaBHeHUE
2sin2x cosx — sin3x + Isiny — 2 =0,

Pewmenue. Hcnosp3ys dopMmyast sin2x = 2sinx cosx,
sin3x = 3sinx — 4sin’x, cos’x = 1 — sinx, 3a1aHHOe ypaBHEHHE
CBeJeM K BHAY

2 - 2(1 — sin%x)sinx — 3sinx + 4sin’x + 3sinx — 2 = 0.
Otkyza 4siny — 2 = 0. CnegoBareapHo, X = (-1)" % +rn, ne 7.
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3) Ypasrenue asinx £ bcosx = ¢ (¢ # 0). Takoe ypapHeHHe pe-
waeTes ¢ noMoLsio dopmyianl (14) (cM. § 6).

Mpumep 16. Peruurs ypaBHEHHE COS X + Vsinx=2.

Pemwenue. Mpumenss dopmyay (14) U3 § 6, norydaeM

sin(x+%)=l=¢x+%=g+2m:x=3;-+21m,ne Z.

n) Ypasnenue p(sinx * cosx, sinx cosx) = 0. [JanHoe ypaBHCHUE
peliaeTcd ¢ MOMOIIBIO 3aMEHHI Sinx + cosx = f.

Ipumep 17. Peuunre ypaBHEHHE
2(sinx + cosx) + sin2x +1 = 0.
Peme HHe. 3anuuieM JaHHOE ypaBHEHHE B BHIAC

2(sinx + cosx) + (sinx + cdsx)? = 0.

Teneps caemaeM 3ameHy sinx + cosx = ¢ Torna umeem 2 + 2f = 0.
Pelrag mocneanee ypaBHeHue, nomydanm f, = 0, #, = =2, Otciona

1) sinx + cosx =0 = tgx = ~1 = x=1415+rr.n,neZ;

2) ypaBHeHue sinx + cosx = —2 He MMEET KOpHeii.
CnenoBaTe/bHO, pelIeHHe UCXOOHOTO YpaBHEHUS HMEET BHIA

x=l4’-t~+1m,neZ.

K) Ypasuenue R(sinx; cosx) = ( ¢ noMows0 GopMyn

2 l—ng

sin x = fx s COSX = -
= 1+t~

1+1£ 3 5

= Z NPUBOAUTCA K PAallHOHAJTBHOMY YPaBHEHHIO

Mpumep 18. Peururh ypaBHeHHe 4sinx — 7 cosx = 7.
2

. 2z
Peumedue. CoeraeM 3aMeHBI; 8in X =1—2-,cosx = Fae
+2

t+z2’
X
z=1g 7- Toraa UMeeM
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2z 1-z 2 2
- - ? = - —_ - =
4—-—2-1+Z ?FZ 0=28z-7+7z"-7-7z2"=0

Wi 8z = 14. Otxyna z = %.

Iloacrapnss BMecTo 7 HaZEHHOE JHa4Ye¢HHe, HMEEeM YpaBHe-

x 7 7
HUe tg 3=3 PellIHB €ro, HAXOOUM X = 2arctgE + 271 .

Peminm emie HecKoNbKO ypaBHeHUM, He OTHOCHIIUXCS K pac-
CMOTPCHHBIM BEHIllIE THIIAM.

INpumep 19. Pemuth ypaBHenue 3sinx + 4 cosx = 6.

Pemenmne. Tak Kak > 1, To maHHOE ypaBHEHHE HE

32447
HMECT PCIICHHA.

INpumep 20. Pewnts ypaBhenwme cosdx + cosdx + cosx = 3.

PeweHue. Tak Kak |coskx|< |, T0 B 321aHHOM ypaBHEHWU
neBas 4acTh paBHa 3 TOJbKO B ciydae cosx = 1, cos3x = 1 K
cosdx = 1. ¥Ka3aHHHIC PABCHCTBA MOTYT OLITh BBITOMHEHB OHO-
BPEMEHHO TOJMBKC IPH X = 2ntn, he Z,

Npumep 21. Pewnrs ypaBHenmwe 1 — cos’x + sin?3x = 0.

Pewenwe. 3anviieM ypaBHeHWe B BHIE Sin’x + sin23x = (.
CyMMa KBaIpaTOB YHCEN PABHA HYJAIO0 TOABKO B TOM cJyyae, KOr-
Ia Kaxmoe claraeMoe papHO HyJIo: sinx = 0, sin3x = 0. Orciozna

Rk
3
nvcatk KaK x = nnk, ke Z.

3. Pewenne TpHroHOMeTpHUECKHX cHCTeM ypaswenmid. [Ipu pe-
LWIeHHH CHCTEM TPHIOHOMETPHYECKHX YPaBHeHHH OOBIYHO HC-
TOJIB3VIOT METOM, CBEIEHHA K OZHOMY YPABHEHMIO C OAHHM HEH3-~
BECTHEIM, AUGO CUCTEMY CBOIAT K anrefpanyecKoil cucreMme
YPABHEHHH OTHOCHTENBHO CaMHX AapryMeHTOB WIH QYHKUHWIA 3TUX
API'YMEHTOB.

X, =mnku x; =—, ke Z O6llee pelleHHEe YPABHEHUS MOXHO 3a-

2sin x = sin y,
ODpumep 22. Pemiuth cucTemy Y

2¢cosx =1-cosy.
Pemwenue. JaHHYyIO CMCTEMY MOXHO 3anucaTh B BHAe

2sin x = sin
{ ¥, Bo3peaeM B KBaapaT KaXIyio 4acTh oGoux

1-2cosx =cosy.

6 — AnreGoa, gacrs 11 81



YpaBHeHHI‘—JI CHMCTEMEI, 4 3aTeM TIOAy4YcHHBIE PaBeHCTBE NOYWICHHO
CINOXKHUM:

4sinix + 1 — dcosx + 4cos?x = | = 4 — 4cosx = 0, unu cosx = 1.

Otciona uMeeM x = 2mn, y = (2k + D, n, ke Z.

tevtey =3,
Mpumep 23. Pewunts CHCTEMY

Y
x+y'-=?‘

1-i cnocob. CeegeM JAHHYIO CHCTEMY K OJHOMY YPaBHEHHIO,

bis
MOACTABNSASt B MEPBOC YPaBHEHUE J = - X, Torna HMeeM
1
tgx (g (% - X ) =3- DTO ypaBHEHUE PABHOCWIBHO YPaBHCHHIO

Betex 1 -
gxm*?,, wi (\3tex-1)F =0,

bin
(3maMeHaTeab |+ \/itgx #£0). Orcoga noayd4aeM x = rlg
y= % - T, HE Z.
2-ii cnocol. TaK Kak x +yp = 135 .10 tg(x +y)=+3. Otciona

3

1-tgxtgy 3 3
TakuM 06pa3oM, nojy4aeM CHCTEMY
23
tgx tgy = }-
3

Torga tgx v tgy ABAAIOTCA KOPHAMH ypaBHEHMA
2 23 1_
s T

Pemias 5TO YypaBHeHUe, HaxomuM (gx=1(gy =

3
T .

n T
X=Ztmn,y= -, ne Z
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Mpumep 24. Pennith cucremy (S0 X008V =

Jtgx=tgy.
Pewenue. 3aMeTHM, YTO MHOKECTBO JOTIYCTUMBIX 3HAYECHMUIT
[IEPEMEHHBIX COCTABIAKT BCE ACHCTBUTCNBHLIE YUCHA, HE PABHbBIE

. 3
g +mn, he Z . Bropoe ypaBHeHHEe CHCTeMH JaeT Sin ycosx = ik

sinxcosy =

Ed

TOTHa CHCTEMA MPHHHMACT BUA CKJIEII[‘blBaH, a

w.p..l.—

sin y cos x =7

3aTcM BBIYHTASA NMOYICHHO NMOJIYYeHHBIE PABCHCTBR, HMEEM COOT-

. . 1
BETCTBEHHO: Sin(x + y) = 1, sin{x - y} = ~3 CnenoBaTeibHO,

x+y=;+2r|:k,

e k, ne Z
x—y=-%(—l)"+1m,
Takum o6pazom,
n i " " I " n
x= G0 ealkrg) y=Re ety enlk-2), me & nez

4. Pemienize TPHIOHOMETPHYECKHX HEpPABEHCTS,

A) TlpocTeHUIUMH TPHTOHOMETPUYECKHMH HEPAaBEHCTBAMHU
Ha3bIBAIOTCS HEepaBeHCTBA BUAa g, < sina < b, a, < cosa < b,,
a; < tgo < by, a, < cigo < by, TE @, a,, 4, a, b, b, b,, b,
— 3agaHHhe uuciaa. [Ipy pewieHuu 5THX HepaseHCTB yooOHO
MONb30BATHCS TPUTOHOMETPHYECKHM KPYToM MM rpadHKOM ¢o-
OTBETCTBYIOLICH TPUTOHOMETPUYECKOW HYHKIMH.

Mpumep 25. Pemiute Hepa-

BEHCTBO sinx < (0,5 Ha MPOMeXyTKe V4 -
[0; 2x].

Peumenue. PacemoTpum enu- B [ A
HUYHYIO OKPYXHOCTb, HaxoZuM Ha < Ve N
Hel TOYKH, OPIMHATH KOTOPBIX ] X

paBHHE WIH MeHble 0,5, SIcHo, YTO
ITOMY YCIIOBUIQ YAOBIETBOPSIOT
Touky aytH BDA (puc. 28). MuHOXe- D
CTBY TOYEK 3TOH AYTH COOTBETCTBY-
eT 00beaVHEeHUEe IBYX YVCIOBBIX

Puc. 28
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OTPE3KOB [0; g] " [%ﬂ 21:] u3 mpoMexytka [0; 2n]. TToaToMy pe-

HICHUEM HEPABEHCTBa ABJISETCSI MHOXECTBO
n Sk,
[o:5] o [:2e]
1
INpumep 26, PelliuTh HEPABEHCTBO COS X > 3 HA NPOMeXyT-

ke [0; 2x].
Peue HHe. PaccMOTpUM eAHHHYHYIO OKpYyXHOCTB (puc. 29).

1
Haxoaum Ha Heil TOYKH, a0CIMCCH KOTOPBIX GOJbIlEe 5 HcHo,

YTO 3TOMY VCIOBHIO YAOBIETBOPSIOT TOukH Ayru ACB. Touke B

7t T _ 3
COOTBETCTBYET YHCIIO 3 a Touke 4 — uncno 2w - 3= BHyT-

peHHUM To4kaM ayru ACB coOTBETCTBYET OOBCIANHEHHE YHCIO-

5
BbIX TIPOMEXYTKOB [0; %) H («33 2TC] u3 npomexyTtka [0; 2x].

CrnegopareJIbHO, MHOXECTBO

[:3) v (5521

M ecThb pellieHHe 33JaHHOTO HEPaBeHCTBA.
[lpuMep 27. PeIIHTh HEPABEHCTBO X < 1 Ha TIPOMEXKYTKE

553
2720
PemeHue. PaccMOTpUM eIMHHYHYIO OKpyXHOCTb (pHc. 30).

Yepes TOYKY B niposeseM APSMYIO MAPAJUICIBHO OCH OY. Ha 310i1
apaMoil OTAOKUM 0Tpe3ok AB = OB = 1. AcHo, 4TO YCIOBHID

Va Y
B A
D
60" . .
oYy JC X 5] B X
D A C
Puc. 29 Puc. 30

34

MpHMepa YIOBAETBOPAIOT TOYKH, AeXaluue BHYTpu ayrd DBC.
3HAYHT, HCKOMEIE X JONXHE YAOBJETBOPAThH HEPaBeHCTBAM
i T
-3 <X<7. MHOXecTBO, ABAAIOLIeeCd pelleHUEM 3THX Hepa-
N K R
BEHCTB, COICPAHTCA B MPOMEKYTRe |~ 53 5 ). Hoatomy (=55 31 —
pELIeHHe HCXOOHOTO HEPABEHCTRA.

1
HpumMep 28. PeluuTe HepaBeHCTBO Clg X = ——= Ha MpoMe-

J3
Xytke (0; 7).

Pewenne. PaccmoTpum ean-
HHYHYIC OKpYXHOCTH (puc, 31). A B
IMpoBeneM yepes Touky B ripaMylo,
HapannenbHyo ocH OX H BeiOepeM

S

=Y

TOUYKY A[—%; 1). fcHo, uTO YCio- fe. C

BUIO TIpUMeEpPa YIOBACTBOPAIOT TOY-
KH, Aexallue Ha ayre DBC. 3Ha-
YUT, HCKOMBIE X AOKHBI YAOBIET~

In Puc. 31
BODATH HePABEHCTBaAM D<cxx T .

B) PaccMOTpHM TeNeph pellleHHe HEPABEHCTB Ha MHOXECTBe
DeHCTBUTENBHEIX YHCEN.

V2

Ipumep 29, PemunTs HepaBeHCTBO Sin x < 5 -

[TocTporM B 0AHONH M TOH XKe CHCTEME KOOPAMHAT rpadHku

Lo V2 ”
byHKIHI y =sin x4 ¥ = 5 (cM. puc. 32) 1 HaliieM KOpHH ypaB-

V2

. 2 .
HEHHA S X = —- Ha [0; 2x]. PelieHueM HepaBEeHCTBA Sin x < 5

V2

2

y=
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Ha NnpoMexyTKe [0; 2r] siBasieTCH MHOXECTBO, COCTOSILIEE U3 APO-
3n .
MEXYTKOB 51 (T; 215]. Torza Ha MHOXeCTBE BCeX AEHCTBH-

TEJAbHBEIX YHUCENT PCIMEHHEM 3aIaHHOTO HEPABEHCTBA ABAALTCA
06beAMHEHHE MHOXECTB

[Znn; _E + Zrm) o (i;—t +2mn; 2R(Nn + 1)], ne Z, U, 4TO TO XK€,

o0befHHEHWE MHOXKECTE BUIA (37: + 27n; 2; + 21m), ne 2,

MNpumep 30. Peututs HepaBeHCTBO —2c0sx = 1,

Pemenne. CHayana moctpoum rpaduky GyHKIHH ¥ = COSX
|

Hy=-5

. 3aTeM HalileM KOpHH YpaBHeHHS COS X = —% Ha [0; 2x].

2n
D10 3

Ccfl MHOXKECTBO, COCTodAlUIee W3 0OBLeMHHEeHUA NpOMCKYTKOB

[2—;+2nn;%+2nn],ne Z.

4
H -3— . Toma PCUICHHEM 3alaHHOI'O HCPaBCHCTBA ABIACT-

Hpumep 31. Peluuts HepaBeHCTBO igx 2 J3.
Peurenue. Ioctpoum B OAHOI CHCTEMe KOOPAWHAT rpadu-

K QYHKLHEA y=tgx U y = NE (puc. 33). HaxoaumMm KopHM ypaB-
HeHud 1gx = V3 Ha [0; =], rae © — oCHOBHOH Mepuod GyHKIUM

V== tg X, DTUM KOpHEM HBAACTCS X = % Ha maHHOM MpOMEXKYT-

m N
Ke pellleHHeM HEpPaBeHCTBA ABNSETCH IOJIYUHTEPBA [-3;; -j). Tor-
Aa pelleHHeM HEPaBeHCTBA HA MHOXECTBE BceX JeHCTBUTENBHBIX

N
/L

|
=
i
talA
)
WA
R 4

Prc. 33
86

YHCe ABIIACTCA MHOXECTBO, COCTOMAIIEe W3 OOBSTHHEHUA MPOME-

3 2

PaccMOTPHM Tenephb MPUMEDPHI CIOKHBIX TPHTOHOMETPHYEC-
KUX HEPABEHCTB.

Hpumep 32. Peimuth HepaseHCTBO

T ﬂ:
KYTKOB [—+1cn;—+1m),ne A

. . 1
cos’x - sinx + sin®x cosx > 7

PemeHue. UMeeM

. . 1
sinx - cosx {(cos?x + sin’x) >

e
1 . 1
Evsm2x>z,
sin2x>l
2’
5
OTKyfa cheiyer X e (%+n:n; 1—;+1m), ne Z.

NMpumep 33. Pemnth HepaBeHCTBO 4sin’x — 6sin’x + 2 > 0,
Pewenue. IlpeoGpasyeM NEeBYIO YACTh CIEAVIOUIUM OOpa3oM:

(1 — cos2x)®> — 3(1 — cos2x) + 2, unm cos’2x + cos2x.

TMoay4uIn paBHOCHNBHOE HEPABEHCTBO ¢08°2x + cos2x > 0,
WK cos2x(cos2x + 1) > . Toraa HMeeM OBE CHCTEMbI:

a) cos2x > -1, 6) cos2x < -1,
cos2x > 0 cos2x < 0.

l'lepBoe HCPALEHCTBD CHCTEMBL a) CIIpaBCATHEO AN BCEX X,

ki
KpOMe X = —+ 7. M3 BTOporo HepaBeHCTBA CHCTEMH a) CleAyeT,

n n
yro -3+ 2rn < 2x < 3 +2mn. [losToMy pelIeHMEM CHCTEMBI

a) ABjdeTcA MHOXECTBO, COCTOSIEE U3 TMPOMEeXYTKOB
T i
(~I+nn; 2 + nn), ne Z. DT0 Xe MHOXECTBO SBASETCS pellleHHEM

HCXONHOTO HEPABeHCTBA, MOCKONEKY CHCTeMa 6) He MMeeT peLieHHs.
5. PemreHse ypaBHeHHi W HEepPABEHCTE, COAEpPXKAMHX oGpaTHble
TpuroHoMeTpuueckue Gynxuun. [Ipy pelneHHH ypaBHCHHUH, CBA-

37



3AHHBIX C OBPATHRIMH TPUTOHOMETPUUIECKHME (PYHKIHAMH, HC-
NONb3yeTcs CBOMCTBO MYHKIMN, 3aKAI0YA0OHIESC B TOM, UTO
PAaBHEIM apryMeHTaM COOTBETCTBYIOT PaBHBIE 3HAUCHHUSA ONHO-
UMEHHMX TPHIOHOMETPHYECKHX (MYHKLUHiHA, €CNIH OHH HUMEIOT
CMBICH JJIA THX apryMeHTOB. Brrumcnas pyHKUHMM OT apryMeH-
TOB, 3aJaHHLIX B BHAC apKMYHKUHI, olydaeM boliee Mpocroe
ypaBHeHMe (HampHumep, anrebpanycckoe ypasHeHnue). IIpn oM
HeoOXoAMMa MpoBepKa KOpHeH HCXOAHOTO YPABHEHUA, TAK KaK
U3 YCIOBHUSl PABEHCTBA 3HAYCHHI OZHOHMEHHBIX TPHUTOHOMETPH-
yeckuX GyHKIMI He Bcerga ciaeayeT paBeHCTBO apryMeHTOB.

I[Ipumep 34. PeltuTh ypaBHEHUE
.1 . .
arcsin 5 x + arcsmg X = arcsinx.

Pemenne. O6macTh AONYCTHMBIX 3HAYESHHH MepeMeHHON
cocTaBiageT MHOXecTBO: | x| < 1. K ofieuM yacraMm 3agaHHOTO
ypaBHCHHA NMPHMEHUM (PyHKIMIO cHHyc. Torma umeem

. 1 . . .
sin [arcsm 3% + arcsin ? x] = sin(arcsin x).

YuurteiBad, 4To sin(arcsine) = o H cos(arcsino) = /| — o> NpH
ao6oM |a| £ 1, monyyaem

%x,ﬂ—%xz +?x‘,l—%x2 =Xx, WM x(\l4—3x2 +J§\a4—x2)=4x.

Orcioga x, = 0, x,, = 1. HenocpeacTeeHHOl NoacTaHOBKOI
3THX KOpHCH B HCXOAHOE ypaBHeHMe ybexkmaeMcs, UTO BCe OHH

YIOBJIETBOPAIOT eMy. Hampumep, anga x = —1 uMeem
. 1 . J3 . T on_0®
arcsin (— 5) + arcsin [— T] = arcsin(—1) = - rak St E

CrienocBareNibHO, KOPHAMH HCXOIHOTO YpaBHeHHs sBisiorcs x, = 0,
x,, = zl.
IIpumep 35. Pemuth ypaBHEHHE
arctgx + arctg2x + arctg3x = 0.

Peme nue. QueBnaHo, YTO NpH x > () ypaBHEHHE HE MMEET
KopHeH (Tak Kak mpd x > 0 uMmeeM arctgx + arctg2x + arctgdx > 0).
[TepenuiiieM 3afaHHOe YpaBHECHHE B Bue

arctgx + arctg2x = —arcig3x
88

M NEPeHIEM K PaBeHCTBY TAHIEHCOB B JICBOMH W TIpABGIt ero 4acTH:
tgarctgx + arctgly) = tg(—arctg3x).
Orciona cneayert, uto

X+2x
1-2x2

=-3x=3x+3x-6x=0=6x(1-x%)=0,

x, =0, X,y = %I,

ITpoBepka mokaseiBaet, 4To TOMBKO X = 0 ABAACTCS KOPHEM
HCXOOHOTO YPaBHEHUA.

pumep 36. Pemnts ypaBHeHMe;
arccos’x + Sarccosx — 6 = ().

PeuwreHne. Cuenas sameny arccosx = g, HONYYHUM KBaapar-
HOe ypaBHeHMe 7' + 57 — 6 = 0. Otkyna 7 = =6, z, = 1. Tax kak
0 < arccosx < ;, To KOpHeM aABAfeTCH WHCTO 2, = L. 3nauur
arccosx = 1 v x = cosl. ’

Hpumep 37. Pemnto HEPAREHCTRO:
2arctg’x — Sarctgx + 2 > 0.

Peuwienue. O603Hayus arcigx = z, cBeieM JaHHOE HEpaBeH-

CTBO K BHAY 222 — 57+ 2 > 0, wimn 2(z —%)(z—2) > 0. [Tocnen-

He¢ HEPaBEHCTBO BHINMOJHAETCA TNpHU z<% H z > 2. 3Hayur

1
1 1
arctg x < 5 H arctg x > 2. HepapeHcrBo arctg x < 5 HMeeT peine-

1
HHe (~m, tg 5), 4 HEPABEHCTBO arctg x > 2 He uMeeT pereHus. Cre-
A0BaTENbHO, PEIIEHUEM HCXOIHOTO HEPaBEHCTBA ABASETCHS MHO-

KECTBO (—m; tg %)

'C?]" Bonpochr 1 3anamus

1. Kakite TpuroHomerpiueckue YPaBHeHHS ABIAIOTC HPOCTeHIMI?

2. Hanucars o6uimit pux PelleHUIT IpocTeHiunx TPHIOHOMETPHYEC-
KHX YPaBHEHHIA,

3. HasBatk OCHOBHEIE THTTBL TPHTOHOMETPHYECKITX YPaBHEH Ui,
4. Pacckasats o MeTomax peureHus TPUTOHOMETPHIECKIIX YDABHEHHMIA.
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5. Paccka’aTh O METoJaX pelleHHs TPHTOHOMETPHYECKHX CHCTEM

ypaBHeHMH.
6. Kakyle TpUrOHOMETPHUECKHE HEPABEHCTBA SBISIOTCH MPOCTEH-

urmMu?
7. PacckasaTh O MeTOAAX pelleHUs TPHUTOHOMETPHYSCKHX HEPABCHCTB.

YnpaxHeHnns

Peuiuts ypasuenue (1-21)

2 _ 3
1.a)cosx=—%; B) COSX = =

1
0) cosx = 3 rycosx = —1.

1 .3
2.a}sinx=*5; B) sinx = =,

2 .
0) sinx = %; r) sinx = 1.

1

3.aytgr= —3; OG)ctgx= 7 Bgx=1k r) ctgx = 0.

4.a)2cosx+ 1 =10, B} 2c0sx — J3=0.
6) 2cosx —v2 =0

5. a) P2sinx—-1=10
6) 2sinx +~2 = 0;

6.2) igx+1=0;

B) 2sinx + J3=0.

B) ﬁctgx~l=0;

6) ctgx +1 = 0; r)tgx — V3 =0.
. 3 B 1.
7. a) sm(—%):-‘{z—'; B) tg4x__ﬁ’

6) cos(—3x) = Tr- r) cig (—%) =1,

8. a) 23m(2x+%) V2 B) J_tg( _g)zl;
6) 2005(33:“ %)=J§; r) ctg( %):

S0

10.

11.

12.

13.

14,

15.

16.

17.

18.

19.

. a) cos(g— 2x): -1

6) 2Sin(g—%):\/§;

. . 3
a) sm2xcosx—cos2xsmx=i2_—; B) sin3xcos3x =

+ X
6) sin’ = - cos’

x .
3 5 =1

a) (2sinx—3)(3sinx+2)=0
6) (2sinx+2)sin4x+1) =0

B) (I-2cosx)3+4cosx)=0

N (2-~cosx)(1+3cosx)=0
a) (tgx—3)(2cosx —2)=0
6) (V3tgx+D{tgx+3)=0

a) 2sin¥x + sinx — 1 = 0;
6) 2sin?x + sinx — 6 = 0;
a) 2cos’x — sinx + 1 = 0;
6) dsin’x — cosx — 1 = O
a) 2cos?x + /3 cosx = 0:

6) V3 tgx — 3tgx = 0;
a) cosx = cos2x;
6) sindx = sinx; r) tg2x =
a) cos3x — cosdx = sindx;

6) sin9x — sinx = ¢os5x;

a) /3 sinx cosx = cos2x;

6) sinbx + sin?3x = 0;
a) (sinx — cosx)’ = 1 ~— cosx;

X T . X . 0m
r} CO8=COS—+8IN=§in— =

B} sin2x = cos3x;

o wfiod)-o

r) 2005(%—3::): V2.

1.
4°
g
3705 T3S Ty

B) (V3ctgx +1)(2sin2x+1)=0;

r) (ctg2x—3)(tgx - v3) =0
B) d4cos’x — 8cosx + 3 = 0;
r) 2cosix + cosx — 6 = 0.
B) 1g°x — 3tgx — 4 = Q;
gy — Jtgx + 1= 3.
B) /3 sinx + cosx = 2;

) sin2x + cos2x = /2.

I) tgx = ctex.

t23x.

B} cosx + cosdx = 4cos2x;

r) sin’x — cosilx = cosdx.
s 1 .
B) Jsinlx = | + 3 sindx;

r) 2cos?2x = | + sindx.

0) 2sin2x — 3(sinx + cosx) — 2 = 0;

X

. 1] .
B) 1—cos(1r-x)+sm(-—+—)= 0; 1)1+ cos2x = sintx,

2 2

o1



20. a) 2sin?x — 5sinx cosx — 3cosix = 0
6) 2cos’x + 3sin®x — 7sinx cosx = 0;
B) cos?2x + 2sin 4x + 3sin?2x = 0;
r) 1 — sinx cosx + 2cosix = 0.

21. a) sin?x + sin?2x = sin?3x;

6) sin“2x + sin?3x + sin%dx + sin?5x = 2;

. . . 1.
B) sinx sin2x sin3x = n sindx;

X . X o .
T) cos“-i - sm“i = sin2x;

, 1
a) sinx + cos®x = -

22. [Ipouspedq 3aMeHy Sinx + COsx = f, pellIUTh YpaBHEHMeE:!

a) 1+sinx+2(sin%+cos%)=0;

6) sin2x + 3 = 3sinx + 3cosx;

B} 2sin2x — 3(sinx + cosx) + 2 = 0.
23. PewunTs ypaBHEeHME:

a) 3cosx — 4sinx = j; B) J3 cosx — sinx = 2.
6) sinx + cosx = V2,

24. TIpuMeHAa YHHBEPCATBHYIO 3aMeHY tg-;— = 7, PeLIMTH YpaBHEHMe:

a) 3sin2x + 2cos2x = 3; B) 4sinx + cosx = 4.
6) 3sinx — cosx = 3;

25. PelllnTh CUCTEMY YpPaBHEHHIA:

Sn
sin x +siny =1, X+y==-
a){ ] .y r) 6
X+y=m cos? x +cos® y = 0,25;
x-y=2°1
cosx—cosy=1, EN
6) { o ) 1
X+y=m COSXCOSy = =.
x+y==2
B} 2’
sin? x—sin’ y = 1;
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26. PewunTh HepPaBEHCTEO HAa 33TaHHOM IPOMEXYTKE:

27.

28.

29.

30.

31. a) cos?x + 2cosx > 0;

a)sinx>%,xe[0;n]; n) tgx > _ﬁ,xe(~12‘-;;);

. 3 ) 1
0) sinx < 5 » Xe[-m; Of; e) tgx < ﬁ,xe(—n'n);

27
V2 LA 4 1
B) COSX > —Z-,xe[—g,-z-]; K) ctgx < ﬁ,xe(o;n);
3 n 3
r} cosx <=5, e [5;—25]; 3) ctgx > -1, xe(0; ).

Pewrnth HepaBencrso (27-31):

: V2 1
a) sinx 2 > m) cosx < 3 1) ctgx < 3 :

. S 2
6) smxc—T; e) cosx<§; K) ctgx > 1.
B) sinx > 1. X)t <—l :

2’ gx 73=1
2

r) cosxc—%; 3) tgx > -1;

. I, b \@ X V3
a) sin3x < 3: 6 OS> > = B) sm% <=5 D> L
a) 2cos(2x+;)s«/5; B) Jﬁsin(§+g)zl;

6) ﬁctg(3x+;)<l; r) 2cos(2x—g)>\/§_

N

ST; B) 2sin2xcos2x > -

!
2)
0) sin;cos3x+cosgsin3x < %_?-

Ed

a} sin 2xcos g —€0s 2x sin

A

) cos-g-cos2x—sin 2xsin% < —%.

r) sin2x + cos2x < 1;

6) sin’x — sinx < 0; o) sindx + cosdx ctg2x > 1.

B) cosx — /3 sinx 2 2;
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Pemints ypasHeHus (32—36):

X
32. a) 2sin§ =J3; r) 2cos = 1;

6) sin(2x—1;—t)=0; | ) 3cos(x—§)=0;

B) sin(3x+g~)=0; e)2cos(2x—%)=\/§.

33. a) (1 + 2c08)(3 — 2co8x) = 0;  B) (2sinx + /3 }sinx — 2) = 0;
6) (1 — cosx)(5 + 4cos2x) = 0; 1) (2sin2x — )(sin3x + 1) = 0.

34, a) sin5x cos3x = cosdx sinlx; 6) cos3x cos2x = sin2x sin3x.
35. a) arccos(2x — 1) = %; e) arctg(2—5x)=- g :
0) amcos[%]] = 2—; ; X) tg(3arcsinx) = 1;

B) arcsin (% - 2) = %; 3) arcsin 3—;- + arcsin %x = arcsinx;

r) arcsin(2x - 3) = -3; ; H) 2arcsin X = arccos2x.
%
n) arctg(3x ~1) = 7

36. a) cos3x + sindx = 0; 8) siny(l — cosx)? + cosx(1 — sinx)? = 2;

6) sinx + cos3x = 0; r) cos2x + cos?2x = cos?3x + cosdx.
37. PelunTh CHCTEMY YpaBHEHHH:
x—y=5—“, arcsin x + arccos y = =,
a) 3 B) 2
sin x = 2sin y; xp =1
X—p=—di
y=—3
6) 2 - D
cos” mx —sin” Ty = =
38. Pemuth ypaBHeHye:
2
a) l—sinSx:(singmcos%) ; B) cos2x — Ssinx — 3 = (;

6) 2tgix — 2g’x + 3tgx — 3 = 0; r) 3sin2x + 2cos2x = 3.
94

39, PeluuTh HEPABEHCTBO:

a) cos(%H)z %; B) 2cosx + sinx — 1 < O
o) sin(%—2)c%; 1) 28in’x — Scosx + 1 > Q.

VYnpaxnenus s noBTopenss

L N I _§B N N =N N N =N |

1. OnpeneauTh 4eTBEPTH, B KOTOPOH NEXHT TOYKA, MONYUICHHAA
NOBOPOTOM TOYKH A(1; 0) Ha:

ay m—o; ﬁ)a—;; 3)32—“+0z; r)2n—a,rﬂeo<a<;.

2. BRIUHCIUTE:

a) sinl0,5=; 6) cosﬁ%n; B) tg%fc; r) ctg3sm.

3. BoiuncanTe:

T i R, E_ iy, r
a) 4smg+2<:os§—\/§tg—3-, 6) (2tg6 tg3)‘cosﬁ_

4, HaiiTu 3HaueHUE BBIpaXKEHHS:

a) 4coso++3tgo mpu a:%;
L

0) ﬁsina—%ctga npu a:é

N

5. Kakue M3 NpUBeAeHHBIX HUXKe QYHKLHMI ABIAIOTCA YETHBI-
MH, U KaKH¢ — HEUETHbIMHU:

cos2x~1 .oX x
a) — . B} 2sin-cosZ;
x* 2
sin? x 5 x ) %
; §° . —sin“ = ?
0) ~as r) cos” 5 ~sin’ 3

6. HaflTu HauMeHbUIKI MONOXUTEABHBIA Nepron QYHKUHIL:

a) y= cos(5x—%);

) y=3+4dcos(bx-3);

7. Haiitu 3HaYe¢HHEe BRIpAXKESHUA:
a) 2cos0” — 2sin270° + 3sin90° + 10cos180°;
0) 2cos90° + 3tg0° + 3sin270° — 3cos180°;
B} cos90° — sin270° — ¢tg90® + tg180° — sin180°.

B) y=4sin2xcos2x;

r) y =cos® 3x ~sin’ 3x.
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9. Haiitu amMmauTyny, nepuoi M HavdaJbHyl0 a3y rapMoHUYeC-

IToctpouts rpadbuk GyHKUWH:

a) y = 1,5sin(2x — 1); 1) y =|cos|2x|;

6)y=2cos(2x—f—); n) y=|tg2x|-3;

3

B)y:2sin(;—2x); e) y=lctgx—1|.

KOro KomebaHu4:

_ 3. LA _ L
a) y—551n(2x+5), 0) yecos(2x+4).

10. Hality tgo U ctgo, ecnu;

11.

a) tg(%—oz)=%; 6) tg(§+cc)=3.

YI'I]JOCTHTB BEIpAXKEHHE H HaHTH €ro YUCIoBoe 3HAYCHHE:
i i 1
251n 0‘.+s1n Qe L CHH COSO = ——;
2 sin a—sin 2o 3
1+sin 2ex .
——C050,, CCMIH O = —.
sina+cos o 3

12. BuiyHcINUTD:

a) sin375%°cos845° — cos1405°sin1675° — tg215°tg685° — tg?35°;

T ir in
B) COS= COS— COS—

6) 4sin18°sin306°; 5 5 7

13. VOpOCTHTE BHpPaXeHHEe W HANUTH ero YUCHOBOE 3HAYCHHE!

sin(ls—ﬂ~a}rcos(5n+ot)
) 2

cos(?;—ﬂ+a]—sin(a—31t)

Sm
a npu o = <=

12271+ 0 )-t2(3r—P)
1+ct.2[3?n+a ]LE(BH:)

Vopocruts BbipaxeHHe (14—16):

6) npna=;,13=

12°

3n n .
ctﬁz[a+-—]-cosz[a+—] ctg[——a] 2
14. 2) 2 2] . 6) 2 ctet (m-a)-1
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* 2 .
Ctﬂ2[a+37n)—cosz(a—3%] 1-t2° (o-2n) ci¥(2m+at)

16. a)

17. Toka3aTh TOXAECTBO:

24. Buiuncants

. 2
sin‘| 4o~ —
15. 2) [ « 2] . 6) 4Sin2(a—5n)—sin2(2a+n)
cte 3—”—2& +12 £+2a cos? 2(1&3_1: 4+4sin? o .
2 2 2
cos Ja+cosda+cos 5o . 1+cos e+cos2a+cos 3o
sin Jo+sin 4o+sin S 6) cos ot+2 cos? e—1

) 1-2sin? a _ 1-tRa ) JIBe+ fCtBa ’ 2
- = : B) | X =
. l+sin2a  1+tRa Sin o+Cos o sin 2’

sin 2a+sin So—sin 3o

6) cosdo+] - lsin do.:

ctlo—t2a 2 =2sine.

cosa+1-2sin? 2¢

18. JoxasaTh ToXZECTBO:

a) 5131?;1 - 2(cos20 +cos40 +cosbo)—1=0:

1 .
6) l—zsm2 20 +cos2e = cos’ o + cos? ¢.

19. TIpeo6pa3oBaTh B MPOU3BEACHHE:

a) 3 - 4cos? (323 - oc); B) 3 + 4cosda + cos8o;

6) 3-4sin? (g - a); r) sin2o. + sindo + sinbo.

20. JokasaTb cIpaBelINBOCTE PABEHCTB:

| 1

oo e
2) cos 3% | w560 ctg28%; 0) 1-2sin50° = 2cos160°

21. BolMHMCAHTS:
a) tg435° + tg375%; B} sin’ 33:' + cos? %’c +sin’ 285 + cos? 185'

0) tg255° — tg195°;

22. Bupasurs tglo + ctgio wepe3 m, echan m = tgo + ctgoe

23. Beruvenuth sindo — cosdo, ecsu sino — coso = .

2sin2a-3cos2a

4sin2a+5c0s 20’ ccam tgor = 3.

.7 = Anre6pa, wacrs 11 97



25. CpaBHUTh YHUCIIA: ) o
o 5 | 31. a) sin9x = 2sin3x; B) sin2x + cos2x = /7 sin3x;
a) arcsin (_5) H arccos-—-; B) arccos[z] n arctg(—1); 6 : . {3
e ) cosbx = 2sin (7 + Zx); r) cosx — /3 sinx = cos3x.
6) arctgﬁ H arcigl; r) arccth3 u arctgl. 5
cosX _ sl ooy - .
26. BHIYHCAUTE: 32. 2) %% = AT Joosx; B) 2sinz — cosz = 0,4;
.2 2
] ﬁ ﬁ . 6) 231nx+4‘20053t=6; T)4Sinx+cosx=4_
a) 2 arcsin [—7 + arctg(-1} + arccos = | 33. a) sin3x — dsinx cos2x = 0:
A 6) sinx ~ sin3x ~ sinSx + sin7x = 0;
6) arctg(—+3 +arccos(w—]+ arcsin . .4 5
(3 3 B) sin‘x+cos'x =25 1) sintx + cos'x = cos?2x + 0,25.
27. PacnonoXKTh YMCIA B NOPAIKE BO3pacTAHUA: M. a) 1‘ + s?n2x = sinx + cosx; 6) 1 + 3cosx = sin2x + 3sinx.
a) arcsin-g; arcsin{=0,3); arcsin0,9; 35. a) sinx sinSx = I; 6) sinx cosdx = —1.
. . . _ 23x
6) arccos0,4; arccos(-0,2); arccos(—0,8); 36. a) cos2x = cos = 6) cos2x = 1+2J§ (c0s x + sif x)
B) arcctgl,2; arcctgr; arcctg(-5); 37. Peurutb cucteMy ypaBHEHHMIL:
r) arctgl(; arcig(-5); arctg0,7. . ,
28. Joka3aTh CTpapelNBOCTh TOXAECTBA: 2) X=ry=% ) arcsin x - arcsin y = _1’1"5
B
. 1 1 i x - _1.
a) sin? (arctg3 — arcctg (— 5)]: 3 SInx-CoSy =33 arccos X - arccos y = 1;;
6) cos(2arcctg2) — slm(4arctg3) = 0,36; 6 sin x cos y = 0,25,
B) cos(2arcctg7) = sin(4arcctg3). sin y cos x = 0,75;
29, BEIYHCIAUTE:
38. PemvTh HepaBeHCTRO!
a) L - cos® (5—“ + L arccos i) ; 4 ) sin 2x
4 22 57 a) sin‘x - cosx > - ; 6) 0,57 < 0,572 < 0,5
6) sin’ [arcctg % _arctg (__%)} 39. Penth HepaBeHCTBO:
. 2 ki1 N
B) sin%(0,5arcsin0,8 — 2arctg(—2)). a) arcsin(x” —4) < 5’ B) 2arcsinx > arctgy;
6) arcig’3x — 2arctg3x < 3; ) arcsinx < arccos(l — x).
Pemuts ypasHeHue (30—36):
30. a) 2cosix + Ssinx — 4 =0; B) ¢os3x = 2sin (3—; + x);

6) 3sin?2x + Tcos2x — 3 =0 r) sin3x = 2cos (g - x).
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TJIABA X

HECTAHIAPTHBIE
PYHKINH

§ 1. Kycouno-3anannaa ¢pynkuns. ®ynxuua Tupuxae.
Oynxumn Buaa y = sigh(x), y = [f(x)}, y = f(xD),
y = f(xDl

1. Kycouno-3apannas ¢pyuxnusa. U3 masel VI , vactu [ 1ol
KHUTH HaM M3BECTHBI YeThipe Haubosiee ynoTpedAdeMBIX crocoda
3agaHug QyHKIUH. OTHUM M3 HHUX SABAGETCA AHANMTHYECKHW
cnocolb, AHaATATHYCCKMA cnoco0 3agaHua GYHKLUHH COCTOHT B
TOM, YTO C MOMOIIBI (HPOPMYIB KOHKPETHO YKa3BIBASTCH aaro-
PHUTM BBIYHCAEHHA 3HAY€HWH 3aMaHHOH QyHKUUH y = f(x) ans
KaXIoro M3 AOMYCTUMBIX 3HA4EeHUI] apryMeHTA.

B HekoTopbix caydyasx (pyHKLIHIO 3aJal0T HE OAHOI, a He-
CKONMBKMMH hopMyNnaMH, ONpeiesieHHBIMUA Ha Pa3sHbIX MHOXECTBAX.
Takue GYyHKIIME HAZBIBAIOTCH KYCOUNO-3G0HHUMY (DYHKHUAMLL.

INNpumep 1. QPopMynaMH y = —x NpHU xc(-eo; 0}, ¥y = x NIpH
xe[0; +oo) ONpenensieTcs KYCOYHO-3amMaHHas1 HYHKIMA HAa UHTEP-
BAJIE (—oo; +00). 3aJAHHYIO TAKUM O6pazoM (GYHKUHIO OOBIYHO 3a-
MHCBIBAIOT B BHAE

{—x, ecmu X € (—o;0),
y =

X, ecnu X € [0;+02).

B manuom npuMepe Mbl HMeeM He Ipe $HYHKIHHU, a JBe dop-
MYJBI, ONpPEIensIolnHe B ¢BOSH COBOKYNMHOCTH OOHY (DYHKUHIO
{puc. 34).

Npumep 2. MNMoctpouts rpaduk KycouHO-3aAaHHONH DYHK-
112971

~ xz,ccnu x e {0 +40),

1, ecnmm xe (—;0}.

Pemenne. Ing noctpoeHns rpadpuka 3agaHHOH QYHKUKK
MOCAeAOBATENBHO CTPOAT rpadhMk QyHKUMH y = x> Ha MNpo-
MexyTtke [0; +e), a 3aTeM rpadmk PyHKUMH y = 1 Ha (-} 0)
(puc. 35).
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Puc. 34 Prc. 35

2. ©Oynxkuna Rupuxne. Yacto dyHKUHA 3agaeTcad pazIHYHBIMU
dopMynaMu HA MHOXKeCTBaX OoJiee CIOXHOH CTpyKTYpH. [Ipume-
poM TakOH (QYHKLIMH MOXET CAYKHTE QyHKUNUA dupuxie

D(x):{

3. Oynguna  y =sign(x). y
KycouHo-3a0aHHYI0 PYHKUHIO, 4
KOTOpas MPHHHUMAET 3HaueHMue
1, xorma aprymeHT x > 0, 3naue-

HHe O, Korga x = 0 ¥ 3HaUeHHe 1
-1, korga x < 0, MOXHO 3amu- »
CaTh B BHAE X

1, ecnu x panMOHAJIBHO,
0, ectd x MppaLIHOHAJILHO.

A

1, x& (0;+),
y=40, x=0,
-1, x e (—==;0). Puc. 36

9Ty PyHKUMIO 0003HAYAIOT CUMBOJIOM ¥ = sign(x). Ha pucyH-
Ke 36 n3o6paxeH rpaduk GYHKIHH ¥ = sign(x).
NMpumep 3. loctpouth rpaduK GYHKLVH
y = sign(x’ - 5x +6) .

Pewenue. AprymMeHTOM NaHHON GYHKIIHU ABIsSETCS BBIpa-
Keuue x> — 5x + 6. Haitnem xopuu ypaBHenus x> — 5x + 6 = (.
10 9mncna x; = 2 u x, = 3. Torda, BOCHONB3OBABIIHCE METOIOM
WHTEpBAIOB IS PELIEHWUs] HePAaBEHCTB, MMEEM:

x2— 5x+ 6 > 0npu xe (—eo; 2)U(3; +0);
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yT = 5x+ 6 < 0npu xe(2; 3);
xt ~ 5x + 6 = 0npu xe{2; 3}.

] 3HaynT, QYHKIUHIO MOXHO 3aITH-
caTh B BUAE

!

,__
3
L
-

1, ecm xe(—2)u(3;+e),
y=1-1, ecom xe(2;3),
0, ecm xe{2;3}.

Puc. 37 I'padux 3Toit hyHKUWH H30O6pa-
XeH Ha pucyHKe 37.

4. Oyuxuwm puga p = [F (), y = f(xP, y = 1 (xD[n nx
rpadukn. TIycTs dyHRIMA 3amaHa rpadudecku (cM. puc. 38). He-
MONB3yA 3TOT rpaduK, MOCTPOHM NPUGIMXKEHHO TpadHKK PYHK-

it puma y = |f(x)], y = f(x)) my = |f (x]).
GOyukimio y = [f(x)| MOXHO 3a0aTh aHAIMTHYECKH B BUIE

_[f(x), ecmm sign(f(x) =20
y=|f(x)l— —f(x), ecmu  sign(f(x)) < 0.

IMoaroMy rpaduk Takoil GyHKLIMU ApUGIMKEHHO M300paxa-

eTCs ceavIoIMM o0pasoM (pHc. 39).
GOyukumo y = f(1x]) MoxuHo 3azaTs aHANTHTUYECKH B BHIE

Jf ), ecmm x e[0;4),
T fx), ecni x e (—eo; 0).

YA YA

AL . WA
SAV

Pne. 38 Puc. 39

"
.
.
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Ya Y

N1/ N .
Y/x 0 x

Puc. 40 Puc. 41

I'padpyk TakoH QYHKLUMU NPUGIUKEHHO U300paxXeH Ha pU-
cyHKe 40.

Oyukuus y = | f(|x])| 3anaerca aHaTHTMYeCKH B BHAE
F(x), ecnm xe[0;+e), sign(f(x))=20
~f(x), ecmn xe[0;+=), sign{f{(x))<0
F(=x), ecmnm xe{-;0), sign(f(x))z0
-f(-x), ecmm  x e (-e=;0), sign(f(x))<0.

I'padux 3700l pyHKkuuU M300paxeH Ha pHucyHKe 41.

@' Bonpocsl H 3aaanua

1. IlpuBecTd nNpUMep KycouHo-3afaHHOH GYHKIMA.

2. [late onpeaeneHue U NOCTPOUTH rpadmk GpyHKuH dupuxie.
3. datb onpeneneHNE U MOCTPOUTD rpaduk HYHKLMK ¥ = sign(x).
4. Hanucate aHanuTHecKuit BuR GyHKIvE y = £(| x ).

5. Hamucarb aHanutudeckuii Bua GyHKuum y = | £(| x ) |.

6. Hanucate aHavTIgeckuit Bug GyHKmu y = [f(x)|.

Yopaxnenun

1. ITocTpouts rpaduk GyHKUMIL:

a) = x? +2x, ecim x & [0;+e),
-x+1, ecnH xe (~=;0);
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x? -3x+|x|, ecnu xe (L;+e),
6) y=1x-3, ecmn xe [-1;1],
3, ecmM x € (—oo;-1);

B) ¥ = sign{(x? — 4x — 5);
r) y = sign(sin(x)); u) y = | sign(sin x) ;

1) y = sin(sign(x)); K) y = {sign(|sin x)|;

e) y = |sign(x* — 5x — 6)|; n) y = [sign({x? — 5x — 6).
x) y=sign(|x* — 5x — 6]);

3) ¥ = sign(] sin x});

2. MocTpouTh rpaduK CACAYIOIIHX GYHKIWIA:

x? —4x, ecrm xe [2;+e),

a) y= m) y =sign(x’ -8x +7);

3x, ecmn x e (—=;2);

4x -8, ecnu x e [0;+e),
6) y=12, ecmm xe {-2;0),

|x|, ecmn xe (-=;-2];

K) ¥ = sign(} cos x );

B) y = sign{x* — 8x + 7);
r) ¥ = sign(cosx);

a) y = sign{tgx);

e) y = cos(sign(x)};

X) y = tg(sign(x));

3) y =|sign(x* - 8x +7)|;

1) y = sign(lgx [);

M) y = [sign(cosx)|;

H) y = |sign(tgx)|;

0) y = |sign(|cosx{);

m) y = |sign(jtgx});

p) ¥ = sign(] x* - 5x - 6)|.

§ 2. Hecranaaprasie ypasHenus

Hecmandapmnoimu ypasneruami Ha3bBAlOT ypaBHEHUS, KOTO-
pHe€ 3a8al0TCA B BHAEC, OTIHYHOM OT BHIA «O0BIYHOIO» YpaBHE-
HUs, AKDO 3TO YpaBHEHHS, KOTOPLIE HENb3A PelUdTh CTAaHAApPT-
HBIMH CIOcoBaMu.

HpuMepamit HeCTAHAAPTHEIX YPABHCHHII MOTYT CIIYKHUTDL YpaB-
HEHMSI:

s+t = sin x, 2005% =7 +77%, 8x2x* -D8x* -8x2 + 1) = 1.
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O6uiero cocoba pelIeHUs] HECTAHIAPTHHIX YpaBHEHHI He Cy-
wecTByeT. OBLIYHO TaKUe YPABHEHUA PELIAIOTCS ¢ MPHUMEHEHHEM
U3BECTHBIX CBONCTB (PYHKIMM MM CBOACTB HEPABEHCTE.
x|+l

IMpumep !. PelinTh ypaBHeHuUe 5P = gin x .

PemeHnne. Mockoneky |x| > 0 oaa Beex 3HaveHnit x, 1o |x| +
+ 1 > 1. Orciona, HCNIOAB3VA CBOHCTBO BOIPACTaHUA ITOKA3ATENb-
HOll (PYHKIMA y = 5%, HMeeM HepaBeHCTBO s > 5.

Tak Kak 00J1acThiO 3HAYCHHE QYHKIMH y = Sinx ABASETCS MHG-
xectBo [—1; 1], TO i Beex 3HaYeHUI X CIPaBeTMBO HEPABCHCTBO

5% > sin x. IMo3ToMY 3a0aHHOE YPABHEHUE HE HMEET PEIUeHUS.

NOpumep 2. PeiMth ypaBHeHHE 2cos% =7+ 7.

PemeHnue. HeTpyaHo mpoBepuTs, YTO MIs BeeX x€ R cnipa-

X
BEIJIUBBl HEPABEHCTBA 20033 £2 u 7+ 722 [lo3ToMy MMeeT

MECTO PaBHOCHIBHOCTH
X
2cos==2
X -
2008§=7x+7x@ 5 7
T*+7T =2,

Bropoe ypaBHeHHE MOJYYECHHOW CUCTEMBl MMEET SAUHCTBEH -
HBIH KopeHb x = (. 3To YHCIO ABAICTCA TAKXKE KOPHEM IEPBOTO

ypaBHEHHS cUCTeMbi. ClefoBaTeabHO, X = 0 — eAMHCTBCHHBI
KOpPEHb NEPBOHAYAIBHOrO YPaBHEHHA.

Mpumep 3. Peuints ypasHenue 4sin3x + 3cosdx = 6.

Pewenue. [Ipy Bcex 3HAYEHUAX X BhIpAXKEHHE asinx + hcosx
YAOBACTBOPAET HEPABEHCTBAM

o' +¥ <asinx+bcosx <Na® + b .

MosToMy nmeeMm -v4° +3% < 4sin3x +3cos3x < a3

i -5 <4sin3x +3cos3x £5. U3 3THX HepaBeHCTB BLITEKALT,
YyTO 3alaHHOE YpaBHEHME HE WMEET PeIICHMA.

Mpumep 4. Pemuts ypaBHeHue ¥ + 5° = 145

Peuwenue. dcHo, uro ypaBHeHMe MMeeT KopeHs X = 1. [o-
KaXeM, YTO APYTHX KOpHEe# Her. JJist 3Toro pasnenuM obe yactu
ypaBHeHMS Ha 14°. MmMeeM

CRCR
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JleBag yacTh NOAYYEHHOTO YpaBHEHHS NpeAcTaBasieT cOBOIH
MOHOTOHHO yObIBaloilyw ¢pyHkUHO. [103TOMY KaXgoe cBoe 3Ha-
YeHHe (B YAaCTHOCTH, 3HA4YeHue 1) 3Ta QYHKIMA OPUHHUMAET TOIb-

KO OAMH pa3. CnenopaTelbHO, x = | — eQHHCTBEHHHI KOpEHB
IEPBOHAYANTBHOTO YPAaBHCHUA.

MpuMep 5. Pemmts ypaBHeHye 8x(2x? —1)(8x* -8x° +1)=1.

Pemenue. IMycth |x| = 1. Torma x? 2 1. Orciona nerko nomy-
1aeM CeNyIOUUe HepaBeHCTBRA:

2x2-121, 8x* —8x*+12>1.
DTO 03HAYAET, UTO
8x(2x -D(8x' —-8x2 + =28 mpu x2 1,
8x(2x% - 1)(8x* -8x? +1) < -8 mpu x <-1.
CrnenoBaTefAbHO, MpH |x| 2 1 neBas 4yacTk 3a0aHHOIO ypaBHEHHSA

He MOXeT NMPpHHHUMATH 3HAYeHHe |, U TTO>TOMY ypaBHEHME HeE
HMeeT peilleHUs. :

Myctsb Teneps |x| < 1. CaemaeM 3aMeHy x = cost, 0 < 7 < 1.
Tak kak

N 2x? —1=2cos?t—1=cos2t,

8x* ~8x? +1=202x* -1)> =1 =2cos? 2r -1 = cos 4z,

TO 33aHHOE YPAaBHEHME MOXHO 3allUcaTh B Buple 8cost cos2t cosds = 1,

JAas Toro 4roObl pelinTb MOCTeIHEe YPAaBHEHHE, YMHOXHM
00e ero uacty Ha sint. Toroa

_ 8sint cosf cos2t cosdr = sint, vIK sin8s = sint.

Orcrorn:i nony4yaeMm ypaBHeHue 2 cos%tsin%r = 0. Yyurripas,

4yt 4 < f < @, HAXOOHM KOpHH

::@, k=1,2,3 mubo t=g+%mt,n=0,l,2,3‘

Bosspaiuasich Tenepb K X, MOAYIHM CAEAYIOWIHI OTBeT:

2 4 6 n
X, =COS=T, X; =COS=R, X3 =COS=X, X; = COS—,

7 7 7 9
Tn

in
x5=COS B x6:COS—9-, x?:COS?.

2| —

W

1NA

Ipumep 6. Pemrurs ypapHerue [x] + [2x] + [3x] = 4.

Pemeune. [ycrs cHavana x< 0. Torna umeeM [x] <0, [2x150,
[3x] £ 0. CxnaaeiBasg 3TH HEPaBEHCTBA, IMOJTYYHM [x] + [2x] +
+ [3x} < 0. MoaroMy npu x <0 ypapHeHUE HE UMEET PCLUICHUA.

Myers x > 0. Toroa uMeeM [x] € [2x] < [3x]. B 310M CiTy4ae 3a-
HaHHOe YpaBHEHWE PABHOCHJIBHO COBOKYMHOCTH CNELYIOUIMUX HE-
THIPEX CHUCTEM YpaBHEHMHA:

[x]=0, [x]=0, =0,  [B=1.
a) {2x]=0, & 2x]=1, B i[2x]=2, D [2x]=1,

[3x]=4; 3x]=3; [3x]=2; [3x]=2.
PemuM XaXay0 CUCTEMY B OTHENIBHOCTH.

[x]=0, D<x<l, ng“ll’
a) 2x]=0, & {0<2x<], & {Osx<5, o0

[3x] =4, 4<3x<5, %Sx<§’

[x]=0, fosx«<l, ?3“1:
6) {2x]=1, < 1£2x<2,<:45£x<1,4=®.
[3x]=3, 3<3x <4, 4

[x]=9, 0<x<l, 05x<§,
p) {2x]=2, = {252x <3, @ lsx< 3, =0

[3x]=2, 283x <3, {%éxcl,

[X]=1, l<x<2, Igx<?2,

1
r {2x}=1 & 152x<2,m¢-2»sx<1,4:®,

[3x]=2, 253x <3, %sx<l.

CrnenoBatelbHO, 330aHHOE¢ YPAaBHEHHUE HE HMeeT PCLUICHHA.
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Teopema. Ecan p = f(x) — MOHOTOHHO BO3PACTAIOWAR HyHK-
LM, TO YpaBHCHYE
flx)=x (1)
PABHOCHABHO YPaBHEHUIO
FUx) = % (2)

HokazatenscTBo. [lycTe X, — Kopedub ypapHeHHA (1),

T.¢. f(x,) = x,. Toraa umeeM
P = Fin) = 2
BHaUUT, X, TAKKE ARIKETCA KOPHEM YpaBHeHMs (2).

OGpatno, nycie X, — KOPe¢Hb YpaBHeHMA {2) u GyHKUUS
y=f{x) ~ MOHOTOHHO BO3pacialowas. [Ipennonoxum, uro f(x,) =
X, g oupeneneHHOCTR, HYCTh f(X,) > X, (caydail fix,) < x, pac-
CMATPHBAETCS aHanoruyHo). Toraa BHITIOAHAIOTCH HEPABEHCTRA

SO > fx) > X,
MTU NPOTUBCpE'IUT pasedcTBy f(f(x,)) = x,. CiucaopareiibHO,
J X = X4 T. €. X, RBAKETCH KOPHCM YpaBHCHMS (1). D10 03HAYA-
€1, YTo ypaBueHes (1) ¥ (2) ABAAOTCH PAaBHOCHAbHBIMMU.

flpumep 7. Pewnrs ypasuerne 3+ Vx = x - 3

Pemenne. 3andmem ypapHeHUe B BHAe 3+ \H+ \fx =x H
pPaccMOTPMM (hyHKIIH K

Sixy=3+Vx,

ScHo, uto f(x)) < f(x,), xorna 0 £ x, < x,. Tlosromy ¥ = f(x) —
MOHOTOHRC BO3PACTAIOmMAn Ha [0; o) (?pvm-:mm Kpowe T0TO,

ypaBHeHHe 3+ Y3 +JX = x MOXHO 3anucaTh Kak ftfixn =

Pewinm ypasitenne f{xy = x, 1. ¢. 3+ Jx = x. Nmeem

Jx =120,
v dr=xex-Jx-3=0w &

. 1203
VA= 5

= e NX =

o lwﬁﬁ tldvi \12 ?+-'ﬁ

{x=20,

CoraacHo JOKa3aHHUH Teopeme MONYYSHHOE pelieHUe SABNRA-

eTCSH ONHOBPEMEHHO PelIeHMeM YpaBHeHHA 3++/3+Vx =x. a

FHAYHT, ABRscTcH pelleHHEM M HCXOAHOrO yYpaBHEHUA.
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OTtBeET: {EEJE}

Mpursep & Pewrwrs vpapHeune {2x — 5} =

Permevue. Mz cpoficts npoGHON wacTy qucha caemver
0<{2x = 51 < 1. MoaToMy ecAn ge(-o; 03f1; +wo), TO RagaHHOE
YPABHEHHE HE UMEET pellleHMA.

Myvers 02 g < 1. Torga vumeem

g+n, [Ix=gaSep, 220241
<.: i

F At 2
v, ]_ne N.

Ovsei: Eco nucno e (-e; 030l ), To ypasnenpe ne
HMEET pPeillleHud; ecian ke e [0) 1}, peuierivem vpaBHEHRHST ABIaA-

{2:{—5}-—-451~(w1F

e N, ne

[

_— _
eTCT MHOKECTBO {fl‘:_-f’.‘ ne V}
L

[Ipumep 9. PeyinTh B HATYPATBLHRIX 9MCAAX YPaBHEHUE
X2yt = 2007,
PemreHne. 5~ 3 =2007 exx* - p'=3-3-223 &
e yNxt yr =330 228,
Tak Kak x, e N, To x + y > x—y, x+ye Nux— ve N [o-

ITOMY DGCACAHEE ¥P2BHEHUE PABHOCHALHO TPEM CASAVIOUWIHM CH-
CTeMaM YPABHCHWA:

x -y =1, x-y=3 -y =
a) { ‘ I XY=
Lx + v =2007; X+ y =609 x+y=223
Pemistm xaxkayw cretemy o orieisdocty. Hameem

x-y=1, 'x=l+_v. [x=1l+v !_v = 1003,
= &
1+y+y =207, j2y = 2006

X+y= 2007 ¢ = 1004,
-y =1 f _
6 [x-r=3 @i[f 34y, x=3+y, ny--333‘
X+ )= 669, ‘."l“l- y+y.= 66‘}" .4,\' = 666 ] 326
— = Q. (. = Q + ¥V w N r‘v‘ = ?
8) {x y ? e x=9+y, o 1 ’)’+},ﬁ J 107,
X+y= 223, 9% y+y =223 =214, x=1l6.

CnenoBareibHO. PeIIEHUEM HCXOMHOTO YPABHEHUSA SBASETCS
MHOXeCTBO map

[(1004; 1003); (336; 333); (116; 107)} .
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I[MTpunvep 10, PelluTe B HEALIX YUCAAX YPABHEHUE X — J == X
Peuwienue. HMeen coOTHOLMEHNA

x-y=xyex-xp=yeax(l-y)=y. (3)
PaccMoTpMM ClIeRYIOLIMEe OBA CIIyYas:

1) y = 1. Torma ypaBHeHIie He UMeeT pellieHus, MocKoabKy 0 = {;
2) y # 1. Pazoenus ofe 4acTu ypapHeHHS (3) Ha y — 1, TIOIy4HM

._x=_y.._ WM —x=|+.....]_‘
y-I y-1

Tak kak x — uenoe aucno, to p — | = *1. TToaToMy UMeem OBe
rapst (O0; 0) v (—2; 2), YIOBIETEOPAIOIINE 3AIAHHOMY YPAaBHEHUIO,

Orset: {(0; 0); (—2; D}

ITpumep 1l. PelunTe B LEABIX YHCTaX YpaBHEHHE

X+ P+ =4z

Pemenne. IlycTe Npit JeACHUM X Ha 4 MOAYYACTCA OCTATOK
/,, a npu meneHun y Ha 4 — ocTatok /. Torma umeeM x = 4k, + L
uy=4dk, + 1, t0e &k, ke Z |, L,e{0; 1; 2; 3}. Orciona

x4yt = (4K +f|)2 + (44 +12)2 =
= 1642 + 8k, + I} + 16k} +8kyhy + 12 = dky + 1y,

e ke Z, a I, — OCTaTOK OT AencHus wucna If + 1 Ha 4.

JTerko MPOBEPUTD, YTO TIPY JAeNeHUH ywena /2 + /2 Ha 4 MoryT
nony4arbcsi OcTatky, paBuuie 0, T unu 2, t.e. Le{0; 1; 2}. Mcxon-
HO¢ YPABHCHUE MOXHO TICPEMHCATE B CACOYIOLIEM BHIE!

B, + I+ 1 =4z,
Orcroaa BHIHO, YTQ JIeBasl U TMpaBasg YacTH YPAaBHCHUA UMCIOT

Pa3HBIC OCTaTKH MpH JENCHHUH Ha 4, HOBTOMY INpH UCHBIX X, Y,

ypaBHeHHe pelieHust He uMeeT. OTBeT: .

Bonpoch B 3a1aHns

1. Kaxue ypaBHeH s HA3LIBAOTCH HECTAHAAPTHBIMH YPaBHEHUAMH?

2. Kaxumu criocobaMM PeliazoTed HecTaHAApTHBIE YpaBHeHU?

3. TIpuBecTH HeCKONEKO TIPUMCPOB HECTAHNAPTHERIX YPABHEHMIA.

4, TlpupecTH TpUMEpP W paccKasarh, KAaK pelactcsl ypaBHeHuUc B Uc-
FLIX YUCHAX.

5. TIpusecTi IpHMED W PaccKasaTh, KaK pellacTcs ypaBHCHHE B Ha-
TYPANLHLIX YUCTAX,
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Yopaxnenus

. Pemuth ypaBHeHUE:

6) sinx = x> -4x +6;

r) vyl+ =x-1;

e)In(l +Inx) =x—1;

a) ¥ = cosx;
B} 11 +13* =24*;
m x> +1=22x-1:

jind
x) ¥x +1=202x -1 3) [5-64+—2 = 26in 2™ 4 4sin = ;
1+22 3 3
3
’ 1 +sin ¥
H) (sin2x+ — ] +[coszx+ 5 ]: vy,
sin x cos® x 2

x4x+l + X2 +2x+2 _ x%43x+3 + x? +4x+4

x+1 x+2 x43 x+4

K)

. PelimTs B mesbIxX ynciaax YpaBHEHHE!:

a) 8x+ 10y = 19;
6)3x — 18y =17;

B) 19x + 99y =6,
ryx*—p—2y=13

. PelIMTE B HaTypaNbHBIX YHCAAX YPABHEHHE:

a) x! — y* = 1995;
) xI—7=2"

B) x* + 2 + 22 = 2opz.

.

Pewnts ypaBHeHHE:

a) 12 = Lgin3x; PR S
) 5 sin 3x e) x ==
6) Siﬂlﬁo‘—'xz—lqﬂzﬁ; X) sin2x (sin x + cosx) = 2 ;

3) sin(x® +2x% +1) =% +2x+3:
m N9-x-¥x-3=2;
;K P2 +logy(x+2)=4-1-x.

B} 8" +13* =21%;
r) 32+x=¢52—x;
o) VX2 +l-x= >

2 x2+l

. Pe1luTh B LEABIX YHCAAX YpABHEHHE:

a) 10x + 12y = 17;
6) 15x — 5y =13;

B) x + xy + 4 =3y,
N2¢+9%+y=2+ 2.
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6. Peluuth B HATYypaabHBIX YHCIAX YPABHEHHE.

1 30
a) X+ -—7 =7, B) X%+ 4x = 8y + 11,
V4o
Fd

6) x* — ¥ = 1993, r) xy + 5y =25 + 3x.

§ 3. HecranapTbie HepaBesicTBa

HepageHcTBa Ha3bIBAOT HecmaHoapmHEbiMy, €CTW OHM 3alaHbl B
BUIE, OTAMYHOM OT BMAA «OOBIYHOTO» HEPABCHCTEA, ando ecny
HX HENb39 pellidTh CTaHAAPTHBIMH CTIOCO0aMH.

[IpumMepamMu HECTAHMAPTHBEIX HEPABEHCTB MOTYT CAYKUTbL HE-
pPaBEHCTBA!

OB6uiero cnocoba pelieHus HeCTAHAAPTHBIX HEPABEHCTB HE
cywecTsyeT. OBBYHO TAKHE HEPABCHCTBA PELIAIOTCS ¢ PUMEHE-
HUEM W3BECTHBIX CBOMCTB (DYHKUMH WM CBOACTB HEPABEHCTB.

Mpumep |. PeuuTs HEPABEHCTBO logs x < Ji-xt,
PemeHue. OB1acTh AOMYCTUMBIX 3HAYEHHH HEPABEHCTBA
coctouT w3 seex xe(0; 1. fAcHo, yto x = 1 He YIOBIETBOPSACT HE-

PaBEHCTBY, TAK KaK logs 1 = v (-1, wwm 0 =0.

Tak kak logs x <0,v1-x* >0 mpn yenosun 0 < x < 1, 10

ans Beex xe(0; 1) iMeeT MeCTO HEPABEHCTBO log; x < w./l—,v«c4 .
OTeeT: (0; 1).

Mpumep 2. Peuwnts HepaBeHcTBO VX +3 + 5 x < 3.

Peurenue. O61aCTh JOMYCTUMHIX 3HAUYCHHA HEPABEHCTBA
ecTh MPOMeXyTok [—3; 9). Pa3obpeM 3TOT TPOMEKYTOK Ha nBa
Mmuoxectsa: {—3; 0] u (0; 9]. Toraa ans xe [—3; 0] uMeem

Jxa320u P-x249=13.

3HauuT, vx+3+Y9-x 2 J3, 1 MIOITOMY HCXOQHOE HEPABEH-
¢TBO He umeeT pelieHus Ha [—3; 0].
dns xe (0; 9] umeeM

73> 3 u - x20.
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4
3naunt, Vx +3 + ¥9-x > 3 u, nosTomy Ha (0; 9] HcxoaHoe He-
PaBeHCTBO TaKXke He MMeeT pelreHus. OTBeT: .

MpumMep 3. PewnTs HepaBeHCTBO VSIN X < \/1 —|x| + sin x .

Pemenue. HC]’[OJ’[])BYH CBOICTBA paBHOCHABHOCTH CHCTEM
HCPABCHCTB, UMECM

sinx = 0,

Jsinx « J1-[xj+sinx & 11 -|x]+sinx 20,

stnx < 1-|x| +sinx,

sinx = 0, sin x = 0,
o fl+sinx 2 |x}, & {lx| <1 +sinx, & xe [0;1).
|x| <1, -l<x<l,
OTser: [0; 1).

[T pumep 4. CKONbKO UENBIX YHCeN YNOBAESTBOPSET HEpa-
BEHCTBY

3 < (x - 4)In(x - 4)?

Peumedne. Onpencnum obMacTh JOMYCTHUMBIX 3HAYEHWH 3a-
JaHHOro HepapeHcTBa. MMeeM

S—xzﬂ,ﬁ X <5, )
x-450, x > 4, = xe (43},

CnefoBaTe/IbHO, TOALKO OFHO LE0e 3HAYEHUE X = 5 BXOAUT
B 061aCTh HOMYCTHMBbIX 3HAYSHMIL.

I[MomcTaBuB x = 5 B HCXOIHO¢ HEPABCHCTBO, TOJYUHM HECBEP-
HOC COOTHOUICHHE!

P c(5-Hnielshnle 1<0.

TToaToMY HET UesibiX Yuces, YAOBISTBOPSIOLIHX HCXOXHOMY
HEPABEHCTBY.

OTrBeT: 0.

ITpumep 5. Peuruth HEPaBEHCTBO }—-E < 7%,
+X

Pemenue. QOGNACTEI0 AONYCTUMBIX 3HAYEHMH TAHHOTO He-
PaBeHCTBA SBAAETCS MHOXECTBO (—oo) — 1 3U(—1; +oo}.

B — Anrebpa, 4acte 11 113



Pa3obbpeM 3T0 MHOXECTBO Ha TPH 4YacTH: 1) xe{—os; —1});
2) xe(-1; 0]; 3) xe(0; +=).

IlycTh xe(—=; —1). Torma iTJ;' <0, a 7% > 0. ITosToMy HCXOI-

HO€ HEPABEHCTBO BLIMOMHAETCS M MHOXECTBO (—; —1) BXOIHUT B
€ro pelLleHHe.

l-x 2x
P — - > x
IIvers xe (~1; 0]. Toroa Tix 1 o2 1, a7*< 1. [TosToMy
HCXOJHOe HepaBeHCTBO Ha (—1; 0] He BRIIOMHAETCA.
Haxoneu, nycte xe(0; +-<). Torma I-x_ 1—2—x <l,a7* > 1.
l1+x 1+x

TTosToMy Bech MPOMeXYTOK ({; +oo) BXOAMT B peilleHHE MCXOAHO-
FO HEPABEHCTBA.
OTBeT: (—oo; —1N0; o).

[Tpumep 6. Pemtuth HepaBeHCTBO [x]? — 5[x] + 6 < 0.

Pemenne. Mcrmons3ys CBOMCTBA paBHOCHIBHOCTH Hepa-
BEHCTB H METOH MHTEPBANIOR, HMEEM

[x]z—S[x]+6£0@{[J:]=t' @{[x]zr, = 2<[x]<3.
rF-5r+6<0, 25153,
TIpuMeHasT Teneph CBOMCTBA IENON YaCTH YHCA, TOIYIaeM
2<[x]s3e@2<sx<4 o xe(2;4).
OreBerT: [2; 4).
Hpumep 7. PelluTh HEPaBEHCTBO sign([x]2 +4[x]+9 0.
Pemwenue. Tak kax [x]z +4[x]+9=([x]+2)*+525, ToIpH
BCEX 3HAYEHHAX X BHIOJHAETCH PABEHCTBO
sign([x] +4[x]+5) =1.

CrnenoBaTeNIbHO, HCXOAHOE HEPABEHCTBO He MMEET PeLIeHMS.
OTteeT: O.

@E Bonpocm H 3a1aHuA

1. Kaku¢ HepaBeHCTBA HA3HIBAIOTCS HECTAHIAPTHRIMH HEPABEHCTBAMHE?

2. Kak pelllaloTesl HeCTaHIApTHBIE HepabeHCTBa?

3. TlpuBecTH HECKONBKO NMPUMEPOR HECTAHOAPTHBIX HEPABEHCTB,

4. TIpuBecTH MpHMep U paccKasaTh, KAK PEHIASTCHA HEPABEHCTBO B
HeablX YHCIAX.

114

Yupaxknenus

I SR En AR .
1. PelllnTh HEpaBEHCTBO:

a) ¥3+x23-x;

X
B) sin2* < 2°%"%;

1) vxt-1(4-x)logy 3+x) >0,
e) log%x—21032x+x2-4x+5>0; x) [xF -8Ix1+15<0;
3) sign(x? +6x +10) < sign(x* - 5x - 6);

6) cosx 2y’ +Jy—-x*-1;

r) arcsini+\fx—1 >1;

) sign{x? + 5x + 6) < sign(x? + x +2).
2. CKOJMIBKO LEJNHIX YUCEA YAOBNETBOPAET HEPABEHCTBY:
a) V1 +x < arccos(x +2);

2 —
6) {[—cos(——x :xn]+2 1-xt >1;

B) V- x +¥x-3 <(x-1)*(x-5);

y

r) xlog,x < 18 7

3, PemiyTh HepaBeHCTRO!
a) x +v¥x>-121;

B) (4x - x? - 3)log, (cos? mx+1)21;

B) x+2* <Vl-x+3;

r) 27%-2 log, (4x — XX -21; m) log,x <3 — x;
e) [x]2 - 10[x] + 16<0;

x) sign(x? +2x +10) < sign(x? + x +1);

3) sign(- x* - 2x — 3) 2 sign(x® - 3x - 4).
4. CKOMEKO LENBIX YHCeN YAOBIETBOPAET HEPABEHCTBY:!

a) Vi-x+vx—-1>(x-D*x=-7);
6) m+m>3;
B) JWx+7-x<x-1;
r) In(1-x*)<x+0,25?
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§ 4. HecranpaprHbie CHCTEMB! YPABHEHHI ¥ HepaBeHcTs

K wecmandapmuviy cticmemam ypasnenull uay Hepasercms OTHO-
CATCHA TaKkue CHCTEMBI, NNl HAXOXKIECHWA peuIeHUs KOTOPhiX He-
0BXOAUMO WCTIOAb30BAHME KAKOTO-IHOO0 «crienudyueckoro» cuo-
coba, CBI3aHHOTO MMEHHO C JaHHLIMH KOHKPETHBIMU CHCTEMAaMH,

Obtnrero cnocoba AN HAXOXIACHHSA PEIIeHHS TaKHX CHCTeM
He cymiecTByeT. [ToaroMy Mbl OrpaHHYUMcA PasbopoM HECKONb-
KHX TIPUMCPOB.

[MMpumep 1. Haitt Bce aapbl Yucea {(x; ¥), VIOBIECTBOPRIO-
Wye ypaHeHuo Bcosxcosyeos(x—y)y+1=0.

Peweuwne. MMpumenaa dopmyay cos(x + ¥} + costx — y) =
= 2c0sx COsy, noJyvaem
8cosxcos ycos(x — y)+1=4cos(x—y)cos(x + y)+cos(x--y)N+1=

=4cos’(x - y)+dcos(x - y)cos(x +y)+1=
= (2¢os(x — ¥) +cos(x + 33 +1-cos? {7~ )=
=(2¢os(x - y) + costx + y 1) + sin? (x + ).

Toraa 3 paBHOCKWJIBHOCTH YPA4BHECHMH M CHCTEM ypaBHEHUH
CleIyeT, 4To

8cosxcosycos{x-v)+l=0
& (2cos(x - y)+(:0's(x+y))2 +3int (x+¥)=0e

2cos(x - pi+cos(x+y)=10,

= i =
sin{x +y)=1,
2 - ) =

o [2eos(xmy)reos(xy)=0.
X+y=nn, neZ

y=-x+nr, neld y=-—x+um,ne 2,
=

2¢os(2x - nr)+cosam =10 2c052x+1=0,

cos2x:--l~_ [2 r 2km, m:Z

y=-x+nr,ne Z, i =—X+nn,ne 2L,

X = ; +km ke £, X= -3-+Krc ke Z,
& 2

T ; T
y::‘;i---kr:-rnn,ne Z, Y= %3t mm, me £,
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OTBer: {(—;+kn; ~—3’5+m1t) (~-§--krc 3+mn) k,me Z}_

Itpumep 2. Haittu Bce mape wncen (x; y), VIOBAECTBOPAIO-
HINE YPAaBHEHM

. ¥
= (aresin x)* + (arccos x)? - 5—:~,

Peunienue. Pacemorpum GyHKLNIO

F(x) =5sin? x - 6sin xcos x - 9cos? x + 3333

N . . o2 . lecos2y . .
IMpuseHsin  GopMynsl  sin X ===, sin 2x = Zsin x cos x,

f(-")=S‘kﬂl—c%é;—;{f—3sin2x-—___ﬂ_(l+c°°2x 3333 =

= —2 - (3sin 2x+7cos2x)+3\/_ =

okaxem, uto ~2— /58 +3333 > 0. HelcTBUTEIbHO, BepHBI
PaBHOCHNbHbBIE HEpaBeHCTBA

~ V3843933 5 0 €3 333 5 2+ V58 227335 (24 V58 o
&> 891 > 70458 + 356 <> 535 > 70458 < 107 > 14/58 & 11449 > 11368,
CregoparefibHo, fix) >0 a8 BCex xe (—ee; 4w}, a

V2= f(x)20. Torsa u npasas YacTh HCXOZHOTO YpaBHEHHs
HBJIAIETCA HEOTPUUATEABHON IR BCEX X& (—oo! +oo), T, €.

2
(arcsin x)° + (arccos x)? — 5% 20,

- . . . " n .
Ho tak kak [arcsia x{£-2-, G <arccosx £m, TO I Beex

xe[-1; 1] umeen

‘ 2 2
(aresin x)? + (arccos x)? - 5—; 3;4_ 2 5::

l’\
+
|

I
H
=
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. 5n?
Orciona BbITeKaeT, uTo {arcsin x)? + (arccos x)* — == 0. TlosToMy

J2- (5sin? x - 6sin x cos x — 9 cos? x+3333) =

\‘z“ly\'f(x)=0s

= (arcsin x)* + (arccos x)? - e 52 ©
(arcsin x)? + (arccos x)* = ——
Iyl = 2: {x = -1,
= 2’ = 2,
& 4laresin x| = % , & {M = y

x=-], {x =-1,

arccos x = T, y=-2.

Oreet: {(—1; 2); (—1; =2)}.

Mpumep 3. PerunuTh CHCTEMY ypaBHEHH:
xyt - 2x+y? =0,
2x% —4x+3+y° =0.

Pemenue. [lycTs mapa (x;; y,) YAOBIETBODAET 3agaHHOH
cucTeMe. Torma crpaBedIMBa CUCTEMA YHCIOBHIX PABCHCTE

X3y - 2% +y§ =0,
2x2 —4xg +3+y5 = 0.

[peobpazyeM MepBoe M3 HUX K BHAY yo = ix—;g TlocKonbKy

(1 = x)?20, 0 %sl, M MOITOMY y& <1, umm |y0‘sl‘
+Xj
Bropoe M3 DABEHCTB CHCTEMB MOXHO 3allicaTb B BHAE
Axg - 1)2 +1+y] =0. Tak xak |yp|s1, 7O 1+ys 20. Torna us

ITOC/IeHET0 PaBeHCTBA CNELYeT, YTO (X, -1 = 0. Otkyza x, = 1,
¥, = L OteeT: {(1; -1}

Npumep 4. Hairy pemeHne CUCTEMBL
y+2=(3- X7,
(2z-y)(y +2)=9+4y,
X+ 7% = 4x,
z20.
s

Pewenue. Myctn (X Vs

Z,) YOORNETBOPAET CUCTEME >
Torza cnpapeanupa crcTema 9 Hazh

WCIOBBIX COOTHOLIEHHH
yO + 2 = (3_x|])3>

(225 - yo)(Vo + 2) =9 + 4y,

X+ = 4x,,

<o = 0.

Brinenus monaneri KBaipar, nepenuiicm CHCTCMY B BUIE

B-x) =y, +2,
o +3-2) =3 - 22,
(% -2V =4-2,
20
Orciofa ACHO, 9TO MOIDKHBI BBITOMHATLCS CTERYIOLME YCAOBUS:
2
% -2z, 20, 2 € (=2, 0] W [2; 40},
2
4-75 20, o iz5<[-2:2), = 7€ {0;2}.
% 20, Zg € [0;+0),
IMoacTasnaa Teneps BMecTO %, 3HaveHHe 0, uMeeM:
J (X0~ 2)? = 4,
¥ +3'=0, o {x" -4
B-x,) = Vo +2

Honcrasngsa emecro Z, 3HaYeHUe 2, Tmonyyaem:
3
[(3- %) =y, +2,

M -27=0, {02

'(.Vo+l)2 -0 Yo =-1.

Oteet: {(4,-30); (2 -1; 2)}.

2x+l = 2
HpumMep 5. Pewnts crctemy {2‘: 24y +1,
¥ < 2y.
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Pemeune. [IpuMeHsissi CBOHCTBA PABHOCHIIBHOCTH YPABHC-
HHUI U CHCTEM, UMEEM:

X+l _ 2 X 93— 2 X 2 l
{2 =4y +1,¢$%2 2=4yt 4L 2 L S

2 <y 2¥ <2y 2% <2y
2}( = 2}/’2 + —li) 2'\- = 2]?2 4 -;-, 2-\' = 2JJ2 + '; »
& , = . Aadl PR <
Tyl i 2_; l{ __I'
2y 3 2y <0 y J+4,0 l‘y 2]30
_ I £ o1
- 25& y—"2"¢
2* =1 x=0

OTBeT: {(0; %}}

E‘z“& Bonpochl H 331aHAR

1. Kakye cycreMbl ypaBHeHMI Wik HEPABCHCTE HA3LIBAIOTCH HECTaH-
JApTHLIMH?

2. KaK peIlalorcs HeCTAHAAPTHBIE CHCTEMBI YPasHERUH 1 HEPABEHCTR?

3. TIpUBECTH HECKOIBKO [IPUMEPOB HECTAHAAPTHIX CHCTEM YPaBHE-

HWI

YnpaxaeHua

1. Haiitd Bce raphl YHCEN {X; ¥}, VAOBACTBOPS OUIKE YPABHEHHUIO

3+2co8(x-7) _ 7 apd? (x—l') sin?(x-¥)
=+3+2x—-x°cos , > i

2 2

2. Cpeau scex Habopop uMcesn (X y; v}, YAOBNETBOPSIOHIHX

xt+yt =3,
cHcTeMe ypabHenuit {7 3% = 25, HaHTH Takue, NpH KOTO-

1

xv+yz =543

pbiX BRIpaXeHHe x + Z TIPMHHUMaeT HauOOAbLIEE 3HAYCHUE.
3. PeiruTh B UEALIX YHCAAX YPaBHEHME

3(x - 37 +6y° +27° + 3y’ =33.
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Pewnth cuctemn {(4—10);

4 2x2+l=y—]sinx|,
tg’x+y? =1

5 r
A

Je =17 +y? x4 =2,

6. )
x? +y? =sin? x.

. {sin X +sin y = sin®

X+cos’ y+]1,

s 2 s 2 . .
sin x +sin” y = sin* x +sin* y.

2 +2x% +3x +3 =0,
8. 1227 +2y7 +3y+3=0,
.2x3+2z2+3z+3=0,

1| |10 10
x+? +|?-x+y|:T+y+_};,
82
10. % +¥' =3,
x>0,
|y < 0.

2

2
<X+ =_
9. Y=z

x>
|y =

I

2

3

tX=y+x

+y2= .

17

0,
0.

Haiitn Bee maphl ymcen (x; ), yooBIeTBOpSIOLIHE

ypaBHexno (11—-14):

+2x-x2
10 292 (- 22y = X2+ p2 + 2xp = 2x =2y + 5.

12. [l + g2y + 1L +sin? 2l =2.
14. sinx + cos(x + y) = 1.

Pemute crctemer (15—19):

2 —
15. y —JCy+1—0,
X+ 2x=—y?-2p-1.

r
1 5 :
’J’ ;|+‘5"‘*yl=

5 1
27Ty

13. log,(2 + y*) = sin?(x + 2).

t6. {

Ixy—2|=6-x 3

2+3y2 =2xy.

2
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17 tg2x + ctgzx = 2sin2 ¥, 8 5]x2—5x+4|—loi!52 - 21’-3’
“sin?y +cos’ z=1. 3=y +1]+ (v -2)* <3.
gl txrithiorg 7 _ g2
Cly-3-3pie2p 1P 2L
YupaxHenus IS NOBTOPEHHsA
PelumTh ypaBHEHHe B HATYpabHbIX YHciaax (1—4).
1. x+-l—l=lT. 2. 6=y +y-2.
Y4
rd
3. 18x+12y="7. 4, 2=y +y%.
PelnTh CHCTEMY YPAaBHEHMI B HATYPaIbHBIX UHCaax (5—6).
222 Xt -yt =774,
s, (< Ty -T =l 6.1, .
y+z-x=3. 2-2y =1
Peluuth ypaBHeHHE B LEABIX yHcaax (7—10):
7. St Lo 8. 55x° —12xy-2y2 =9,
) x2 xy ;'2 ) * =
9. x*-2xy+2y* =09 10. 5x2 +p? + 378 - 2pz7 = 30.
PeluMTh CHCTEMY HEpaBeHCTB B Liedarix yucaax (1i—=12):
. x2 +y? < 18x - 20y — 166, x+ y? < 16x - 22y - 171,
1. 32x -yt > x*P+12y + 271 ©|30x - 3% > 252 + 14y + x°%.
Pemnte ypasHeHue (13—18):
13. sinx =1+ 21 . 14. cosx =1+|x].
x“+l
15. (x-y+DP+y7 +(x+2y-32)" =0,
16. (x - y) +x+y+ D +xt+y? + 78 - 2xy+2x7-2yz =0,
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17.
18.

19.
21.
23.

24.
26.
27.
28.

29.

30.

31.

3.

12x7 +8y? + 822 +8y7 +12x -8y —47+5=0.
L+(x> 4+ + 17 = (2 4y + DA - x* ~ y2 - 72 +22).

Peututs ypasHenue (19-23):

[x] + [2x] = 4. 20. [x]? — 3[x] — 4 = 0.

{8x} = |x]. 22. sign(x? - 8x - 9) = sign(x? - 6x - 7).
[x] = sign(x).

Peurnite HepaBeHCTBO (24—28):

cosx < x2 + 1. 25. cosx £ 1 + [x].

|\1x2 - X+ —2x+l|>\./x2 —x+1+2x

Ix* ~ sin x| < [2x® + sin xl.

N-x e 1< - log, (1 + x*).

Peumrs ypasHenue (29—30):

va? - 4(3sin’ x + 10sin x cos x + 11 cos’ x - 23301) =
= 5n’ - 4arcsin® y - 4arccos? y.

Vx? —9{7sin2 x+4sinxcosx —3cos® x —3915) =

_ 7.3 .3 3
=g ™ —arcsin® y - arccos’ y.

Penmute cucremy (31-35);

eyt e =xp+yz+xzg,
X ry+ =1

'tz -2 - =
g (x-y) ﬁtg(x y)+l=0,
o
<smx-5,

LR
xe[O,E],
ye [-m 0].
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33. 4

34.

35. 4

[E!

13 13 3
— = — + -,
; 5 +x+y| 2+y v

——x|+

2 2 145
XT+y = 1

x <0,
y < 0.

¥ sin X

ysinx = log, o

b

(657 +2y)a* s 1 40 x) = 25p2 4 6y +1,
i<t

(2 -x)(3x-27)=3-1%,
y3+3y2 :x2—3x+2,

(2 <3

TFJIABA XI

YUCTOBBIE HOCIEJOBATEINIBHOCTH
N UX ITPEAE]

§ 1. Uncaosbie M0CAET0BATEABHOCTH

1. YucnoBasa nocaenopaTeabHocTs. Cnocodsl 3aJaHHA THCAOBBIX
DOCHETOBATEALHOCTCH,

Onpenenenve 1. JlioGasg GyHKLMA y = f(n), 3a0aHHAsT Ha MHO-
Kecrpe N BCEX HATYPaAbHBIX YUCEN, HA3LIBAETCS OeckoHeyHoU vuc-
A0BOH HOCALO08AMEALHOCBIO.

H3 naHHOro onpeaeAcHUs CASOYeT, YTO YIOPSAQUCHHOE MHO-
KECTBO Yucen (BO3MOXKHO mopToparoiuxca) f (1), £(2), ..., f(»), ...,
rae ne N, apagercd GeCKOHEYHONH YMCNOBOH NOCNEI0BATEILHOCTDIO.
Aunst ynoGecTa 0oObIuHO KaxAoe 3HaueHHe f(#) GyHKUMH 0603Ha-
YaIOT C [TOMOLUBIO ONHOM GYKBHI (HanpuMep, 4,) CHabXeHHOk
KHAEKCOM, YKa3biBAIOUIMM, KAKOMY HATYPANbHOMY YMCIY COOT-
BETCTBYET B3TOE 3HaYeHHe (PYHKLIWH.

MpuMmep 1. Ilycts paHa nocaenosateaAbHocTs 2, 5, 8, ... B
ITOW MOCHEAOBATENBHOCTH ¢, = 2, 4, = 5, ¢, = 8 U T. .

TMpuMep 2. PaccMOTpUM TOCAEROBATENBHOCTD 2, 4, 8, 16,
very TIOMYYEHHYIO ¢ MOMOLIBIO HATYPATLHBIX CTeNeHel yucia 2 B
nops/Ke Bo3pacTaHus. Toroa HaTypaabHOMY 4YUCTY # = | COOT-
BETCTBYET 3HauYeHHe f{]) = 2, HATYpaJbHOMY YMCIY # = 2 COOT-
BETCTBYET f(2) = 4, HaTYPAUTLHOMY YHUCITY 3 COOTBETCTBYET 8 U T. M.
TakuM oDpa3oM, KaxXIOMy HATYpPaJbHOMY YHCNY # TIOCTABJIEHO B
COOTBETCTBUE HHCHO f(n) = 27,

Ilvcrs mana HexoTopas YKCA0BAA MOCAETOBATENLHOCTD

Apy Gy ooy Gy oon (1)

Yucaa, Kkotopele 00pa3ylOT [IOCHEA0BATEILHOCTb, HAa3HBAOTCA
4AeRaMy nocredogamenvhocmu. B yacTHOCTH, @, HaspIBaeTCA mep-
BBIM WICHOM MOCHEA0BATENbHOCTH, 4, — BTOPbIM YIEHOM H T. A.,
4, — Ha3BIBACTCA #-M WICHOM HOCAEIOBATENBHOCTH (1).

B cayvae xorna 3anuch (1) ABASeTCS KOHEYHOM, €€ Ha3BIBAIOT
KOREHHOU YHUCI0801 nomedoeame.»ibﬂocmb!o.

[Tpumep 3. HaBop umcen 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, cocTo-
#WHKIA 13 BeeX UUPP, ABRAETCA KOHEUHOH YHCIOBONH MOCNEAOBa-
TENbHOCTEHIO.
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YHCIoBYIO MOC/HETOBATENBHOCTD MOXKHO 3314BaTh MO-Pa3HOMY.
Yrobpl 3amaTh YHCAOBYIO TIOCJEAOBATENBHOCTE, HEOOXOAUMO YKa-
3aTh croCco0, MO3BONAIMIMII HallTH M000H WieH JaHHOH Mocae-
NOBATENBHOCTH.

PaccMOTpHM HECKONBKO CITOCOO0B 3aJaHHA MOCIE€A0BATENIBHO-
cTei.

1-ii cnoco6. HamGosiee 4acTo BCTPeYAKOMINICA cnmocol COCTOUT
B 3aJaHUH GopMysnbl O0IET0 WieHa YHCIOBOH MOCEROBATEIbHO-
CTH, T. €. QOPMY/BI, BHPAXKAKLIEH Kaxasili YWieH YMCI0BOH Mo-
CIIeNOBaTENBHOCTH Uepe3 ero MOpAAKOBBIA HOMED.

[Ipumep 4. [lycts 00U YWIEH MOCIENOBATENBHOCTH 3aAaH
bopmynolt a, = n’. HeckonbKo MEPBLHIX YAEHOB 3TON MOC/ICN0Ba-
TENLHOCTH TAaKoBEL 1, 8, 27, 64, ....

Mpumep 5. [ycte OOIWMA YWieH NMOCACIOBATEABHOCTH 3a4aH

dopmynoit b, = Ynewnbl 3T0OH MOCHSAOBATEILHOCTH TAKOBHL:

n
nel2’

2-i cnocob. TlocnenoBaTeIbHOCTE 3AJAETCA MOCPEACTBOM OIMH-
CaHHs BCeX €€ WICHOB. '

NpuMmep 6. 3anuiueM MOCNEAOBATENDHOCTD AECATHYHbIX
npuGmEKkeHAil YHcAa 3 , B3ATBIX ¢ HefocTatkoM. IlepBhie wie-
HH Tako# MOCNeA0BaTeIbHOCTH TakoBbl: 1; 1,7; 1,71; ...

3-ii cnoced. 3adal0oTcA HECKOABKO MAEPBHIX YICHOB IOCICIOBA~
TEALHOCTH, a4 OCTANBbHBIE WIEHH ¢ MOMOLUBIY PEKYPPEHTHOTO CO-
OTHOILIEHHS BHIPAXAIOTCA 4Yepe3 NpeAblayilue.

Mpumep 7. TIycThb MOCAEIOBATEILHOCTL 334aHa COOTHOLIE-
HISIMH

a :‘12:03:2,&”:—‘0

1 +a_,npun > 3.

n—1

Toraa moced0BaTeAbHOCTL UMEET CACIYIOHIMI BUA: 2, 2, 2, 4,
6, 10, 16, ....

4- 5 cnocof. ECIH MOCaeA0BATEAbHOCTE KOHEYHAsA, TO TAKYIO
MOCACI0BATENBHOCTD MOXKHO 33aTh YKAa3aHHEM BCEX €€ YJIEHOB.

Npumep 8. 3anuuiem NoCIegoBaTebHOCTh BCEX ABY3HAY-
HBIX dHCEA, KPaTHHIX 5:
10, 15, 20, 25, 30, 35, 40, 45, 50,
53, 60, 65, 70, 75, 80, 85, 90, 95.

126

2. MoHOTORHBIE MOCAEA0BATEAbHOCTH, YHCNOBas nocjieaora-

TeJIBHOCTE (1) 00BIYHO 0GO3HAYAETCS KOPOTKO CHMBOJIOM la}, nelN.

Onpeaenenne 2. 4 e .

. 1HCJI0Bag MOCAENOBATENbHOCTD {4}, ne N Ha-

3BIBACTCSI MOHOMOKHG 803pacmaroweil, CIM KaXIHi ee WIeH, Ha-
YHHasg €O BTOPOTo, OOMBILE TIPEAbIIVHIETO, T.€.

a,,, > a, npu neN.
IIpumep 9. TlycTb AaHa NMOCKEAOBATENPHOCTE:

1 2 3 H
313 g
JTa MOCAEZOBATEABHOCTE ABASETCS MOHOTOHHO BO3pacTaio-
mei. JeAcTBUTENbHO, MMeeM

e S (e v
n+l  (n+l)(n+2)? 2 2 m )
CpaBHHM YHCIMTENH TIOMYYeHHBIX Apobeil. Tak Kak aln + 2) =
=+ 2man+12=m+2n+ 1,10 4., > a, IpH BCeX Ha-
TYPaJIbHBIX 3HAYEHUAX #.
Eciu 4ieHH MOHOTOHHO BO3DACTAIOLICH IOCIEACBATE TbHOCTH

{a,}, ne N usobpaxars ToYKaMM Ha YHCIOBOI npsamoii, To a
Oymer HaxoOHTHCA Mpabee a, i

a, =

4 4

Onpeaenenne 3. Yucnosas mocneaosatelbHOCTD {a}, ne N Ha-
3BIBACTCA MOHOMONHG yObgaiouel, eCU KaXObl €€ YIeH, HauM-
Has CO BTOPOIO, MEHBIIEC NMPEALIAYILETD, T.€.

e

.

4, < a,npn neN.

IMpumep 10. [Mycrts DaHa NOCAEAOBATENBHOCTS C OBGLINM

_ 42 n+3
WICHOM a, = ——. CpasHuM a,,, ¢ a,. UmeeM G,y = 2Dy OT-
_ (n+2)(n+l) _ (n+3)n
cwoga aq, = Ininel) dy = 2ty - INpeobpasys yucanrenn

ApoGelt, monyyuM (n + D)(n + 1) = w2 + 3n + 2 qan g W
(n+3)n=nr+ 3n a,,,. CnenosateNbHo, a g <a,u no:—)q“o-
MY JaHHasd NOCHEIOBATENBLHOCTE ARIIETCS MOHOTE!HHO y%bmaromeﬁ.

Ecay 4neHH MOHOTOHHO YGBIBAIOMIEH NnocneoBaTeIbHOCTH
H300paXaTh TOYKAMH Ha YHCIOBOM MPAMOI, TO, HAYHHAA CO BTOPO-
Fo YieHa, Kaxabiil WieH nocaeloBaTeNbHOCTH OyIeT HaxodUThesd
JcRee NpeabayIIero:
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L ——— L —
LT 4, 4

KpoMe BbIlLIEH3M0KEHHBIX MOCACAOBATEbHOCTEH, HA MPAKTH-
K& BCTPEYAIOTCH TIOC/IEAOBATENBHOCTH, HA3bIBAEMble MOHONIOHHO
HeyObtearowumMy I MOHOMOHHO Heao3pacmaroumuy.

IMoAcHHM 3TH MOHATHA Ha MPHMEpax.

NMpumep 11. PaccMOoTpuM mocneaoBareabHocTh: 1, 1, 1, 2,
2,2, 3,33, ...

ITa MoCcAeEOBaTENLHOCTD ABIAETCH MOHOTOHHO HEeYOBIBaKO-
el nocnenopatebHOCTIO. Kaxaplil uneH »Toil rocieloBaTe/b-
HOCTH, HA4YHHAA CO BTOPOTO, He McHBille NMpeAbIIYIIero, T.c.

a,,za, npu neN.

nt+l
NMpumep 12. IlycTs gaHa nocieA0BaTeIbHOCTD

111111

l, l’ l, E, E, 5,5, 3, 3, CE

Ins 310l HOCASHOBATENbHOCTH, HAYMHAS CO BTOPOTO 4YJI€HA, BHI-
IIONHAETCH COOTHOLICHHE a,,, < a,, #e N. Takas mocrenoBateipb-
HOCTD BMSIETCH MOHOTOHHO HEBO3paCTaIOLieH TOCIeA0BaTENbHO-
CTBIO.

MoHOTOHHO BO3pacTaloLIue, MOHOTOHHO YOLIBAIOLIME, MOHO-
TOHHO HeyOHIBAalolIHe H MOHOTOHHO HEBO3PACTAIOIINAE MOCASI0BA-
TENBHOCTU HA3BIBAIOT MOHOMOHHBIMU NOCAC08AMEbHOCIAMY.,

Cnenyer OTMETHTD, YTO He BCe MOCHENROBATCIBHOCTH ABISIOT-
Cd MOHOTOHHBIMH.

INpuMmep 13. IocnenoBaTebHOCTD, OTIpeAeicHHad GopMy-
aoi g, = (—1)" - 2 npu ne N, He ABNAETCI MOHOTOHHO! TOCIER0-
BaTEIbHOCTLIO.

HeiicTBUTeNbHO, TaK KaK @, = —2, a,= 2, a,= =2, a,= 2, ...,
T0 OOIIMI WIeH 3TOH MOCASNOBATEIBHOCTH HE YAOBAECTBODSIET HU
OJTHOMY W3 YKa3aHHBIX B OMpeAeSeHHsIX YCAOBHHA.

3. OrpaHHyYeHAaA MOCNEAOBATEALHOCTD

Onpenenenne 4. [locneaopatesibHOCTD {4}, ne N HasbIBaeTCA
02paRUMERHOU ceepXy, 6CIH CYILECTBYET YHCIO @ Takoe, YTO A
BceX e N BBINOJHSETCS HEPABEHCTBO 4, < 4.

MMpumep 14. PacCMOTpHM TIOCI€A0BATEIbHOCTD, COCTABICH-

HYIO U3 JeCATUYHBIX MPUGMMKEHHH YHcTa 2 , B3ATHIX ¢ HEJO-
cratkom: 1.4; 1.41; 1,414; 1,4142; ...

B maHHONM mocienoBaTenbHOCTH @, < 2 And Bcex ne N, T.e.
MoCcNeAoBaTENbHOCTh OTPAHHYEHA CBEPXY.
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Onpenenenne 5. UucmoBad MocnenoBaTe/IbHOCTD {a}, ne N Ha-
3DIBACTCS 02PAHUYEHHOH CHU3Y, eCNM CYIHECTBYET YHCAO b Takoe,

9TO JUIS1 BCeX ne N BHINONHACTCA HEPAaBEeHCTRO 4, 2 b.

[MIpumep 15. PaccMOTpUM MOCIEAOBATENLHOCTE ¢ OBIKUM
1 1, l, 1, s l, ... OUeBHIHO, 4TO KAaXJBIH 4YieH
H 273 "
3TOH MocneaAoBaTebHOCTH GONBbIUE HyAS, T.e. 118 BCeX ne N BH-

YNEHOM 4, =

1
IONHASTCAd HEPABCHCTBO 4, = " >0, CJIC,I[OBEITCJ'[I)HO, JaHHasA
NOCHCAOBATE/IBHOCTL ABASAECTCA OIPAaHHYEHHOH CHH3Y.

IHHpumep 16. PaccMOTPHM MOCHEIOBATENLHOCTE, OBMIKIL
YAeH KOTOpOH ompejiensercs popMmyaoi ¢, = (—1)"n. Dra nocne-
JOBATE/ILHOCTE HE SBAACTCA OIPAHHYEHHOH CHHM3Y M He gBIsSeTCs
orpaHHYcHHOU cBepxy. JeilcTBUTeABHO, A M0GOro 4yucka a > ()
CYLIECTBYET YeTHOE HATYpalibHOE YHCHO 2k Takoe, 970 4, > 4,
T.6. a4y, = (—1)*2k = 2k > a. D10 03HaYaeT, YTO 3aNaHHAs MOCIIE-
JOBAaTEJIbHOCTL He SBAAETCS OrpaHHYEeHHON cBepxy. Hanee, ans
moboro b < 0 cymwecTByeT HeUeTHOE HATYPAIbHOE YHCIO 2m + |
TaKoe, YTO BHINOJHAETCA HEpaBeHCTBO |a,,,,| > |b. Torma
@y =D 2m + 1) = —Q2m + 1) < —|y = b. Orcroaa cneay-
€T, UTO MOCASHAOBATEABHOCTE HE SBISAETCA OTPAHHYCHHON CHH3Y.

OrpaHHYeHHad CHH3Y H CEEpXY YHCJIOBAag IMOCNENAOBaTEIh-
HOCTB HA3BIBACTCS 02panuuennol nocaedogamenvrocmsio. TakuM 06-
pasoM, NOCNeROBaTEIBHOCTD {g,}, ne N ABIsETCH OrpaHMYEHHOI,
€CITH CYLIECTBYIOT ACHCTBUTENLHEIE YHCIA ¢ H b Takue, 4YTO 114
BCeX ne N BHINOJIHAIOTCA HEPABSHCTBA @ < a, < b.

FeoMeTpuyecku orpaHuueHHas MOCNEAOBATENBHOCTL O3HAYA-
€T, YTO BCE €€ WICHH COACPKATCA B HEKOTOPOM OTpe3Ke [a; b].

IocnerosaTeNLHOCTE, KOTOpass He ABIAETCA OTPaHMYCHHOI
CHHM3Y WIH CBEPXY, HA3BIBACTCH HEOSPAHUYEHHOU NOCACO08AMENbHOCHING.

Mpumep 17. PaccMOTPUM NOCHETOBATENLHOCTE ¢ OGIIMM

n
YICHOM a4, = Pk D14 NOCAESIOBATENBHOCTE ABAAETCA OrpaHHuY¢H-

HOH, IIOCKONBKY JUIS BCEX HATYPANBHBIX 3HAUYCHHUH 7 BHIMONHAIOT-

H
cA HepapeHcTBa (< — <1,
n+l
ITpumep 18. [MocnexoBaTeNbHOCTh, COCTOSMLIAS M3 YETHBIX
HATYPAJbHBIX YUCEN, ABNAECTCI HEOTPAHHYEHHON IOCIed0BATENb-
HOCTBIO, TaK KAK OHA HE OrpaHHuY€Ha CBEpXY.
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Vreepxaenne. 114 Toro 4ToOH NOCAEAOBATENLHOCTE {4,}, He N
ObUla OrpaHMYEHHOW, HEOGXOMUMO M AOCTATOUHO CYIIECTBOBaHUE
HeOTpHLIATeILHOTO YHCITA M TAKOTO, YTO WA Beex ae N BBINOIHA-
eTCA HepaBeHCTBO |a | < m.

HdokasatenbcTBo. [Ipeanonoxum, 4YTo NMOCHEROBATEIb-
HOCTh {a,} orpaHnyeHHas. Toraa cyuiecTByIOT AeRCTBUTENbHbIE
YyHcAa @ M b Takue, YTO IA 60T UieHa MocneAoBaTebHOCTH
BREIIOJIHAKOTCA HEPABEeHCTBA @ < 4, < b.

Ecmu [ 2 |a}, nmonaraa m = |b], ana Beex ne N umeeM |a,| < m. Ecu
xe |b| <a|, enenyer nonoxutb m = la|. HeoGxommMocTs SOKa3aHa.

JoctaTouHocTh yeaoBud |a,] < m aBideTca oueBHAHOMH, Tak
KAK 3TO HEPABSHCTBO O3HAYAET, YTO —m < g, < m.

B cny4ae korma m = 0, NOCASEOBATEIbHOCTE COCTOHUT M3 OA-
HHUX HyJed. JeiicTButenbHo, eciu m = 0, to u3 |a,| < 0 cneayer
a,= 0 mns Beex ne N.

@Q Bonpochbl H 3a1aHNS

1. Jatb onpeaeieHHe YHCNOBOH MOCAEN0BATENbHOCTH.

2. TTpuBecT ApHMEPHl YMCIOBLIX NOCASTOBATEABHOCTEN.

3. MepeyncanTh CMOCOBH 3aMaHKA MUCIOBBIX MOCTEAOBATEILHOCTEH.

4, Kakyie mocneAoBaTeIBHOCTH HA3bIBAKACSA MOHOTOHHBIMH?

5. [NepeyncauTh Bce BUOBI MOHOTOHHBIX NOCHEAOBATENBHOCTEH.

6. IIpuBecTy NpHUMep NOCACHIOBATENBHOCTH, HE ABAMIONICHCA MOHO-
TOHHOIA.

7. Kakag nocyieaosare/bHOCTh HA3BIBAETCA OrpaHmMeHHON?

8. ITpuBecTH NpUMep HeoTpAHHWYEHHOH MOCNeA0BATENILHOCTH.

YnpaxHenus

1. Onpenenutb, ABAKIOTCA JIH OTPAHWMYEHHBIMH CBEPXY WJIH CHH-
3y MOCIEN0BAaTENBHOCTH!

a) x, = 2m+1; B) x, =", n x, =33
6) Xy = —; D) X, =
T eyt T on(n+2)’

2. OnpeleNuTh, SBAAIOTCS JH HIKECNEOyIOWHE MOCICI0BATE b-
HOCTH MOHOTOHHBIMHA:
1 2741 1)” ( 1)"
a) x,=——; 0) x, = : B x, =|=]; Xx,={-=] .
)"n2+1’)"2"’)"(2’)”3
H306pa3uTh 3TH YHCAOBBIE ITOCASAOBATEABHOCTH Ha YHCNO-
BOH MpAMOH.
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3n-1

3. JokazaTh, 4TO MOCAEL0BATENBHOCTE {ﬁ
n+

MOHOTOHHO BO3pacTalclueii.

}, ne N gengercd

an+2
el ne N gensercst MOHOTOHHO

BO3PACTAIOIIEH, TO KAKMMH JODKHBL GHITE MapaMerpsl g U b?

4. EciH nocaenoBarensHOCTE {

5. Onpenesuts, ABAAIOTCH K OTPAHUYEHHBIMM CBEPXY WIH CHH-
3y NMOCNeI0BaTENbHOCTH:

1 n+2 2741
a) x, = s B) X, = —, = .
) ;] ﬂ2+l ) " n I'~) xn 2;1
R 2°-1
6) x}‘,l = (— g) . r) xn = 2—”,

6. OnpenennTs, SBAAIOTCA JTH HUXECTSAYIOUIHE MOCISNOBATENb-
HOCTH MOHQTOHHBIMM:

2", 1y
@ x=(3) ® % =(-3] -
H306pa3suTh 3TH YHCIOBBIE MOCAEAOBATENBHOCTH HA YUCIO-
BOH MIpPAMOIH.

n+l
7. Dokaszare, YTO MOCNEAOBATENBHOCTD &, = (l + —-) , he N gB-
H

NiAeTcd MOHOTOHHO yObIBalowIei,

§ 2. ApameTHuecKan H TeOMETPHYECKAA NOTPECCHH

1. Onpenenenne apnmeraueckoit mporpecchn. Ilycth d — He-
KOTOpO¢ NCHCTBUTENBHOE YHCIO H 4, 4y, 45, ..., a, .. — 3ajaH-
Hag YHCAOBadA MOCIENOBATEILHOCTh. EcnM mig kaxmoro uneHa
OTOH MOCHEAOBATENbHOCTH, HAYHHAS CO BTOPOTO, BHIMTOJHSETCSH
paBeHCTBO q, = &, *+ d, k2 2, TO TaKkas MOCAENOBATENbHOCTD
HasblBaeTCA apugmemuveckoi npoepeccues. TIpu 3ToM yucno d Ha-
3BIBACTCH PAIKOCHIbIO apudmemuneckol npozpecciiii.

Taxum 06pa3oM, Mo ONpeacNeHMIO

a,=a tda=a+da=a+d .., a,=a_ +d, ...
Hanee nMeeM
a=atd=(aq +d+d=a + 2,
a=atd=(a +2d+d=aqa + 3
[peanonoxum, uro a,_, = a, + {((k — 1) — 1)d. Torma
a=a_ +rd=a+k-1-Dd+d=a + (k- d
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3uaymr, g, = a, + (k — 1)d A Bcex HaTYpaJIbHBIX 3HAYEHMI k.

TMonyyeHHas GopMyna Ha3bIBaeTCH Gopmyicil obwiezo wrena
apugmemuneckoli npoepeccuu. OHa BbIpaxaer o0LIHNA YJIeH Hpo-
IPECCHM UYepe3 erc MOpPAIKOBBI HOMep, NEpBLIH WISH K pasHOCTH
apHOMETHYECKON NMPOTPECCHH.

2. CeoiicTea apu(pMeTHYECKOI NpPOrpeccH.

1°. Kaxnuifi uneH apudMernueckoil nporpeccHy, HauyMHas €O
BTOPOIO, ABMAETCA CPeIHHM ApHPMETHICCKHUM JBYX COCCAHHX WICHOB.

Q| +a
NokazaTenbcTBo. CleAyeT MoKa3aTh, 4ro a4, = -kl 12 kt]

— &ty -
npu Beex k2 2. Ecnim k = 2, T0 @ = 222 NleitcTnHTENBHO,

a+a _ aq+ray+2d _ 2ay+2d
2 2 2
Q1 +ayy _ o HE-2)d o +((k+])-1)d
2 2
. Ecmk+Il=m+mpr0oa t+ta=a,+*a,
HoxazatenscTBO. UMeeMm
ata=a+k—Dd+ta+({(-1d=
=2t (k+t{—-2Dd=2a,+(m+n~2d=
=g +(m—Nd+aq+n-—Dd=a,+a,
3. Cymma neppbiX 7 ¥ieHoB apHpMeTRIeCKoli nporpeccHn. CyM-

MY TEpPBLIX # YIEHOB apH(METHYECKOMH Mporpeccun o6o3HaYMM
S,re. S, =a +a,+a+ ..+ a. TaK xak

=g +d=a,. Ecim ke k23, 10

=aq+k-Dd=aq,.

S,=aq+*ta,ta,+..+a_ +tan
S =a+ta,_,t+.. ta ‘a, +a,
CKIATHBAsg HOYWIEHHO NOCAEAHNE BA PABCHCTBA, HMEEM
2S,=(a, +a)+t(a,+a_)+ .. +(,_ +a)+tiag+a)

Toraa U3 cBOMCTBA 2° BHITEKAET, YTO

Sn=%>n—

YyuteiBad, 4ro ¢, = 4, + (# — 1)d, MOXHO NMOJNYINTE elle
omHY HOpMYNY ISl CYMMBL MepBBIX # WIEHOB apHPMeTHUESCKON
IPOrPEecCHM:

- 2ai+(n-1)d n

S, 5
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Npumep 1. CymMMa TpeTbero H AEBATOrO WIEHOB apHdMETH-
YyecKo# nporpeccud papHa 8. Hadtu cymmy nepsbix 11-1d wieHoB
3TOH MPOrpecCHH.

Pemeunne. UMeem dpopmyay S, = al+2a1] -11. CorjacHo
CBOJCTBY 2°, BepHO paBeHCTBO @, + a,, = a, + a,. [losromy

S= %1% 11=1 11=44,

MDpumep 2. Cymma Tpex dHcen, obpasyiomux apudpmeru-
YecKylo MPOIPECCHIO, paBHa 2, a CyMMa KBAIpaTOB 3THX K& YHCeN

paBHa 13 . Hajity 31 yMCaa.
Pemenue. Mo ycnosuw rnpuMepa HMeeEM
& +a+ay=2,
a+al+al = 1?;"
Hcnonb3ya dopmyay 2a, = @, + a,{cM. cBolicTBO 1°), H3 MEPBOTO
YpaBHEHUS] CUCTEMBI MONYUYaeM 4 = § . Torma maHHasg cuUcTeMa

MpeodpasyeTcs B CICAVIOYIO CHCTEMY YDaBHEHHI:

a +a; = l—l-
1 3 3 ¥
2, .2 1
a +a; =1—-.
| t& 9
1 1
Pewnas »Ty cHcTeMy, NMOAYYHM & =1, & =3 WM & =3, 8= 1.
1 2 21
Takum oGpaszoM, 3,—3-,1 HIH l,g, 3 HCKOMBIE YHCAa.
4. TeoMerpuueckas mporpeccHa. [TocaeroBaTebHOCTE OTIHY -
HEIX OT HYNS1 YMCen b, by, b, ..., b, ... Ha3KIBACTCS 2eomemputec-
kol npozpeccuei, eclV ee YieHH YAOBACTBOPAIOT YCJIAOBHIO

b=b_ "4

roe k=2 B ¢ — NOCTOSHHOE YMUCIO, Ha3HBAEMOE 3HAMEHAMENEM
2eOMEmPUHECK Ol RpOZpeccli.

TaxuMm oGpa3oM, mo onpenencHuio b, = b,' g, b, = b, ¢ =
=(b,"¢)- ¢ = b, ¢ n 1. 0. Ilpennonoxum, 4ro b,_, = b - ¢* %
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Torm b, =b_,-qg= (b ¢ qg= b, - ¢'. CornacHo Mertomy
MATEMaTHICCKON MHAYKIHM 3aKITI0MAEM, UTO 1518 BCeX HATYPanb-
HBIX 3HAUCHWH & uMeeT Mecto Gopmyia

= . —1

b, =5 - g\
MMonyuennas popmMyna HasblBaeTCa hopmyacii 0fmeso waena
eeomemputeckoll npoepeccun. Ona BrIpaxaer oOUMil YieH Mporpec-

CHH Yepe3 €I'0 MEOPARKOBBIH HOMEp, TepBHiil WICH I 3HaMeHATE/Eb
TEOMETPUYECKOH MpOTPEecCHi.

3. CaoiicTBa reoMeTpHMECKOi NPOrpeccHy.

1°. Jlng meex k22 cripaseuiupo pasenctso b = b, b

Bokazarensctso. Ucnoaways dopayny obllero uneHa,
HMeeM

bk—i b, = b - g2 blqk = b,z gt = (b, - D bf.

Y Eemk+i=m+nr0b -b=056 5

il "

RokaszaTenncTnRo. [IelCTBHTENIBHO, HMCIOT MCCTO PABCHCTRA
N A S L B o=l — 2 2 __ g2 — _
bk b! bl q& bi ql = bl . qk+a’ 1 = bl . qm+n 21 =
— . -1 . - ML —1 -
borgm b g =5, - b,
6. CymMMa TepBbIX 7 WICHOB reoMeTPHYECKOI MPOIPecCHM.
CyMMYy 1IEpBBIX 71 YIEHOB reOMeTPHUECKOI TIporpeccu o6o-
3Hawum S, HeTpymHo npoBepuTs, 4To CRpaBeMinBO PAaBEHCTBO
F=g¢=U-g U+g+tg+. +g¢

|

Otkyna cieayer, uro | + g+ ¢ + ... + g = 'Ii-i
- ““‘q
(OpMYIY OBLIErQ WieHa, TIONyYUM
S,=b tb+ .. +b=bh+bg+ b+ ...+ bgt =
=h(l+g+ g+ .. +g "

. Ucnoneays

TosToMy, IS CYMMBI MepBbIX /1 WIEHOB T€OMETPHYECKOI MPo-
TPECCUH UMeeT MecTo popmyna

|-
Sn = bl ’ ]_{; .
Mpuryep 3. HaitTu vetwipe dicna, obpasyiomme reoMeTpH-
JCCKYIO MPOTpeccHio, A1 KOTOpolt b, = b + 9 u b, = b, + 18,
Pemenue. Umeem b, = b, - ¢, by=b - g u b, = b - 4.

A
Torma b,¢* — b, =9 u b,g — b,¢° = 18, wn “h-¢)=9,

ba(l-¢*)y = 18.
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Kyna cneayeT ¢ = —2. [loacTrapnAs 3T0 3HaueHHUe B MEPBOC YpaB-
HEHHe, NOAYIUM b - 3 =9, W b, = 3. CrnenoBaTenbHoO,

b, =3,b,=—6 b =12, b= 24

Mpumep 4. B reoMeTpHUECKOH MPOTPECCHH 3HAMCHATENb
g = 3, a cymMMa TIepBHIX LIECTH “1eHOB paBHa 1820. Hatith niepeHi
H TATHI YieHB! MPOTPECCUH.
~ [—¢° _ 1-¢°
Pewernue. Umeem S =4, T Toraa 1820 = 4 T The

g = 3. Orcrona b, = 5. Jlanee, ucrionp3ysd dopmyay b, = b - g,
noayuaem b, = 5« 3 = 403,

Bomnpocs! H 32AaHBA

1. Kakas r1ocae10BaTeIbHOCTb Ha3hBaeTed apudMeTHUECKO! Mpo-
rpeccueit?

2, JaTk onpenelieHHe reCMeTPUUECKOH TPOTrpeccHt.

3. HanuicaTb GOpMyny A-TO WieHa apH(PMETHYECKOH NMPOTPECCHi.

4, TepeyncInTh OCHOBHBIE CBOMCTBA apUdMETHIECKOH ¥ TCOMETPH-
yeCKOH NMporpeccui.

5. Hamvicars OpMYJTy CYMMBI IEPBbIX # ‘WIEHOB apUMETHYECCKON

TPOTpecCHU.
6. BoipecTil GOpMYNY CYMMBI TIEPBBIX /1 WICHOB EOMETPHYCCKOH

MPOTPECCHH.

YnpaxHenHs

D I e Al -

1. B apudMeTHyecKoil nporpeccuu a; + a, = 6 u ;- a, = 8.
HaiiTu cyMMy MepBBIX LIECTHAALATH YJIE€HOB IPOIPECCHH.

2
o H
2. B apudMeTHdeCKOH nporpeccud S, = =t 3n . HaiiTH OTHO-

LI¢HHE CYMMBI TEPBBIX 31 WIEHOB 3TOW NPOTPECCHH K CyMMeE
¢ [IePBBIX # YWICHOB.

3. B reoMeTpuyecKOil TNporpeccHH & +b +b+ by=30 u
b + b, + b, + by = 480 . HaiiTit mepsblii WieH 3TOH NMPOTPECCHA.

1
4. BEMHUCIHTE: a) l+%+-;—+...+§§; 0) 1+2 +4+ .. +20
5. CyMMa ¥ MepBHIX YAECHOB MOCMSNOBATENBHOCTH {4}, ne N on-
penenserca dopmyroil S, = 2n? + 3n. ABNACTCA M 3TA NOC-

NeAOBATEBHOCTL apUBMETHUECKOM NporpeccHei?
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10.

B apudmetnueckoit nporpeceyn a, = 2, @, = 20. Haittu cym-
My MEPBEIX 20 YNEHOB 3TOM IPOrPECCHH.

B apudmernyeckoit nmporpeccuu a+a;,=26ua,- a =160
HaiiTu cymMMy nepBbiX IIECTH YACHOB MPOTPECCHH.

B apudmerndeckoit nporpeccun a;=9, a,— a, = 20. Cym-
Ma TIEPBRIX # WieHOB pasua 91. Halitu ».

Mexay yncaamu 4 u 40 nocrasuts YCTRIpE YHCAA TAK, YTOOEI
NoJYyYHnach apuMeTHyecKas nporpeccus.

Haitti Tpu yycna Mexay Ymciamu 3 n 31, yrobHl nony4yu-
Jach apudMeTHYECKAs APOrpeccHs.

11.

12,

13.

14

15.

16.

17

18‘

136

HaHa apudmernyeckas nporpeccusi, B Kotopoi a, = 3, d > (,5.
HalT d npu ycaoBHH, 4TO NpOU3BeAcHMe a, " a4, a, 9BjA-
€TCA HAUOGOIBLIHM.

] 1 1
oKasar -
i | b, YTO YHca o2y 2" Tokg2" Toky? 0o6pa3yT apHd

METHYECKYIO0 MPOTPECCHIO.

Haittu cymmy Bcex ueTHBIX TPEX3HAYHEBIX YMCEN, ACTIIMIMXCS
Ha 3.

flycrs b, b,, b, — MocnenoBaTeNbHBIE WIEHH TeOMeTpHYEC-
KOH IporpeccHm, b, b, + 2, b, — mocnenoBaTeNbHEIE YWICHBI
ApUPMETHYECKOM NPOrpeccun b, b, + 2, b, + 16 — nocne-
AOBaTCIbLHEIE YIEHB TeoMeTpHuecKoli nporpeceuu. HaiiTi
uucna by, by, b,

HaHBl YeTbIpe yucta €1y €y €y, €4 TAKUE, UTO €|, 5, €, — TEO-
METPUYECKad NPOTPECcCHs, ¢,, ¢;, ¢, — apudMeTHdecKas npo-
rpeccuda. HalTH 3TH 4Mcia, eCIM M3BECTHO, YTO = =9,
c,— ¢, =18
2 4 .

B apuduernueckoit nporpeccnn a, + a, + a, + a,, = 224,
Hairu S,

1\ 1\ i\
Boiuucautn (2+5) +(4+Z) +...+(2”+ ) .

2"
ITyvcTh .
3 PRl NocCAenoBaTENbHbIE YWICHB apHbMeTH-
4eCKoll nporpeccun. Haiitu a,, 4,, a,, €CJIH U3BECTHO, YTO

1 1 1
a +ay +a =é H Ef+a_2+}:_3=18'

19. Joka3aTh, 4TO IMMOCHEAOBATEABHOCTL € OOIMUM YIEHOM
a,= 23" aeusercsa reoMmerpuyeckoii nporpeccueii. Haiitu
CYMMY TIEPBBIX LIECTH WICHOB 3TOH MpOTpEecCHH.

20. B reomerpuueckoil nmporpeccu b, — b, = 24, b, + b, = 6.
Hatitu b, u g.

§ 3. Ilpeaen uncnoBoii NOCACAOBATEABHOCTH

1. Onpenenenne npeaena YHCAOBOH MOCAENOBATEALHOCTH.
IIpexne yeMm marhb ompeAcieHHE NMpeaeia YUCIOBOH TOCIAEN0BA-
TeJILHOCTH, PACCMOTPHM CICAYIOUIME MPHMEDHI.

IIpramep 1. PaccMOTpHM MOCNAEIOBATEIBHOCTDE ¢ OOLIHM

2n+l]
YWICHOM X, = . Torma umeem
= 5 7 9 _ 1t _ 2n+l
x1_3, x2=5,x3=§,X4=Z,x5—~§-,...,xn— Pt
=3,x= =21, %, =21, x =21 =24
I-UIHxl— ,x2_2,5, Xy = §,x4— z,xs— g,...,x”— +;,....

Buano, 4T0 ¢ BO3pacTaHHEM HOMEPA YAeHBI MOCTeAOBATENb-
HOCTH NpHOGIHAKAITCA K 2. DT0 OVIeT oTYeT/NnBee BHAHO, &CIH
PacCMOTPETh PACCTOAHUA MeXAy uncnamu x, U 2. [To onpenene-
HHIO PaCCTOSHHUE MEXAY X, H 2 PaBHO aOCONIOTHON BeMHYMHE
PA3sHOCTH 4MceN X, U 2, T. €. paBHo |x, — 2|. Torma uMeem:

by -2 =[23-2|=3;
1 1.
|x3—2'=2§—2=§,
|x4—2|=2%—2=%;
hl_s_L.

s -2 =24 -2 =5
|x,,—2|=2"+1—2=1.
i A

OTcona ACHO, 9TO MPH BO3PAaCTaHMH HOMEPOB MCIOBOM MMO-
CIENOBATENBHOCTH PACCTOAHHE |x, — 2| CTAHOBUTCS MEHBLIE JTIoGO-
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ro GbHMKCUPOBAHHOIO MONOXKHUTENbHOFO YKuchaa., MHade rosops,
YJMCHB! 3affaHHOMI TT0C1eI0BATENbHOCTH TIPH BO3PACTaHWM HUX HO-
MEpPOB CKOJIb YTOOHO OMU3K0o MpuOmxkaioTed K 2. B Takux ciyya-
SIX TOBOPAT, UTO HOCAE008aMEAbHOCHL CIpemuca K 2.

IMMpumMep 2. PaccMOTpUM NOCHETOBATENBHOCTE € ODIIHUM
(-1y"! 1,1 3 1
YAEHOM 4, = 2 + pa 3, 15. 23, l?i’ 23,...‘

Comnocrasisids WieHB 3TOH MOCASHOBATENLHOCTY H TOYKH HA
YUCTOBOM MPAMOH, BUAHM, YTO C POCTOM HOMEDPA 1t TOUKM a,
ClpaBa M cijeBa NpUBIMXKAOTCA K Touke ¢ abcuuccoi 2. Beryuce-
JIUM PACCTOSTHUS MEXIY TOYKaMH a, u 2. UmMeem

1 i
o ~2|=[3-2|=1, |a2—2|=15-2’=5,
bl a3 ol
a-2=p3-2=5.  ln-2=3-7-
1 1
|as—2|=2§—2‘:§,

=

Buano, 4To 3Havenua g, npubianxamoTtcd K 2. B maremat-
YECKOM CMBICAE 3TO O3HAYAeT, YTO KAKOBO OBl HH OBLIO MOJOXKH-
TEJABHOE 4YMCNO €, MOXHO YKasaThb TaKo# HOMEp #,, HAYWHAA C
KOTOPOIro pPacCTOAHHE MEKAY YISHAMH JAaHHON TOCHEeZOBATE/Tb-
HOCTH U YWCIOM 2 MeHble £, JeidcTBuTenbHO, €CIM, HaNpUMED,
€= 0,001, To HauHHas ¢ HoMepa 1001 paccTosiHue MeXAy 4YneHa-

MW YUCNOBOA MOCNENOBATENbHOCTH U YHUCAOM 2 OYIeT MeHblle
0,001:

@001 — 2| = 1001 < 0,001.

Onpenenensie 1. Ecau ang moboro e > 0 naiinercas Homep n,
TAKOH, 4TO M BCEX WICHOB X, YMCIOBOIH NMOCAEAOBATENBHOCTH ©
HOMEpaMit n > 1, BHIOJHSAETCA HEPABEHCTBO |x —al <eg 1O
YUCAO o HaBblBaeTCH nRpedeaom HucI06ol noc;ce@oeameﬂbnocmu X,
HpU H—3+oo,

Eciu g — npesen yucaoBod nocaedoBaTeIbHOCTH (X,}, TO
3TOT (aKkT 3aMHCHIBACTCA B BHIE

limx, =a.

Ao
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Ec/lM MocaeAoBaTeILHOCTE UMEET Npedell, TO TOBOPST, 4TO nocre-
doeameabROCHy CXOGUMCA.
JloxaxeM, HAllpHMep, YTO TOCNEN0BATENLHOCTh U3 mpuMepa 1

. 2+l .,
cxoouTes M lim = 2. HeiicTBUTENBHO, pACCMOTPHM PA3HOCTE

H—yoo

. DTa pa3HOCTh MeHbIE € NIPH A > - . Torga, nmona-

20+l 2‘ |

rasg ny = [1] +1, roe cuMBoJ ['] oBo3HaAYaeT UENYIO 4acTh YHCTa,
€

1
HMeeM: st oGoro € > (0 cyliecTByeT HOMep #y = [;] +1 rakoi,

n+l

4TO ANA BCeX YACHOB MOCIeIOBaTCABHOCTH X, =

MU # > H, BHINOJIHACTCA HepaBeHCTBo [x, — 2| < ¢. [fo onpenene-

2n+l
HHUIO 3TO O3HAYAET, 4YTO MNOCIedOBATENBHOCTE X, = T, ne N

. 2+l = =
cxoautTca w lim = 2. B yacrHocTH, ecmu ¢ = 0,5, To By = 3

M=o n

| IS BCeX s > 3 BHINOJHAECTCA HEPABEHCTBO <0,5; ana

= 2 uMeeM n, = | Y NpH BCeX /1 > | BHIMOJHAETCA HEPABEHCTBO

2n+1 _2| <2

Teopema 1. Ecii mocnenosaTeIbHOCTE {4,}, ne N CxoIuTes, TO
OHA MMEeT ¢IMHCTBeHHBIH NMpeaes.

HokasatenbcTro. [IpennonoxkuM, YTo MOCACAOBATEND-
HOCTh HMeeT [Ba MpeResia;

s
bl

. - B
lima, =4, lima, =a

Fi—os H= o

a~a"
roe @ = a”. Tlomoxum, ¢ = %. 1 2TOTO € 10 ONpefeIeHHID

CYIIECTBYIOT HOMEpa X' 1 k”, 4To Uist Bcex n > k' 1 m > K" UMe-
eMja, —d|<eu |a — ¢"| < e. IlycTb wis onpeneaeHHOCTH K > k7.
Torza mwist Beex #1 > k' BBHIMOJHAKTCS HepaBeHcTBa |a, — al < g,
la, — @] < e. Orkyna la, — @] + |a, — @] < 2e.

B cHny HepaBeHCTBAa TPEYroJIbHHKA HMEeM

|« ff'l d-d|

2
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| -a'|=|d -a,+a,-d|<|d - a)+|e,-a|<2e=2-



OTciona cnenyeT () < Ia’ - a”l < @ , YTO HEBO3IMOXHO. HOJIY‘[CH-
HOEe TMPOTHBOPEYHE TIOKAZHBAET, YTO MOCHSIOBATENBHOCTh MOXET
UMETE TOABKO OOUH IPEIei.
2. Anrefpanveckne OnePaNHH HAJ BOCAEAOBATEIbHOCTAMH.
[Tycts AaHbl ABE NMOC/IEA0BATELHOCTH

Gy, 85y oy Gy sy §)]

b, b, .. b, ... 2)

Cymmoii nocredosamenvrocmeli (1) ¥ (2) Ha3bIBaeTCa MOCASAO~
BAaTEJIBHOCTD €, €y, ..., C,, ..., WIEHBI KOTOPOH ONpPEAeNAINTCA 1O

dopmynam: ¢, = a, + b, c,=a,+ b,, ..., c,=a,+ b, ...
Hpou3zeedenuem nocaedoeameavrocmeii (1) n (2) HasblBaeTcq
NMoCHeIoBaTeALHOCTL BHIA

ab, ab, ..., ab, ...

Hacmuoim nocaedosamensrocmedi (1) U (2) HasBIBaeTCA NOCAEH0-
BAaTeIbHOCTL BHOA

a a a
ﬁ, Ez’ vy b—"‘, . Toe b =0, .., B, =0, ...
n
Ilpoussedenuem deficmeumenshoeo Hucaa o. U NOCACO0EAMEALHOCY
(1) HaspIBAETCA TOCTEAOBATENBHOCTh BUAA O, Od,, ..., O, ...

CHMBOJHYECKH OMnepaud Han NMOCAeIOBATENPHOCTAMM MOX -
HO 3alHCATk B BHAC!

{a) +1{b}=1{a,+ b}, nch,
{a}-{b,) = {a, b}, neN,

{a}:{b} = {‘;—} neN, b, #0;
o-{a} = {o- a}, neN.

TlocnegoBare AbHOCTD, ¥ KOTOpOi BCE DMEMEHTH OIMHAKOBLIEC,
HAa3RIBACTCHA cmauuonapuoﬁ HOCAE008AMEABHOCHIBIO.

IMpumep 3. IlycTh AaHH YMCAOBHE MOCAEAOBATENBHOCTH ¢
OCLIMMHE JYICHAMH

1
b =—.
L |

= |-

Torna mocaenoBaTeNbHOCTE ¢ OOIIHM WIEHOM ¢, = Ll.f
n+
2n+l
ni{n+1)
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o [ -

SIBAFETCA CYMMOM, MOCAEI0BATEBHOCTE ¢ oMM YJTe-

|
HOM d, = oD ABISeTCs TIPOU3BEACHUEM, TOCMEAOBATENEHOCTD
nmn+
I A+l
¢ O0IUM WIEHOM f, = —. - SBJIAETCS YACTHBIM 3aJaHHLIX [TO-
I

cnenoBaTenbHocTel. [MocneDoBaTeNbHOCTE ¢ OOLKM YJIEHOM

v

g, = — SIBAAETCS NPOKW3BEICHMEM HMUCIA O K TIOCTENOBATENIBHOC-
i

™ {a}, ne N

3. BeckoHeYHO Majinie BeNHYHHE. Teopemsl 0 npeaenax cxois-
HUXCHA TIOCHeAOBATEBHOCTEIH.

Onpenenenne 2. Ecniu 4MC0Bag NMOCACIOBATENbHOCTS {4},
#e N HMeeT TIPERE NPH #—+oo U 3TOT MNPSOS PaBe¢H HYMIO, TO Ta-
Kas TOCNeOBATENLHOCTE HA3BIBACTCA HecKOHeuHD Maaoi nocredo-
BAMEAPHOCHIBIO TIPH N—>+oo UMTH TIPOCTO (ECKOHEYHO MAAOU GEAUMUHOI.

— . [
MpuMep 4. Tak Kak lim— =0, To TocnenoBaTeNbHOCTh C

H—e BT

1 "
OBIUUM UICHOM a, = — SIBASIETCSE GeCcKOMEYHO Masol Mocaeno-
L

BaTC/IbHOCTEIO [IPH H—teo,

Mpumep 5. Ecniulg > 1, 10 lim[-‘l;) = (0. MMosToMy {(%] },

fedoe
ne N — 6ecxoHeuyHo Manast BeJIMYKHHA.

Teopema 2. Eciint lima, = 4, To mOCTEA0OBATENBHOCTD ¢ 00~

F R ]
LMM WIeHOM b, = @ — a, sBAseTcs HECKOHEYHO Manoll BETMYKHHON.
Hokasarenwctso. [lo onpeacnernio npeaena, ans modo-
ro € > 0 cyliecTByeT HOMED #,, YTO JJIsl BCEX # > My BbIIIOIHAET-
s HepaBeHcTBo |6 | = la, —a| = |a — 4] < &. Bro o3nauaert, 4TO
limb, =0, 1. e. nocaenoBarenbrocts {5}, ne N sipisietcs 6ecKo-

H iy

HEYHO MUJIOH TIPH A—>4eo,

Teopema 3. Ecan wist nocnenosarenshocty {a,}, ne N u wuc-
Jla @ [OCeA0BaTeNBHOCTE {8 — 4 ) ABngeTcs OeCKOHEUHO Mao
BENUUUHOMN, TO lima, = 4.

H—=hea

HokaszaTenbcTBo. Ilyete {¢ — @} — GecckoneuHo Manag

BeanunHa. Torma lim{a —a,) = 0. Tlo onpeaencHuio npeaena, ans

H—sn

motoro e > 0 CyHiecTBYeT HOMED #,, YTO AAA BCeX A > M, BLITON-
HAeTcs HepaBeHeTBO ja — a] < &. [lo sToMy ke ompeneaeHuIo

Toraa MMeeM lima, = 4.

H—3on
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Teopema 4 (cBoiicTBA GeCKOHEYHO MAIBIX BEIHYHH).
[) Cymma aBYX 6eCKOHEUHO MAJbIX BETHUHMH ABAAESTCA GECKOo-
HCYHO Mayoil BENHYHHOH.

2) TlpousBeacHue ABYX 6€CKOHEUHO MAIKX BEAWUHH ABJASETCS
OeCKOHEeUHO Mafoli BeJlHYHHOIL.

3) NpousseaeHue orpaHHYEHHOIH NOCIEAOBATEJLHOCTU M Gec-
KOHEYHO MAJOH BEMUYMHEI ABASETCA OeCKOHEUHO MadOH BeITHYH-
HOH.

4) Ilpou3BeseHUe CTAMOHAPHON TIOCNEIOBATENBHOCTH M GecKo-
HEYHO Manoil BeTUYHHEI ABMACTCA GeCKOHEYHO MAION BeIMYMHOIN.

3) Ecnu mOCAenoBaTesbHOCTD {a,}, #e N CXOIHTCA K 4, TO ee
OGILIMIT YNeH MOXHO MpPeACTaBUTL B BHAE CYMMBI a,=a+ b, rie
{b,}, ne N ~ BeckoHeuHO Manad BEMWUMHA.

6) Ecnn 4ncnoBas MOCNedOBaTENbHOCTD {a,}, ne N apnsierca
CYMMOH CTAUMOHAPHON MOCHeHOBATSIBHOCTH C OOWMM WIEHOM

b,= a ¥ GeCKOHEMHO MaNoH BeJIMYMHBI {x,}, ne N, o lima, =a.

R

HoxaszatenbcTtpo. 1) Hyere limx, =0 v limy, =0. Jo-
Hi—poo H—yoo

KaxeM, 4yTto lim{x, + y,} = 0. Ilo onpegencHuw npeaena, ana
H—y o

Joboro € > 0 cymecTBYIOT HOMepa R U #,, YTO 07 BCEX m > A,

E £

U [ > n, BHIMONHAIOTCS HEPaBEHCTBA |xm| <5 M v < 7 Ana on-

PEACAEHHOCTH TIOJOXUM n, 2 n,. Toraa and Bcex n > n, uMeeM
£ £

|x,,|<5 u |y,,|<5. U3 nocneaHux ABYyX HepaBeHCTB CleayeT

Ix,,+y,,|£|xﬂ|+|y,,|<§+§, MM |x,+y,|<€e, 4To oO3Hayaer

lim(x, +y,)=0.

2) IMyete limx, =0 u lim y, = 0. Torma maia moboro € > § cy-

H=co H=pe

LIECTBYET HOMEP 71, TAKOIL, YTO [UIA BCEX 71 > 1, BBIMONHAIOTCS He-
paBeHCTBA [x,| < Ve H |y} < Ve . Torma umeem X, - ¥,| = [x,|- |y, <
< e e, wm |x, - y,| < €. CremoparesibHo, limx, y, = 0.

A—poa

3) llycrs limx, =0 u {a,}, ne N — orpaHH¥eHHasA MOC/aeAOBa-
H—yeo

TeNBHOCTD. [loKaxeM, 9To nmocnesoBatensHocTs {@,X,}, e N sB-
AAeTca OecKOHEeYHO Manoi BeaHyuHoi. [lo onpeneneHHIo orpa-
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HHYEHHO! MOCIECA0BATEALHOCTH cyllecTByeT unciao M > 0 Takoe,
4TO |a"( < M nng scex ne N, o onpeacneHuio npegenaa ocaeno-
BaTEABHOCTH WA JoGoro € > 0 cylecTByeT HOMEp i, TAKOM, YTO

£
Wi BCeX A > 1, BHIIONHACTCSA HEPABEHCTBO x| < R Torma uMeeM

| £ _ N _
la,x,! < lay|-|x,| < M- o = &+ DTO o3Hauaer, uTO lima, x, =0,

fi—yee
T. €. MOcNeA0BaTe/IbHOCTD (@ x,}, ne N ABAAETCH GECKOHEUHO Ma-
JIOH BENTHYMHOR.
CBolicTBo 4) AiBAgeTca CAeACTBUEM CBoicTBa 3). JloKasaTeNb-
CTBa CBOWCTE 3) M 6) npeaocTapaseM YHUTATETIO,
Teopema 5. [penen npou3BeAeHHa ABYX CXOAALINXCA NMOCHe-
JORATENBHOCTEH paBeH MPOU3IBSACHMIO UX MPEOcNoB.

Jokazatenbctso. Ilycth lima, =a u limb, = 5. Toraa

oy o H—poe
B CHUTY CBOWMCTBA 5) UMeeM a, = a + x,, b, = b + y,, tie {x}, (¥},
ne N — BecKOHeUHO Manbie BeJM4MHBL. Torga

a, b, = (a+xn)(b+yn) =ab+ay, + X0+ %, 5, -
B cMiy IOKa3aHHBIX BbIIIC CBOHCTB, MOCACAOBATENBHOCTD {ay, +
+x b+ xy}, neN apigerci GECKOHEYHO MaJoli BeIHUYMHOM.
3Hayur, lima,-b,=a-b.

H—yoc

Teopema 6. [ns cxomsiineiica nocaeaoBatenbHocTu {a,}, ne N v
NPOM3BONBHOTO YUCIA ¢ CTIPABELJINBO PABEHCTBO limc-q, =c-lima,,
i fi—en

T. ¢. TIOCTOAHHBIA MHOXHUTENb MOXKHO BBEIHOCUTH 3a 3Hak, 0bo-

JHAYAKLIMHA npeaen.
HNoka3zaTtenscTBo. CornacHO TeopeMe 5 UMEEM

limc-a,=lime-lima, =c-lima,.

H—e Hepeo H—=se Hsea
Teopema 7. [peaen cyMMBl ABYX CXOASIIMXCS MOCAEI0BATENb-
HOCTel paBeH CYMMe UX TIpedesoB.
HokaszatenbctBo. Ilycth lima, =@, limb, = b. Creayer
=3

He o
MoKa3aThk, YT A4 JMioboro € > 0 cyllecTBYeT HOMEP K TaKOH, 4TO
And Beex m > k BBIMONHSAETCA HepaBeHcTso |(a, + b,) — (a + )|

£
< ¢. I[lo onpenencHuo npelena A 5 CYILUECTBYET HOMeP k, 1a-

o £
KOM, 4TO And BCeX m > k, cripaBel/MBa OLEHKa |a,, - g] < 3
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£
AHanOTHYHO, BNg 5 CYWLECTBYET HOMED k, Taxo#t, 4yTO ANK

BCEX m > k, HMeeM |bm -b|< % Iycty max{k,, &,} = k. Torza

AN BCEX m > k TOJYINM la,, — a] < % ¥ |b, - b < % . 3HauuT, AN
BCEX m > k BEIIIONHAETCSA HEPABEHCTBO
la,, + b,)— (@ + b)| =Ka,, - a} + (b, - b)| <|a,, - a| +|b, — b <

< =t

£
+ =
2

[T

ITo ompenenaeHuio 370 o3Hayaer, yto lim{a, + b,)=a+b.
H—pw

Teopema 8. Ilyctb g, = ¢, n =1, 2, .... Torna lima, =c.

H—yom
Teopema 9. IlycTe mocneaoBaTENbHOCTL {a,}, A N CXOZUTCH K
yucny g # 0. Torna
a

H=pee Ay lim a,
H—poe

Teopema 10. ITycte nocnegopatenvuocTu {a,} u {4} cxomarca

nlima,=a, limb, = b, roe b 0. Torna llm—_%.

= H—poe H—yoo Uy

HokasatenbcTea TeopeM 83—10 mpEmoCTaBIsAEM YHTATEIO.
4, Bouncaense npenenaor. PaccMOTpHM HECKONBKO ITPHMEPOB
Ha BBIYHMCJEHHE TIpeaesioB.

MpumMep 6. Beruucaurh lim St
H—pew 5”"’1

Peurenue. HOCKOHBKY C poCcTOM YHCHAA A YUCIUTEND M 3HA-
MeHaTeJb ApoOH HeorpaHHYEHHO BO3pacTaioT, TO Teopema 10 (o
Ipeaene '-l‘chTHOTO) 34¢Chb HEIIpHMEHHMaA. Pazmenus 4YHCIMTENL Y

1
3+—
3HAMEHATENb ApoGH Ha #, UMeeM Hm = lim —% . Tenepr yxe

p=sca I+ H-poo 5

3n+l

#

MOXEM TNIPUMCHHTE TCOPEMY O NMPCHE/IC YACTHOTO. Torna [oay4daeM
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IMpumep 7. Beruucaurs lim‘ﬂii;—;"”:3

n=e S —n+l
Pemenue. Cokpallag YHCIUTENL W 3HAMeHaTenb Apoby

302 +2n-2

———— Ha 2, HMeeM
Sn*—n+i ’

2 2 2
2y 3+=-= lim E+—-
fim 23212 g~ 2 el 3
1, 5
H

I

- w 1

ntl Ao s 1 _12_ IIm[S—
L H—4o2

=l

i3
NpumMmep 8. Buuyucnute lim +antl

Ase 30+

PemreHue. Pasnenup uucnurtens u 34aMeHaTenb apobu Ha

1, MOJYYIYUM
2
i~ o lim jl+S+—
lim B+t _ i 2 1

meses  dntl lim (3 + _1_)

H—yoe "

=

2-4n °

Pemenne. Pasnesus yucaurens u 3HaMeHaTe b ApobH Ha
n, MONYYHM

k| w—

[Ipumep 9. Haittu 11m

Fs lmg-S
lllTl H—pen M —_1 .
Hepoe 2— 4” lim (2_ _ 4J 4

H=—saal 2

MMpumep 10. Hality mnpemen nepeMeHHOH BeiHYMHEL
a, = \/n2 +3n-\fn2 —2,r8e neN.

Pewenne. B nanHOM npuMepe yMeHblIaeMOe U BHIYHTAE-
MOe He MMEIOT npenena. [loaToMy TeopeMa o Iipedese CyMMBI
30eCh HEMPUMEHAMA. YMHOXUM U pa3fielUM @, Ha BHIPAXEHHE

Vit +3n +n* -2, aBnsiomeecs CONPSIKEHHBIM BBIPAXEHHIO

Jn? £ 3n—Jn* =2 . Toraa
10 — Anrebpa, vacrp II 145




lim (Ja? + 31 —Vn? - 2) = lim (o +3n-n2 2 Sno’-2)
o T el 2
- lim n43n-nt+2 - lim In+2 .
no Sl L 3paln?=2 T v'n2+3n+\1'n2—2
Tenepb pa:menHB yyUCAUTeN: 1 3HAMEHATEIb HOCHCﬂHeﬁ opo-
61 Ha B, MOMYYaEM

. In+2
Iim

noe S padn?-2 T a2y 1;%
J n

11. BagucauTth lim n+ 243
Mpwmep 11 s i =
Pemesme. Jng BHIMACICHNS TaHHOTO NpeleNa YHCIUTENS

W 3HaMeHaTe/b ApOOK pasnennM Ha n’. Torma uMeeM

2 3
2 |+—-t——2
n+2n+3 i Hon
3 = lm T3 "
now gt 4n=2 e gyl L
4] nz

ITob3ysCh Tenephb A0KA3aHHBIMYA BHILIE CBOHCTBAMM, NOMYHUM

l+2+-3— lim[l+~2-+i2
lim 42113 = lim —" R e W o
rarvel e JPHED S _7“,]__12 lim[3+l——22-]
" n H=po non

lim [+ ki 2+lim—3-
"l_l_;(}o +n£]1oﬂ n—rwnz _ 1+0+0 _ 1

- —T1 ,._ 2 3+0-0 3
limm 3+ lim—— ]1m—2—
e n—ee o H—se gy
Jant -

Mpumep 12. Haitru }gl;ln o

PeweHHe. Pa3geJuB YUCANTENb K 3HAMEHATCID apoGu Ha
1, TONyYaeM

lim = =
H=ron 3-n H=oo §-—l lim [é-—l]
H 14
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5. TeopeMn ¢ npeaeJax MOHOTOHHOH MOC/TENOBATEAbHOCTH,

CreayeT OTMETHTR, YTC HE BCAKas YHCAOBasA TMOCJEI0BATENb-
HOCThL UMeeT npeden. IloaToMy onHO M3 3a7ad TEOPHM NPEAC/IOB
SBJISAICTCA BBIABJICHHE MPH3HAKOB CXOAWMOCTH TIOCAEAOBATEIbHO-
cteii. ChopMyaupyeM AOCTATOYHBIA MPH3HAK CXOAMMOCTU MOCTE-
JOBATENLHOCTH.

Teopema 11. Bcsikags MOHOTOHHO BO3pacTaioillasg (He yOBIBaio-
lIag) M orpaHHMYEeHHAs CBEpPXY YHCIOBad MOCJeI0BAaTENBHOCTD
HMeeT mpenen.

Ecnu uncnosas mocnenoBaTeNnbHOCTS {a,}, ne N — MOHOTOHHO
BO3pACTAKOWAA, TO COOTBETCTBYIOIUIHE eil TOMKH Ha YHCHOBONA
NMpIMOH pacnonaralTes TaK, YTO KaX[gad Mocjeayviolasd TOYKA
JIEXKUT TpaBee Npeasiayweii. Ecid K ToMy Xe nmocnegoBaTenb-
HOCTb OTpaHUYeHa CBepxy (g, < ¢), TO BCE YKa3aHHBIE TOYKH Ha-
X0JATCA JieBee TOUKH ¢ abcuuccoil ¢. [losroMy reoMmeTpudecku
TeopeMa 11 03Ha4yaer, YTO Ha YUCIOBOH MPAMOi CYIIECTBYET TOY-
Ka M, Kk KoTOpoil cAeBa HEOrpaHHYCHHO MPHOMHXKAKTCE TOUKH,
COOTBETCTBYIOUIHUE YIéHAM MOHOTOHHO BO3pacTalonici (HeyOhiBa-
louieit), OrpaHHYEHHOI CBEpXY TOCNEeL0BATEIFHOCTH. AGCLKcca
TakOd TOUKM M M OyIdeT ABIAATECA MpedeaoM 3aAaHHON mocieno-
BaTENbHOCTH.

Teopema 12, MoHoToHHO YOBIBawiliasi (HeBO3pacTalollas) u
OrpaHHYEHHAS CHU3Y YHCJIOBAs NOCIEAOBATENBHOCTE HMEET TIpeIe).

MMpumep 13. PaccMOTpUM YHCIOBYIO MOCNEAOBATENBHOCTE,

COCTABNIEHHYIO U3 JECATHYHBIX NPUGTIKEHHI YHcaa /2 , B3IThIX
¢ HemoctatkoM: 1,4, 1,41, 1,414, 1,4142, ...

DT1a NOCACIOBATENLHOCTDh ABAACTCS MOHOTOHHO BO3pacTalo-
el  orpaHUvYeHHOl crepxy. [losToMy cormacHo Teopeme 11 cy-
UISCTBYET Mpenes NOCNeIOBATENLHOCTH, SICHO, YT 3TOT mpenen

paBeH 2.
[IpenocTaBndeM UHTATENIO TIPOBEPHUTH, UTO NMOCISIOBATE/Ih-
HOCTb {¢"}, ne N, Tae YUCNO ¢ YOOBAETBOPSIET YCAOBHIO ¢ < 1,

CXOIHTCA K HYIIO TIPH A—+teo,

6. beckoHeyHo YOLIBAIOAA reOMETPHYECKAA NMPOTPECCHA.

Onpeaenenue 3. 'eoMeTpHYecKas MpoOrpeccusi, 3HAMEHATEIb
KOTOpoit Mo aGCcoNOTHOK BEAWYNHE MeHbIIe enunuus (lg| < 1),
HA3BIBAETCA Oeckoneuno yovieaiouen zeomempuieckoli npoepecciel.

BriBeaeMm opMyny mis BbIYUCAEHHS CYMMBI BCEX WIEHOB Oec-
KOHE4YHO yOpiBalomei reoMerpudeckoil nmporpeccud. Ilyers &, b,
ws b, ... — BeckoHeyHO yOpIBalOIlasg reoMeTpuyeckad mporpec-
cHst. /st CyMMBE S, TIEPBBIX /1 WIEHOB TOH TIPOTPECCHU MMEEeM:
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S, = b
§,=b,+ b4g
S, = b, + bqg+ b

...............

S =b+bqg+bgd+ . +bgl

Onpenenenne 4. Cymmodld beckoneuno yobiearoued ceomempuvec-

- ] o e-

Kod npozpeccut HAZKIBAETCS Npeles (ecii oH cymwec rByeT) nocn g
DOBaTeLHOCTH {S } CyMM ITEPBBIX 1 YICHOB ITOW [pPOrpeccu

MPH A—3teo. 1 ]
PaccMOTpHM YUCNOBYIO TIOCAENOBATENABHOCTD ¢ OOUIUM Wwie

HoM S M3secTHO, yTo
S = b(l-¢")
" I___q .
Taxk xak nocfefoBaTeNbHOCTE {¢'}, ne N, toc |¢l < 1, CBOANTCS K
HYJIIO NPW A=, TO IS ¢yMMBL § GeckoHeyHo yORrBalomei reo-
METPUYECKOH IPOrpecCHH UMEEM:

tim B (1-¢")
. . bl(lmqﬂ)=,,__..,m - b ]
§=lim$, = lim = lim(-q)  -¢
H—yo

Taxum ofpa3oM, cCyMMa DeCKOHEYHO YOBIBAKOIIEH reoMeTpH-
YECKOH IMpOTPeccHM BbIYHCIAETCH M0 opMyie
s=20
I-g
Ll + l + +L +
[Mpumep 14. Buiuvcaurs 5+Z Y

Peuwrenue. JanHoe BRIpAXKEHWE TIPERCTaBAsIeT COBOH CyMMY
fOeckoHeYHO YObIBaOLIell reoMeTpHYECKO NPOTpeccHd, B KOTO

5 I = . 4 CYMMa paBHa
poii b,=5.q-«2—.1'103romy 3Ta Ccy p

1
5:...2.I_=
'

Mpumep 135. Mepuonnueckyo apoeds 1,27(3) npeodbpazosarhb

B OOBIKHOBEHHYIO ZpO0b. N
Peure nue. 3anuuesm ApoOsL B CREAYIOIEM BUIE!

1,27(3) = 1,27333... = 1,27 + 0,003 + 0,0003 + 0,00003 + ...

Jot | =
b | e
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CymmMa 0,003 + 0,0003 + 0,00003 + ... npencrasaseT co6oij
CYMMY GeCKOHeYHO YGHIBAIOLLEl FeOMETPHYECKOM NIporpeccHH, B
KoTopoii b, = 0,003, ¢ = 0,1. Hcuonsys gopmysry CYMMBI §ecKo-
HEYHO YORIBalOHICH reoMeTpUdecKoit NIPOTPeCCHH, TONYYHM

3
_1 27,1000 427 . 1 382 191
b7 =G+ = i 5 = 305 = 133 -
10

@] Bonpocwt 1 sananus

L. laTe onpenenenue mipeaena Wucopoi NOCTIENOBATENbHOCTH,

2. lokasats, 4To cxoadmanca Yyiconas NOCNCHOBATEMEHOCTE HMEET
CAHHCTBEHHLIN Npenes.

3. Onpenenuts onepaunn Han NOCTENOBaTEIbHOCTAME. OOBACHUTD
Ha TIpHMCEpE, KaK obpa3veTca IpoH3BencHue ABYX YHCIOBBIX T10-
CASTOBATC/ILHOCTEIA.

4. late onpenenenme GeckoHeYHo Majioi BE/THYHHBI,

5. [lepeuncnnTs cBolicTBa GecKoHeYHo MAaTBiX BETWYHH. JlokazaTh
OOHO M3 CBOJCTBE,

6. Chopmymiposats TEOPEMEI O MpefeNax CXOAAIUUXCS YHCTOBBIX
TIOCHEAOBATCIBHOCTCH.

7. Nokasare, 4T0 cymma ABYX CXOHAIUMXCA MOCTEAOBATEABHOCTEH
TOXE CXOMHTCS,

8. Jokasars, yTo Mpon3IBeacHIe ABYX CXONAIIUXCH NOCTEIOBATE M-
HOCTeH TOXe CXOOWTCH.

9. CchopmynposaTs YC/IOBME, MPH BBLIMOAHEHUM KOTOPOTO 4acTHOE
JABYX YHC/IOBRIX HOCHCHOB&TBHBHOCTGH CXOOUTCS.

Ynpaxuenus

Hokxasate no onpeaenexmo (1—4):

1. timL -9, 2 im 2 i 2o
Heoo H+2 H=ee M A=pee A1
. Sn+l 5 . 3-dp 2
. lim ==, . ==
3 }l‘.'—-be-a -2 9 4 ;1421: 6n+l 3
1 n-1
8. Hatith lim ——) .
H—se 2
. 2 . n
« BBIYUCIHTD: lim 2% N 6) lim
6. Bhryiic a) Jm ) lim

P +dn
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2

. 2n+1 1

7. Hokasath, 4To lim —m—v = .
A noe 2pt-n+d 2

8. HaiiTu cyMMy GecKOHe4HO yOBIBalOWEH reoMeTpuyeckon
NPOTPECCHH, ECITUL

23, N 1. o5 3

a)bl"§3q_‘za ﬁ)bl“laq“za B)b2—3,Q—4.

0. B fecKOHEYHO YOBIBAWOLIEH TEOMETPHUYECKON NPOTpecCcHi
b+ b,=12u S = 12,5. HaiiTn 3MaMeHaTe b ¢ M NepBhii

YjieH b, 5TOH MPOTPECCUN.
10. [IpeoGpa3oBaTh B OOBHIKHOBEHHYIO Jpo0h:
a) 0,(13); 6) 0,10(31); B) 0,3(41), r) 10,0003).
f &

X @, —s,
11. Haiiti cyMMy TeOMETPHHECKOR IPOTPECCHR &, g g -

rae a = 0.

12. HaiiTi yciioBHs, NPH KOTOPBIX HUXKeCTEAYIOWHe [OCACIOBA~
TeNBPHOCTH GYAYyT 6eCKOHEYHO YOBIBAIOIWUMH TCOMCTPHYCCKH-
mu nporpeccusMi. Halith Takke CyMMYy 3THX MpOTPecCHi:

lex (%P (%)

a) 1+x),0+x)% 0+x’ .5 6 —> bl R
\}'2n2+2—\1'n2+3

13. BoruuciauTs npegena: lim
H

. -1
14. Boiaucauts mpegen: lim (Lz + % +.t "7-)
"

BeruucauTh npeaenst (15—20):

. 2% +n-1 143437443
. |
15. !:I_To(n+l)+(n+2)+..,+(n+n—])+2n 16. nl—l>]l 1-9%

1+5+52+.”+5ﬂ—| 18 lim 3“'2+3ﬂ+??6

17. lim Iy FE—
§2n e 1430420

=y -

aﬂ' _a—ﬂ
—f

19, lim

H—ye a”+a ’ la‘ g l

20, lim %(l +2+..+n)

H—ee |
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YnpaxHeHus LA NOBTOPeHHs!

1. Ileperiii yren apudmMernyeckoli nporpeccuu paBeH 1, a pas-
HOCTb NPOTPECCHM PaBHA 4. Asnsetca au uncno 10091 une-
HOM 3ToH MporpeccHu?

2. CKONBKO HMEeTCSt BY3HAYHBIX HATYPANbHBIX Yypcen, KpaTHHIX 772

3. HpOH:iBeIleHHC BTOPOTr0 W NBEHAALIATOIO WIEHOB apH(pMeTH-
UECKOH MPOrpecCHH paBHO |, a IPOU3BENEeHNE YETBEPTOTO M
AECATOTO WIEHOB 3TOM Xe NpOrpeccHy pasHo b. HaiiTu cemlb-
MOH YjieH 3TOH NMpOTPeccHu.

4, CyMMa KBAApaToOB MATOTO W OAMHHAIUATOrO YIEHOB aprMe-
THYECKOH MPOrpecCHM paBHA 3, a NPOU3BeI€HHE BTOPOTO H
YCTBIDHAALIATOTO WICHOB 3TOM XXe MPOrpeccHy paBHO k. HailTu
NPOU3BEACHHUE MEPBOTO M MATHAALATOrO YieHOB NMPOTPECCUH.

5. CymMa KBagpaTOB 4e€TBEPTOro M JECATOro YWICHOB apudme-
THYECKOH NMPOTPECCHM paBHa b, a cyMMa KBaipaToB MATOTO M
ACBATOro 4ICHOB 3TOH Xe mporpeccuu paeHa 1. QnpemenuTsb

NMPOU3BEASHUE BTOPOrO M JABEHAN
IaTOro YJNEHOB 3TO -
IPECCUH. f mpo

6. Halitn 3nameHaTens GeckoHewHo y6blBalowLIeil reoMeTpRYuec-

KON NMPOrpecCHH, eCIu ee CyMMa B TpH pasa 6oJbliue CYMMBI
Tpex €€ MEpBBIX WICHOB.

7. CymMa 6eckoHeyHO yOBIBaIOILEH TeOMeTpUYeCKOl nporpec-
CHH paBHa 3,5, a cyMMa KBAJPaTOB WIEHOB 3TOH Ke Mporpec-
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CHH paBHA —. Haiitu cymmy Ky6oB wieHOB 3T0ii nporpecch.

8. Pa3sHOCTD M¢XAY BTOPBIM M LIECTHIM WIEHAMH GeCKOHEYHO

yOBIBAIOILEH TEOMETPHYECKON NMPOrpeccHM paBHa i\/— a pas-
9 7

HOCTE MeXAY YETBEPTBIM M BOCBEMBIM YACHAMM 3TOK Xe npo-

8
IrpecCHH -
p paBHa 7. Haiitn oTHOWeHWe cyMmBl KBagpaToB

YWIECHOB MPOTPecCHM K CYMME KyGOB WICHOB 3TOl Nporpeccun

9. CymMma GecKOHeUHO yOBIBAKOINEN TeOMETPUYECKOM nporpec-

CWH paBHa 243, a cyMMa ee MepBBIX NATH YIEHOB paBHa 275
Haiitu nporpeccuo, .

10. TTonbaysach TeopeMoil 0 Hpedene CyMMel OBYX CXONALIHXCS
TIOCAEN0BATEIBHOCTE N, I0KA3aTh, UTO:
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1.

12.

14.

16.

18.

20.

21.

23.

H=de

Tloab3yAch TeopeMofi © TPEAene NPOUIBEACHHS IBYX CXOMA-

i 1 ’ -1 =0.
a) lim [:?+223n1] -2, ) },‘_‘3},[(5) +;'2__f]

NIHUXCH HOCJICJIOB&TeﬂbHOCTGﬁ, noKa3arh, 4TO:

2) },‘_‘,2 7 (n +3)

Hairtu npegenst (12—24):

(2n+1)(n-3)

l - (RD(n+d)

lim SHS—n’ +1
now  2=3n

. 3M(n=-2)*
Lm W .

n—poe

nsinn
lim .
p=see  J +1

'
llm—i-—-, e n'=1-2....

y—es (H+1) -1

. (n+He(ne)!
}:1-131 (n+d)t
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(l+5n3)(1—n+n2) =5

13.

15.

17.

19.

(n-

22.

24.

o) tim{15+z)(555) =15

5p°-

hm—1—-
noe H*+6

lim (n+3 )2
H—poe 5!12- +] '
“3p+(-1y .
P 4n—-( -
3n+l+4n+l

lim —————
pobee 344"

1)-n 1!=1 neN.

]
. -1
lim 3

R 3"+l

1imi2(1+2+3+...+n).
LEL )

T'TABA XII

MPEAENX OYHKIIUN
N HEIPEPBIBHOCTH

§ 1. TNpenes dpynxuun

1. OxpectrocTh ToukH. HavuHem u3syyeHue cBOicTB PYHKIMH
BONH3M HeKoTOpoil Touku. g 3TOro cHauaja BBeNeM MOHATHE
OKpecTHOCTH ToukM. Ilycte & > 0.

Onpenenenne 1. Oxpecmrocmero mouku x Ha YHCIOBOM OCH Ha-
3BIBAETCA MPOH3BOJBHBIA HHTEPBAN (X — €, X + £), CONepXalrni
a1y Touky. IIpy 3TOM YMCNO € HA3LIBAIOT paduycom oKpecmHocmy,
a TOUKY X — HEHMIPOM OKPECIHOCMI.

IS AV AL AV A0 A A—
X—e X x+e

Kaxknada Touxka yncnoBoli oCH HMeeT GECKOHEYHO MHOIO OKpe-
cTHOCTeH. JIeTKO MOHATH, YTO TiepeceuyeHHe U obpeduHee ABYX
OKPECTHOCTEH TOUKH TaKXe ABNALTCH OKPECTHOCTBIO 3TOI TOUKM.

Mpumep 1.(2—0,1; 2+ 0, (2 —0,01; 2 +0,01) =

={2-0,0L; 2 +0,01);

C—-052+01D0u(2-001;2+00D=(2-0,1;2+0,1).

Janee NMOSCHHUM Ha NipuMepe HMOHATHE «CBOHCTBO (DYHKIHUM
BGAHU3H HEKOTOPOI TOUKM>.

IMpumep 2. Nyery aana ¢$yHK- Ya
uHa y = —~(x — 1)? + 4. HapucyeM ee

rpaduk. [To rpaduky MOXHO cKa- 41

1 1
3aTh, YTO B OKPECTHOCTH (1-5; l+5) /

TOYKH x = | GYHKUHA NMpHHUMAET
MOJOXUTENAbHBIE 3HAaYeHUs. B 3ToH 1 f 3 >
OKPECTHOCTM 3HAYEHHSA (PYHKUUH / \
«ONH3KU» K ¥ = 4.

Onpepencnne 2. BygeM roBOpHUTh, YTO HEKOTOPOE CBOMCTBO
(QYHKUMUHU BBIMONHACTCH 804U3H MOMKU @, €CJIU CYIIECTBYET Takas
OKpPECTHOCTE 3TOM TOYKH, YTO YKa3aHHOE CBOWCTBO CIPABELHBO
LUISL BCEX, OTAHYHEIX OT 4, TOYEK M3 3TOH OKPECTHOCTH.
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Hanpumep, nyethb f(x) > 0 A1 BCeX X& (a—¢c,ateg),xza
310 03HAYAET, YTO BOMM3M TOUKH X = g QYHKUMA y = f(x) nipu-
HHMaeT MOJoXKUTENbHbE 3HAUeHHA U, TO Xe CaMoe, dyHKUHA

TMOJIOKUTENBHA BOJIU3H TOUKH X = 4.

2. IIpenen yHxonu B TOUKE. JdanuMm ompelae/icHHe Npejaeia
(PYHKLNH, KOria e¢ apryMmeHTsl npudANKaATCH K HEKOTOPOH
touke @ {(mumyr x—a). [lycts 3anaHa dyskuua y = f(x) ¢ obnac-
IO ompedenenud D.

Onpenenenne 3. Yucio b HasHIBACTCH npederom yuxuu y = f(%)
npu x—a, eCNH Ald no6oro € > O cyllecrsyer yncao d> 0 Takoe,
yTO W3 BbINONHEHHS HepaBeHCTB 0 < [x — al < 3, xe D cnepyer

CIIPaBeUIMBOCTh HEPABCHCTRA ) — b <=
JpyraMu cHoBaMM, YMCIO b HaspIBaeTCA npedesom QYHKUUU
y= f(x) npu x—a, eCnu 41 nwo6oro € > 0 BOAN3IH TOYKU @ BbI-

ToaHseTcs HepaBeHCTBO |f(x) — 8] < &
B atoM cnyyae mnuyt: lim f(x)=»b.
X =T

MpuMep 3. Jokazarh, 4TO lin}(4x -1)=3.
X—=
HepaseHetso |[(4x — 1) — 3)| < & BLIMONHSAETCS, SCNH Mx — 4| < e

M | x-1}< % MonoxuMm, &= % Toraa noaydaeM cleayioliee:

ang modoro > 0 cymecTpyer &> 0 (a UIMeHHO, &= %), 4TO M3
0 <|x — 1] < 8 cneayeT HEPABEHCTBO l4x — 1) — 3| < &. DO H 03-
Ha4aeT, YTo lin}(4x— D=3.

xX=

Mpumep 4. Haittu npefen GyHKUnH y = x* mpu x—2.
Pemenue. [TokaxeM, YTO HCKOMBIH TIpEICH paBeH 4. Neti-

creuTenbHO, 2 — 4= pr— 2| - [x + 2|, rae 0 <Jx — 2| < §. Orcrona
27— 5<x<2+dup+2<4+3d. 3uauuT, 2 — 4] < 8(4 + 3).
MosToMy HEpaBEHCTBO |x2 — 4] < & O6yaeT BHIMOAHATHCSA, €C/IU
5(4 + 8) = £. PeuiMB 3T0 ypaBH¢HHE OTHOCUTCILHO 5, MOJYIHM
§ = —2 + 4 + ¢. Takum obpasoM, Ans modoro £ > 0 CylIeCTBYET
qucno & > 0 (a uMeHHO, §=-2+ J4 + €), 4T0 U3 BLIMOTHEHHA
nepaseHcTs 0 < |x — 2| < & BBITeKAaeT HEPABEHCTBO Ix2 — 4| < &

CegoBaTenbHo, lim x> =4.
x=2

3. Onnocroponune mpexenst. Ecnn a1 juoboro € > 0 cyuIecTByeT
qico & > 0 TaKoe, 9TO W3 BHITOMHEHHA HEPABEHCTB [x — al < 8,
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x>
a, xe D crenyer cnpaBefMBOCTh HepaBeHCTEA fFx) — b <e
3

TO YHCIO b HaskiBaeTcs
npedesom Pyu =
st Pyuxyuu y = f(x) npu cmpemie-

B > c i
TOM CJIy4ae HHINYT: xl_l)l;l;l_o S =b vmaf(a + 0) = .

TaKOA:a.:;);HI::(;, eCIU A Joboro € > 0 cylecTsyeT yucno § > 0
cneﬂyéT Tous BIOMHEHHST HEPABEHCTR |x ~ g < 3, x < a, xeD
cremyer ¢ P a}iJ/'IIHBOCTB HepaBeHCTBa [f(x) — B < ¢, TO uHCcHO b

51 npedeaom @yukuuu y = f(x) npu CIpeMAeHUY X K @ creed.

B srom cn co i
y4ae MUIIYT: xl-lglo SX)=b wwm f(a — 0) = p. Ilpe-

Aefbl QYHKUHH IpH
X—a CIpaBa WIH clie
CHIOPOHHIMU npedeaami, %% HasHBaioTet odwo-

O™
Doni, eHTHM, 41O CY]J.[C“CTByIOT $OYHKUHN, ¥ KOTOPEX OAHOCTO-
Pedensl (NeBBI M NMpaBbIi) He COBNAZAIOT

x, xz0,

MMpumep 5. a =
) byuknusa y = L x<p TPH x—0 umeer

cnejé};wu.me OAHOCTOPOHHME Tpenensl: f(0 + 0) = 0, f(0 — =1
- GYHKINA y = 3x HpH x—2 uMeer OIHOCTOPOHHME :
SR+ 0=6,12-0) =6 apene:
1
B) byHKuMg y=2* g
pr x—0 He MMeeT npaBocTo
npenena (f(0 + 0) = +e). B 10 xe B . .
paBeH mHymo (f(0 — 0) = ().

g).nl'lpene.n dynKuMn Ha eckoseanocTy.
, =f(xl;e::;;lirﬂf)e+: Yucno b nasmBaercy npederom dynxyuu
PRl » €CIIM A7TA J11060T0 £ > 0 cywecTBYeT 4Hcno
» 9TO NPH BCEX X > M BHITOJNHSAETCS HepPABEHCTBO

[f(x) — & < &. B Takom cnyyae mamyT: lim f(x) =5

PeMs ACBOCTOPOHHMI nipenen

AHANOTHYHO OMpenensaeTcs nperest GYHKUUH OPH X — ~oo

On
, =f(x[;e;1e;1eﬂue 5. Yucno b HaspiBaeTcH npedesom dynxuyuu
AN ffoex_) —°2, €CIIH U1 MoBoro e > § cyliecTByeT YHeIo
» 9TO IIpH Beex x < M BHITONHAETCS HepaBeHCTBO

[f(x) — 8 < &. B 3ToM cnyuae mamyt: lim f(x) = 5

Ipumep 6. Jokasats, uro lim L:O.

X—vtoe fy
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! 0 MOMHAEeTCHa, eCi X > 12. Io-
HepapeHcTBO il <€ BH , -
2
JIOXUM, M = (l) . Torma #icHO, 4TO AN JIOGOro € > 0 cyiecTsyeT
E

2
1 Beex x > M
M= (-] } Takoe, 4TO fpH
yucno M > 0 (a MMEHHO, "

! elene-
BHITIOJIHSiETCA HEPABEHCTBO ’E - 0\ < €. 3HAYUuT, 10 OMpel

. 1
HMio uMeeM: lim —=0.
K—rdoe J}
TlpepnaraeM YUTATEN® CAMOCTOATEIIBHO AokaszaTrh, 4TO
. 1
lim —==10.
xo=e Yx

Onpeaenensie 6. Unucno b Ha3bBAETCA npederom qbyuxuug
y =f(x) npu x -, €CAH ANA nmodoro £ > ¢ cylecTByeT qncno
M > 0 Takoe, 4To mpH Beex |x| > M BHIMONHAETCS HEPABEHCTE

[F(x) — | < & B TakoM caydae mawyT: lim fix)=b.

5. Beckoneaso Mananie QYHKUAH NPH X — 2.
Onpepeneane 7. OyHKUuA ¥ = £(x) Ha3bIBaeTCA HECKOHEHUHO

MAnol ynxuuel npu x — o, €CIU )1,1_1.11 f(xy=0.

= HO
Jpyrumu ciroaMu, byHKuua y = f(x) Ha3LIBACTCA 6ec;c¢:lu:;:ﬂo
Manoll Qyuxyued npu x —» oo, CCIU LA ve > 0 cylmiecTBye oo
M > 0 takoe. uTo ansi BceX |x| > M BBIMOJHACTCS HEPABCHC
;]

[Fx) < e

H p . 3

KA TIPU X - oo

\/g \JIE

1
= e, UTO TIPH BCEX
WECTByeT yieao M > 0 (a HMEHHO, M 7:) TAKO p

< £. 910 03HA4aeT, 4Ty

I > M BeinonHseTCA HEPABEHCTBO |5
. 1
X=X
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Hampumep, eciu ¢ = '10% , TO caeayer B3sitb M = 10410 . Tor-

<L
1000 -

Mpumep 8. Jokasars, 4T0 2 — GECKOHEYHO MANas ¢PyHK-
UHA TIPH X — +oo.

PerrnM HepaBenctso (27 < e. UMeem log,27* < log,e. Otclona
1
—x < log,e, unu x > log, - Takum obpasom, |27 < ¢, ecnu

ma npu Beex |xl > 10410 Bpimonusetcs HEPABEHCTBO

x2

1
x>logzg,

1
Hanpumep, ecnu ¢ = 735> TO B KauecTse M MOXHO B34TH YHC-

7o log, + = 7. Torma npu x > 7 umeem 127%| < -1

- 128°
128

6. CBojicTBa GeCKOHEYHO MANbIX QYHKIHMI NpH X — .

I°. Ilyctb y =f(x) — GecKoHeuHo Manasg GYHKLUKS TIPU X — o
M anda Beex (x| > M, rme M > 0 phimonHAETCH HEPABEHCTBO
lg(x)) < |f(x)|. Torna y = g(x) sBAgeTCH GECKOHEYHO MO PyHK-
OHEN TIPH X — oo,

2°. Ecmn y =f(x) u y =g(x) — GeCKOHEUHO MANEIE bYHKUHH
IPH X — o, TO GYHKEHA y = f(X) - g(x) ABASETCA GECKOHEYHO Ma-
ACH MpU X — oo,

3°. CyMMa 6eCKOHEYHO MABIX GYHKUMIL MPH X — co SBIFETCS
BeckoHewHO Manoil dyHxuMed npH x —> .

4°. Ecmn y =f(x) — GecKoHeyHo Manas GbyHKLus MPH X — oo
W @ — HEKOTOpOe NeHCTBHUTEIbHOE YHCHO, TO ¥ = a - f(x) SBis-
eTcsd BeCKOHEeUHO Manoi byHKUMed NMpH x — .

NMoxkaxem, Hampumep, ceoiicteo 1°. TTo VCIOBHIO Ve > 0 cyirge-
CTBYET IIOIOXUTENRHOE YHCIO M, Takoe, 4To And Beex |x| > M,
MMEET MECTO HepaBeHCTBO [f(x)| < e. IMycts M, = max{M, M,}. Tax
Kak |g(x)| < [f(x)| mpu | x| > M|, To npu 9THX Xe 3HAYECHHUAX X BEH-

MOMHAETCA HEPABEHCTBO g(x)| < €. DT0 03Hayaer, 4To lim g{x)=0,
K—pom

T. 8. ¥ = g(x) — GeCKOHeYHO Manasi QYHKIMS MPH x — oo

[ 0Ka3aTeNbCTBO OCTANBHBIX CBOWCTE OCTABJISIEM YHTATENIO B
Ka4yecTBe YIPaXHEHHS.

Tak xe Kak GBUIO BBEAEHO OMpeAciieHne 6ECKOHEYHO MATOMH
GYHKLUMK TIDH X — o, MOXHO BBECTH ONpeleNicHde BGECKOHETHO
MaIOA QYHKIMK NPH X — g, TIe @ — HEKOTOPOe YHCIO.
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Ounpeaenenue 8. OyHKUUA y =f(x) Ha3BIBAETCA OeckOHEHHO

mason gyrxyueld npu X — a, ecau lim f(x) =0
X—=a

Jng GeckKOHEUHO MaJbIX (PYHKIHUA NMPH X — ¢ HMEKOT MECTO
CBOHCTBA, aHAIOTHYHBIE CBOMCTBAM OECKOHEYHO MAajiblX (PYHKUHH
MpU X —> oo,

7. CpoiicTea npeneaa GyHKUHA B TO4Yke, PaccMOTpHM Termeph
cBolicTBa rnpefena ¢yHKUHU B Touke. [lycth y =f(x) — 3amaHHasg
dyHkIUsa ¢ obnacTeio onpeneneHud D,

1) ®yukuud y =f(x) He MOXeT HMETh ABa Pa3NHYHBIX Ipeje-
JIa MpY X > a.

HoxkaszaTeabctTBo. Hpeanonoxum, uto lim f(x)=c H
xX=q

lim f(x)=56, npudyem b # c¢. Toroa mo ONpeAeNeHNIO, 11d

X=a

£ < # cyurecTByeT 8 > 0 Takoe, uto mns Beex x, 0 <|x — 4} < §,

xe D BHIMOJHSIOTCA HEPaBEeHCTBA:

[F) — bl <e n [fx) —d=lc—flx)<e
UmeeM p—d=f) — b+ c—Ff)| <[f(x) — bl + |c —fx) < e+e
OTKyza cnenyer y < ¢. [lonydeHHOE MPOTHBOPEUHE C HEPABEH-

CTBOM ¢ < Ib_zgl MIOKA3BIBAET, YTO TIpeaen (pYHKUMH TOJKeH OBITh

€AMHCTBECHHBIM.

2) Ecau pyHxuus y =f(x) uMeeT npesneya fpu x — g, 10 Cy-
LIECTBYET OKPECTHOCTh TOUKU @, B KOTOpoH (yHKIMS y = f(x) or-
paHU4YeHA.

HoxazaTenbcTBo. Ilycrs lim f(x) = b. Torma mus 1:060-
X=a

ro ¢ > O cymectsyer & > 0 Takoe, 4ro aag Beex x, 0 < |x — g < 3,
xe D BrinonaHseTca HepaBeHCTBO [f{x) — b < &. OTcloma HMeeM
b — e < fix) < b + e 3Hauur, pyHKIUA y =f(x) orpaHMYeHa B
3 — OKpecTHOCTH TOUKH 4.

3) Oyers lim f(x) =56, rae b = 0. Toraa naiigerca oxpect-
K=

HOCTb TOYKH ¢, B KOTOpOH 3HAaK ()YHKUHH COBMAJAeT CO 3HAKOM
ypcna b.

NMokasareanwrcTro. IIyeTs ans onpenencHHocTH b > 0.
Toraa ans nwdoro £ > 0, B 4aCcTHOCTH, § < £ < b, cyllecTByeT
8> 0, uyro ma Beex x, 0 <Ix — 4| < 8, xe D BHNOAHSAETCS HEPABEH-

158

180 [f(x) — b| < ¢. [IpennonoXKHM, 9TO B HEKOTOPOII TOUKE X, U3
YKa3aHHOH OKPECTHOCTH BBINOJHAETCS HEPABEHCTBO f {x,) < 0.
Torna [f(x,) — b = . D10 npoTMBOpeunT BEIGOPY €. CnenosaTenb-
HO, 114 Bcex x, 0 <l|x — a| < 8§, xe D BHNONAHsIETCH HEpPAaBeHCTBO
fix) > 0, 1. e t’pyHKuHﬂ HMEET TOT K& 3HAK, YTO H 4YHUCHO b.

l:lpe,unaraem YUTATENIO CAMOCTOATENBHO NOKA3aTh ClENyolHe
CBOMCTRA Ipegena,

4} TTyctb }‘1_12 S{x) = b H cyluecTByeT OKpECTHOCTL TOUYKH 4, B KO-
TOpO#i BBHIOJHAIOTCA HEPABEHCTBA f(x) < g(x) < b wm b < g(x) < f(x).

Torna lim g(x)y=».

5) HYCT}:. GYHKUMA ¥ = f(x) 1 y = g(x) uMeloT npemensl 1107
x—q. Torma:

a) ilﬂ(f (x) + g(x)) = lim f(x) + Jl‘i_lg &(x);
6) Ll_l;l"li F(x)-g(x) = Ll_l};l? Sfix)- !cm} £{(x), B YACTHOCTH,
li_rgc-f(x) = c-Limf(x}.

6) Ilycte !gr; S(x)=b,lim g{x) = ¢, rae c=0. Torna

xoa &(X) 11m &x) ¢

Mpumep 9. Burumcnuts mpegen Lim(x? —4x +1).
a—d
Pemenne. Ucnonbsya cBoiicTBa npegena, HMeem

li_l}}(xz—4x+l)=lin}x2—lin}4x+lin‘111=l6—16+l=1.

xt2x3 41

Npumep 10. Buuucaure lim 5

x=- x +5I+3

P P
Pemenne. Jim 2 X2+ o 2x ) _ 21

x—-1 x245x+3  lim (x +5x+3) (- 1)2+5(—1)+3

X1

e ke Bl
Hpumep 11. Beruvcaurs lim —7—x2_6x+5
x=5 x°- ’



PemeHHe. 3aech CBOHCTBO 6) HEMbL3A HEINOCPEACTBEHHO
NPUMEHHMTE, TTOCKOJILKY MPHU X—5 Ipedes 3HAMEHATeIs ApooH
paBeH Hya©0. [N TOro 4ro6B MOXHO OBUIO BOCMONb30BATHCS
CBOMCTBOM 6), pa3sNOXHM YHCIUTENb M 3HAMEHATEb Ha MHOXH-
TENH H YIPOCTHM BbipaXeHHMe:

xi-6x+5 _ (x-(x-5) _ x-1
x2-25  (x4+5)(x=5)  x+5°

Temepb, IPUMEHSS CBOKCTBO 6), MOMy4aeM

. x_6x+5 ..
lim=———— = lim ~— =
x=35 x°=25 x—=5 X+ 10
8. BeckoneuHo Goapmne pynkunn nph x — a. [IycTh cHOBa
y =f(x) — 3ananHas ¢yHKUMA ¢ obMacThio onpenenenms D.
Onpenenenne 9. y =f(x) Ha3LIBaeTCH feckoreuno Gonvuol gyn-
Kytield npu X — a, eCU A4 AOO0r0 MOTOXUTSABHOTO YHCIA M
CYLIECTBYET MOJOXHTENBHOE YHMCNO 8 TaKoe, 4TO MpPH BCEX X,
YIOBAETBOPSIOIMX yeaoBuaM 0 < |x — 4l < §, xe D, BHIOAHSAETCA
HepaBeHCTBo |/ (x)| > M.

B rakom chaydae muuiyr: lim f(x) =ee.
X=q

CBs3b Mexay GecKOHeYHO GOIbIIMMH (DYHKUMAMH TIPH X — 4
H §eCKOHEeYHO MAJBIMH (PYHKUUAMH IPH X ~> ¢ YCTAHABIUBAETCA
cIeayoed TeopeMoii.

Teopema. Pyuxuusa y =f(x) — 6ecKOHEYHO §onblllas MpH

1
X — a TOrga H TOJbKO TOrAa, Koria ClJYHKHHH y= ﬁ ABNACTCA

GecKOHeUYHO Manoi NIpH X — 4.

Hoka3zaTeldbcTBO. [Tycth y =f(x) — BecKOHEeYHO 6OIb-
was GyHKUMA OpH x — ¢. [To onpenenenuio, ms nwboro M > 0
cyuecTsyeT 8 > 0 takoe, 4to npu 0 < |x — g| <8, xe D BBIMONHA-
eTCs HEpaBeHCTBO f (x)| > M.

Toraoa mra moboro £ > 0 MOXHO mogobpaTs Takoe M (a UMeH-

1
HO, M = E)’ yro npu 0 < {x — g < 8, xe D BHNONHsETCS HEPaBeH-

1 1 1
CTBO |—| <« —, WIH —| < £. HO onpenencHHKy 2T0 O3IHAYAET
f(x)| M’ (%) pea ’
1 .
y10 QYHKLHA ¥ = o aBnsercd 6eCKOHEUHO Maloi npu x — 4.

O6GpaTHOe YTBEDXKIEHHE JOKA3bIBAeTC AHATOTHYHBIM OGpPa3oM.
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IMpumep 12. Oyukuua y =

)] — 6eckoHeyHo Oosbiasg

OpH x — 4, TaK KaKk GyHKIUA ¥y = (x — 4)? gBnsgeTcsa GeCKOHEUHO
Majoit pu x — 4.

OTMeTHM TakXe, 4TO B Ciyyae, KOTAa IS MOGGOro MOJIOXH-
TENbHOTO YHcAa M CyllecTBYeT MONOXHTENBHOS YHCAO § TaKOe,

yro u3 0 <[x — o <38, xe D cnemyer f(x) > M, mauryt lim f(x) = +oo.

Ecin xe anga moboro oTpuuaTeasHOro yucaa M cyliectsyet
NOJICKUTENbHOE YHCAO 3 Takoe, yto mpu 0 < |x — 4| < §, xe D BHI-

IIOJTHACTCA HepaBeHCTBO f(x) < M, muiyr lim f{x) = —oo .
X=rad

MpuMep 13. limL=oo, lim-L =40, lim=l=
x=0 X x=0 x x—»O? ’

@f Bonpochl H 3a7anus

1. O6BACHHTD NMOHsTHE «CBOMCTBO (DYHKUMM BOIU3M TOUKH».
2. Ilpusecty npumMep GYHKUMH, IS KOTOPOH BHIMIONHACTCS KaKoe-
HHOYIb CBOHCTBO BONMHM3H HEKOTOPOI TOUKU.
3. late onpeseneHne npenena GYHKLMH B TOYKE.
4. IaTh reoMeTprYecKyio HHTEPIIPETALRIC NMPELTa (DYHKIMH B TOUKE.
5. CopMymMpoBaTs ONpeesieHIA OMHOCTOPOHHMUX MPEAETOB (hYHKLIMH.
6. IIpupecTu npuMep GyHKIMM, 111 KOTOPOI OIHOCTOPOHHHE Tpe-
JeNbl B TOUKE paziiyHBbI.
7. date onpenieneHue nipeaena GyHKIUUN PH X — oo,
8. Uto 03HAYacT NOHATHE GECKOHEUHO Masias PYHKLIHS IPH X — oo?
9. CopMymMpOBATB CBOHCTBA GeCKOHEYHO MAON (QyHKIH IPH X — .
10. Kakumu coiicTBamut o6iafaeT npenes PYHKIHH B TOUKe?
11, Jatb onpeneneHne GeckoHeYHO GOMBILON DyHKIIHI NIPH X — a.
12. Kakas cBsI3bk MeXTy GeCKOHEUHO HOMBIUMMY 1 GeCKOHETHO MaThl-
MH QYHKLMSIMEU?

Ynpakuenns

Briuucaurs (1-11):

2
1. lim _X*8 ' 8x%-16x+6
¥-2 X2 +3x+2 2 chl_l’l‘} 3+7x-2x2

3. fim S rvoxl
’ x——1

. 15x3—6x2+15%-6
3x7+3x%43x43 4. lim

xa-1 5x% 2x0 52 0%
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. \/2+6x4 —J2-4x . 3x-¥3
. lim ) 6. lim .
3 x50 x+xt+2x X1 3]x2 +2¥%-3
32 -
7. 2.5x° —x“+2,5x-1 . 8. Lim 4;x+6 xﬁ_
x=04 2,_5x4—x3-2,5x2—1 x=-1 f5+x-2
. L -3
9. IJmM‘ 10. 1 gﬂ
X2 1,‘4x+l—3 x—=1 \,‘5 —2
2
L x+x=12
1. Tim =
BepHbl J4 creayioume cooTHomeHus (12—-15):
2 4
. -12 . x*-16
Cim TS =5+ kim 2
12 x—1 3x2-9 x—2 8-x°
13. lim a2 43+2x - lim 2x2-5x-316
T oxoot x+l x5 4x2-18x-10
3,42
o xT+3xc-4 . x-3
m-——lim <0,
14, %cl—bl xz—l x=3 'ixz—l—Q
3 x+2
. -8 . 216
. lim X - {im =17
15 2 x(x2-4) x4 4*-24
Boiyucnuts (16—25):
2
. X“+5x . 3x
= . 7. lim ==
16. ];gg =3 1 x>l l-x
3 . 3x2-343
.ox7-3x+1 x
42 19, lim ———.
18. Ll_[}lﬂ x4 +2 o3 xtrxt+1
2
20. lim —~ =2, 21, lim(Jx? +2 - Jxt - 2).
a3 x4 x2 4] Xy
22. lim x(¥x* +1 - x). 23. chl_'},,'., x(¥x? +1-x).
X—p—ee

24.
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m (J(x + D{x + 2) — x). 25. lim (J(x + D)(x +3) —x).

X——oa

§ 2. Henpepuishas GpYHKUHSA H €€ CBORCTBA

1. HenpepoiBame ¢pynxumn. Ilycrs 3amana GyHKMT y = f(x) ¢
objacTeio onpedencHua D Ruae D.

Onpepenenne 1. OyHxUUA y = f(x) HA3BIBAETCH HeRPEPbIgHOL 8
mouKke x = d, eClM il_rg J(x)= fla).

Apyrumu croBamu, GyHKUMS ¥ = f(x) Ha3LIBACTCA Henpepbis-
HOU 8 moxKe X = g, €CliM OHa OIpelesicHa B TOI TOUKE M mpeaet
(GYHKUKHU NPU X — @ paBeH 3HAYeHUK GYHKIHM B TOUYKE 4.

OTMEeTHM, YTO NpPH ONMpedecHHH TIpeldena GYHKLHH B TOYKe
He TpeboBaNoch, YTOOH 3Ta TOYKA MpUHaMexana o0JacTH onpe-
DeneHUA DYHKUUH,

ToukH, B KOTOPEIX HAPYLlaeTcs HENpPePHBHOCTE QYHKIIHH,
Ha3bIBAIOTCS MOYKAMY pa3puiea QYHKUUU.

IMpumep 1. Mycts f(x)= ;I:I B rouke x = 1 dyHKIHA He

onpenencHa. ITo3T0My O HENPEPHIBHOCTH B 3TOH TOYKE He MOXET
OBITE U peud. 3HAYUT, TaHHAA PYHKIIHSA HMEET paspbiB B TOUKE
x= 1. B ocTambHHX TOYKaX GYHKIHS HENpepHEHA.

x-1
=5, X# 12,
x“-4
[MIpumep 2. PaccMorpum dyukumio f(x) =)0, x =2,
1, x=-2,
Bra DYHKIHS HEMpepbIBHA BO BCeX TOYKAX MHOXeCTBA Heii-
CTBUTEABHBIX YUceN, KpoMe x = 2 B x = —2, HelcTBUTENbHO,
. ox-1 a1 —
ecliM a # 2 H a #-2, To0 lim — = — = f(a). Ecmm xe a = 2
x—ax -4 g°-4
Wi ¢ = —2, TO He CYILECTBYeT KOHEYHOTO Npejena BhIpaXeHHs
x-1
) NpU X — a@. 3Ha4UT, a = 2 U ¢ = —2 — TOYKH pa3phiBa

JaHHOH QyHKININ.

Pa3pelB BOSHMKAEET H B TEX CMYYasX, KOTHA A QYHKLHH, 3a0aH-
HOM pa3iVYHBIMH BHIpaXeHUAMH (GopMyTaMH) cleBa M CIpaBa
OT paccMaTpuiBaeMoli TOYKM, Tipelenbl CTpaBa ¥ ¢JicBa CYHIecTBy-

x,xz0,

10T, HO He coBriagaior. Hanpumep, dynkuna f(x) = {l x<0

MMeeT pa3peiB B ToOUKe x = 0, moToMy 4TO
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O+ =0=2f0—-0)=1

B ocTajgpHBIX TOYKAX QYHKLMSA ABJIACTCS HENpPEPHIBHOM.

Teopema 1. ITycrs GyHKUEM ¥ = f(X) B y = g(x) HEeMpPepBIBHLL
B Touke x = a. Torna

1°. @yuxuusa y = f{x) + g(x) HeMpepbIBHAa B TOUKE X = a.

2°. OyHKIus y = f(x) - g{x) HeNpepHBHA B TOUKE X = 4.

3°. Ecnu gla) # 0, To pyHKIHA y = % HenpepsiBHA B TOY-
Ke x = a.

4°, Ecnu o — AcHCTBHTENBHOE YMCHO, TO QYHKLIHA ¥ = o * f(X)
HelpepbiBHA B TOYKE X = 4.

5°. @yuKIHA y = (f(x))", ne N HENPephIBHA B TOYKE X = 4.

6°. CnoxHsle GyHKUMH y = f(g(x)) u y = g(f(x)) (ecan oHH
CYILECTBYIOT) HENMpephIBHEI B TOUKE X = 4.

Joxa3aTeNbCTBO BCEX YTBEPXKAECHHH TEOPEMBI ClAeAyeT W3
cBOMCTB npenena GyHKuUH B Touke. JlokaxxeM, HanIpHMeEp, yTBep-
xneHue 3° teopemu 1. Tak kak g(a) = 0, ucnonr3yd CBOHCTBA
npenena GyHKUHH, HMEEM

i F ST i)
x—a E(x) ;lri_ll}:g(x) Z(a)’

OT1CcI00a 10 OOpefeIcHHI0 CAeAYeT HEMPEPHIBHOCTD PYHKLIMM

y:if(—x) B TOYKE X = 4.
&(x)

Teopema 2. Ecau ¢byHKums y = f(x) HENpepLIBHA B TOUKE g H
f(a) # 0, To B6AM3U TOUKM @ 3HAK QYHKIMH COBNAAACT CO 3HAKOM
yucna f(a).

HokaszatenwctBo. IlycTh s onpeneneHHocTH f(a) > 0.
Tlo onpenenenmio and moboro € > 0, B yacTHoctH, ecni O < € < f(a),
cyluecTayeT yueno & > 0 Takoe, yro npH |x — 4 <3, xe D ppmon-
HeTcs HepaBeHCTBo |f(x) — f(a)} < €. TIpeanonoxumM, 4To B He-
KOTOPO# TOUKE X, U3 YKa3aHHOH OKPECTHOCTH TOYKH @ BBINTONHSA-
eTcsi HepaBeHCTBO f(x,) < 0. Torza uMeeM € > if (x)) — f(@)| =2 f(a).
DT0 NPOTHBOPEYHT YCIOBHIO f(a) > €. Clef0BaTENbHO, A% BCeX
xe D, B3ATBHIX M3 OKPECTHOCTH (2 — §; a + 3) TOYKH ¢ BHIIOIHA-
eTcsl HepaBeHCTBO f(x) > 0, T. €. 3HaK GYHKUMH BOJIH3H TOUKH g
COBNMAJaeT co 3HAKOM umncna f{a).

AHATOTHYHO NOKa3BiBaeTcs ciydaii, xorma f(a} < 0.

IMpenocTapasgeM YHTATEI0 CAMOCTOATENRHO JAOKA3aTh CAERYIO-

IIYIO TEOPEMY.
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Teopema 3. IlycTn )Itinz S(x)=5 u limg(x)=0, npuyeM cy-
— XN—3

ecrsyer & > 0 takoe, uro g(x) = 0 mpu yeaosuu 0 < |x — g <38,

Toraa lim ) %,
x—a &(x
. x4l
ITpumep 3. IIokaxeM, 4t0 lim ——— = o . UMeeMm

x4 x2 _6x+8
lin}(xz +D=17, lirr}‘(xz -6x+8)= linl(x—Z)(x—4) =0.

Hcnonn3yd teopeMy 3, monyyaeM tpebyeMoe paBeHCTBO,

2. TeopeMa 0 NPOMEKYTOUHBIX 3HAYCHAAX HENpPepbIBHOH HA OT-
pe3ke {a; b] dbyuxunn.

Onpeaenenue 2. Ecnu GyHKUMA v = f(x) HempepblBHa B KaX-
DOH TOYKE MHOXeCTBAa X, TO OHA HAa3BIBACTCA HEHPEPuEHON HA
MHoxcecmee X.

Pacemorpum ceoficTBa DYHKIME, HETIPEPHIBHOI HA OTpeske [a; b].

ITycTy 3HaYeHMsA GYHKIUH ¥ = f(x) B TOYKaX ¢ U b UMeioT
pasnmuyHHe 3HaKKW, Toraa Touku A(a, f(a)) u B(b, f(b)) rpaduka
$bYHKUHMH pacnoNaraloTcs 1o pasHBIM CTOPOHAM OTHOCHTENBbHO
ocH abcuMce. B sroM cayvae rpaduk HempepbiBHON GyHKUMY
¥ = f(x) Oyner nepecekath ock OX B HEKOTOPOH €€ TOYKE, T.C.
CYIIECTBYET TaKoe 3Ha4Y¢HHe Xe[a, b], uro f(x,) = 0.

Teopema 4. Ilycty Qpynxunsg y = f(x) HenpepblBHa Ha OTpe3-
Ke [a, b] M NpMHMMaeT HAa KOHLAX OTPe3Ka 3HAYCHUA pa3HBbIX
3HaKoB. TOorga cyurecTByeT XoTd 0bl 0gHA TOYKA x,€[a, b] Takas,
uro f(x,) = 0.

Cnencreue 1. Ecmu ¢yHKuust y = f(x) HEOPEPBIBHA Ha OTPE3-
Ke [a, b], TO OHA MPHHMMAET HA 3TOM OTPE3KE MIOO0E 3HAYEHME
Y, 3AKNMIOYEHHOE Mexay f(a) u f(b).

Hoxaszatenbcrpo. [Iycts s onpeaeneHHocTH f(a) < f(b)
H f(a) < y, < f(b). PaccMmoTpuM dyHkmM®© ¥ = (%) — Vo DTa
$yHKUHA HenmpepbBHA Ha oTpe3ke [a, b]. Ha KoHIlax oTpe3ka
(YHKUMA MPHHUMAET 3HAYCHHUA pa3HBIX 3HaKoB. TloaToMy mo Te-
opeMe 4 CYLIECTBYET X, [a, b], yto f (x;) — ¥, = 0. Torma uMeeM
J(x) = ¥,

Cneacteue 2, IlycTe y = f(x) HenpephiBHA Ha oTpeske |a, b] u
He obpalllaeTca B HYNE BHYTPU oTpe3ka. Torna g Bcex xe(a, b)
dyHKIMS y = f(X) HMeeT OAMH U TOT X& 3HAK,

HoxazatenwscTBo. HokaxeMm or nporusHoro. [lycts cy-
WECTBYIOT X, X,€(a, b) Takue, 910 f(x)) - f(x,) <0, T. €. flx)n
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Sf{x,) mmeoT pasHble 3HaKH. Torga no teopemMe 4 CyIIeCTBYET TOY-
Ka x,e[x,, x,] Taxas, 4yro f(x,) = 0. DT0 MPOTHBOPEUHT YCIOBHIO
CAEeNCTBHA 2.

OTMETHM TaKXe, 4YTO €ClNH B YCIOBHAX TeopeMHl 4 GyHKUHA
y = f{x) MOHOTOHHA, TO OHA Ha OTpe3Ke [a, b] NpHHHUMaeET 3HaYe-
HHe HYAb TOJIBKO OOHH pas.

NMpumep 4. Haiitu npubamxeHHOe 3HAYEHUE KODHA YPaB-
HeHHa x* — 3x + 1 =0.

PeuteHue. Oyukuus x° — 3x + | aBasgercd HeNpepbIBHOMN.
Jerko nposeputh, uto f(0) = 1 > 0 u f(1) = —1 < 0. 3Ha4ur, Ko-
peHb JaHHOTO YpaBHEHHS NeXHT Ha oTpeske [0, 1]. Pasaenum or-
pe3ok [0, 1] Ha mecarb paBHBIX YacTeM:

0 010203 09 1

BriuncanM Teneps 3HaYeHWs1 GYHKLMH BO BCeX TOYKAX Aene-
Hud. Tak kak £(0,3) = 0,127 u £(0,4) = —0,136, T0 KOpeHb ypaBHe-
HHA NeXHT Ha orpeske [0,3; 0,4]. [losToMy B KadyecTse NMpHONH-
KEHHOIO 3HAYeHHMA KOPHA MOXHO B3ATb, HalpUMEpP, YHUCIO
¥ = 0,3+0,4 =0,35.

2

3. 3aMeuarenbHble Mpeaebl.

Teopema 5 (mepsuiil 3aMeuaTenbHbl Npenen). Mmeer mMecto pa-
B&HCTBO

. Sina
lim =1.
a={ o

va HJokasaTenbcTBo. PaccMmor-
B pHUM eIMHUYHBEIHA Kpyr. [lpenno-

JIOXKM, 4TO YTOJN o, BEIPAXEHHBIN
A B paJHaHax, JEXHT Ha UHTEpBaJe

(0; .2’5) (puc. 42).

- M3 pucyHKa BUAHO, YTO ILIO-
O E [F x wans cektopa OAF Gonmblue mwio-
W@anu TpeyronbHMKa OAF U MeHb-
e MACIAIN TpeyroabHHKa OBF,

T. €. Saoar < Scexoar < Saosr . Io-
Prc. 42 CKOJBKY
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1 - L. 1 1
SAOAF = EAOA.OF-smazisma, SchOAF :50(’ SAOBF =5tga’

. 1
TO =sino <= o< -tgo, win 1< —— < L CrnenoBaTenpHO,
2 2 2 sino.  CoSo

sin o
COos o <

< 1. Tak Kak lin% cosa =1, Hcnosb3ys CBOMCTBA Tpe-
o=

Aena QYHKUHH M TPUTOHOMETPpHYCCKHMX (YHKLUMNA, HMeeM

sin o Sina _ ]

lim cos o < lim <1. Orkyna lim
=0 w— m—{l

L

T
Cnyuait o e (—5; 0) paccMaTpuBaeTcd aHAJOTHYHHM 00pa3oM.

Teopema 6 (Bropoit 3amegaTeabubiil mpenen).

1 i
IMocnenopatensHoOCTD 4, = (1 + ;) ,ne N cxomurcs npH # — o,
HoKa3aTerbCTBO TIPOBEAEM B ABYX ITaNax:

a) MokaxeM, 4To mocneaoBaTeLHOCTD {a,}, ne N MOHOTOHHO
BO3pacTaeT.

0) JokaxeM, 4TO 3Ta MOCNENOBATENBHOCTh OrpaHHYEHHA
CBEPXY.
ITo dopmyne 6nHomMa HeioToHa HMeeM

a, =(1+i)" o PR U W () R R

n 12 2 123 w
n{n-1)...(n—k+1} n(n~1)..(n-n+1) L
1.2.3..k 12.3...n o

=l+l+%(1—%)+%(1—%)(l—%)+...+%(l—%)...(l—%)+

rer 211 (12 1)

[Tpu BBIMHCNEHMH CIEAYIOUICTO YIEHR &,,, KaXIBLi MHOXM-

1
+... + ‘—k+...+
A

5
TeNb B ¢ckoOkax Buaa 1 - P 3aMeHAeTCA OONBIIHM MHOXUTEIEM

1-= .11 >a.d
BHOA 1 — n_-l-l O3TOMY a" +1 ﬂﬂ. THM JOKa3aHO )’TBC]J)KIIGHHC a).

IToxaxeM, 4To 515 A106Or0 HATYPATBEHOIO # CTIPABELIMBO He-
paBeHCTBO @, < 3.
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B nocaenHed yacTH (popMyibl, MOJYYeHHON nnd a,, Bce
MHOXHTENAH, 3aKMOUYeHHble B CKOOKH, MeHbwe 1. IloatoMy

1
a, <2 +‘1‘|+”j,l"1+ et Torma, npuMeHsii HEPAaBEHCTHA
1 1 1 < 1 1 1 ) I 1 1
31577 3T 1 < gat » TOMYIHM 4, < +5+2—2+...+2—n_—l—.
1 1 "
Cymma > Tt + — TPEACTABIAET COOOH CyMMY TeOMETpHYe-

1
CKOH mporpeccuy ¥ OHa paBHa l—[%j'. IMozromy 4, <2+(l‘§)< 3,

1 "
CnenoBaTtelbHO, {(l + ;) }, ne N, gBnsercds MOHOTOHHO

BO3pacTalolieit # OrPaHUICHHOH CBEPXY IOCHEI0BATEIbHOCTEIO.
3HAYKT, OHA UMeeT Npeden.

IMpenen 5Toii MOCNEAOBATENALHOCTH SABAAETCA UpPpaLlHOHANb-
HBIM YHCAOM M o6o3Havaerca depesd ¢ (e = 2,71828...).

H
Taxum obpasoM, lim (l + %) =e.

n—so

B 3akniouyeHHE OTMETHM, YTO TaKOil XKe Npemea nMeeT QyHK-

x x
LA (1+l) IPH X > +eo, T. €. lim (l+l) =e.
X X =t X

@) Bonpocs! | 3aaaHHA

1. Hatb onpeneaeHHe HeTIpEpbIBHON B TOYKE GOYHKLWH.

2. ChopMyIHpOBaTh OCHOBHBIE CBOMCTBA HeMPEPHIBHOM (PyHKUMU.

3. Hokasartp, uTo ecnu pyHKUHA y = f(x) HEMPEPHIBHA B TOYKE &,
rae f{a) =0 , To BOIM3M 3TOH TOYKM 3HAK PYHKLMM coBHANACT
CO 3HAKOM f(a).

4. Jlatb onpeaeneHne HeNpepblBHON (HYHKIIMH HA MHOXECTBE.

5. KaxiMu croiicrBamMy 06magaeT QyHKLUHA, HETIPEphIBHAS Ha OTpe3-
ke [a; b]?

6. Jlath cxeMy HOKA3aTEALCTBA TEOPEMEL O TIEPBOM 3aMEUYaTENbLHOM

npenene.
7. CéhopmyaHpoBaTE TeOpeMy O BTOPOM 3aMedaTeNBHOM Mpeaesne.

Yrpemiena

1. Joka3saTb, 4To PyHKUKSA ¥ = X? HempepbIBHA B TOYKE X = 2.
Ecnn &€ = 0,001, HaiiTH Takoe &, 4To6H M3 [x — 2| < § caeno-

Bajo [x* — 4| <e.
168
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2. lokasats, yto GYHKUHS f(x) = :"2_: HeMpephiBHA B MIO-
xX°+

b0 Touke xe R. KakuM ZONTKHO GBITH YuCIO 8, 4TOGH U3
Ix — 2| <§ crenosano |f(x) — £(2)] < 0,12

3. Mloka3aTb HenpepbIBHOCTL YHKLMH Jx)= f:-l]—) npH x = —1.
X+

Hatitu 8, ecnu us |x — 0,25) <8 cnenyer |£(0,25) — Sf(x)] < 0,01.
4. JToka3aTh HENPEPHIBHOCTL HYHKIUK y = sinx. Kakum ycnosu-

AM NOJCKHBEL YAOBACTBOPATH X H OKPECTHOCTD TOUKH X = .’.r.,
2

4TOOBI HMENIO MECTO HepaBeHCTBO | — sinx < 0,017
5. C nomomsio onpeaencHus IOoKa3are, 9TO OyHKUMA

sin x
—~,ecan x = 0, .
X ABIIACTCH HETpPephIBHOH bYHKIIN-

flx)=

l, ecmmx=0
eii Ha MHOXecTRe R.

6. doka3aTe HenpepsIBHOCTD CACAYIOLHUX (PYHKIUAIL:

x%=]

a) y= l,rnexatl,x#—%;

232 -x-

6) y=-—-_],rncx;¢l.

7. Iloka3aTtb, uTo GpYHKIUS ¥ = sinx Ha OTpe3Ke [—%; g] Henpe-

PBIBHA U MOHOTOHHO BO3pacTaert.

8. lokasatb, 4to byHKUUS y = cosx Ha orpeske [0; n] Hempe-
PHIEHA ¥ MOHOTOHHO yOHIBaeT.

9. Mokasare, uTo QyHKUMA y = tgx Ha HHTepBaTe (_;; g) He-

NPEPbIBHA H MOHOTOHHG BO3PAacTacT.

10. Jlokasars, 4To QyHKUHSA ¥ = cigx Ha HHTepBase (0; 1) Hempe-
PBIBHAa H MOHOTOHHO YOBIBAaeT.
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11, Joxkaszatek, yTo GYHKUHS f(x) =4 ¥

12.

13.

14.

15

16.

17.

18.

19.

20.
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sin x
——.ecad x # 0,
pa3pHIB-

1, ecmx=0

Had B Touke x = 0.

OyuKuHd f(x) apnseTcd Bo3pacTarwlleii Ha HHTepBate (a; b).
MOXHO JH VTBepXaaTh, Yr0o GYHKUMA @{x) = f2(x) BO3pacTa-
€T Ha 3TOM Xe HHTepBase?

Pyuxknuy f(x) 1 gx) ABAAIOTCA yOBIBAIOIIMMH Ha HHTEpBase
(a; b). Hokasars, 4To GHYHKUMS ¢(x) = f(x) + g(x) yObIBaeT Ha
3TOM XK€ HHTepBane.

dDyHruua f(x) apageTcs nepuoanyeckoil ¢ nepuoiom 7. Ho-
Ka3aTb, 4To ydcno T, = a7, rne # — moboe uenoe qucno,
n =0, TaxkKe gBAAETCd MEPUOAOM ITOH QYHKIMH.

®OyukunY f(x) 1 glx) oupeneneHs! HA BceH YUCIOBOI OCH H
He ABIAIOTCH NepHOAMYECKHMMHU. MoxeT AWM GyHKuUMA
o(x) = f(x) - g(x) OHTb NIepHOAHYECKON?

Oyuxid f(x) onpenencHa Ha uHTepBane (—a; @). Jokazartb, 4ro:
a) GyHkunsa ¢ (x) = f(x) + f(—x) — 4yeTHas;

6) hyHxums ¢,(x) = f(x) — f(—x) — HeyeTHas,

HokasaTe, yTo BCAKYIO PyHKIMIO f(x), ONpeneleHHYIO Ha

CHMMETPHYECKOM HHTEpBaTe (—4a; 4), MOXKHO NMPEACTABHUTE B
BHJE CYMMBI YETHOH M HeyeTHOM DyHKLMIA.

Hokaszars, 4To YyeTHag (PYHKUIHNA He MOXET BLITH CTPOTO MO-
HOTOHHOM.

Haiitin dyHKUHIO, onpefe/icHHYI0 HA BCeil YUCIIOBOI OCH H
ABIAOIIYIOCH OAHOBPEMEHHO YETHOH M HEUYETHOM.

OyHHK f(x) U g(x) onpenencHy HA CHMMETPUYHOM MPOMe-
XyTKe (—a; a).

a) Hoxasath, uTo eclH f(x) 0 g(x) — 4eTHBIE (PYHKIMH, TO
$,(x) = f(x) £ g(x) 1 @,(x) = f(x) - g{x) TaKKe ABIOTCH YeT-
HbIMH (YHKIIMAMH;

6) JdokazaTb, UTo €ciH f{x} H g(x) — HeueTHBIE (PYHKUHHU, TO
dyrkuns @,(x) = f(x) + g(x) — HeyeTHad, a QyHKUMSA
9,(x) =f(x) - g(x) — 4erHas;

B) IlycThb f(x) — HeueTHass (PyHKIUI, g(x) — YyeTHad QyHK-
uus. Jloxasatb, 4to @(x) = f(x) * g{x) — HeYeTHad HYHKLHA.

YnpaxkHenua A1 NOBTOpeHRs

Brruucaurs (1—11):

jmp Sin4x . tR7x .
1. ll_l;f(l) P 2. lim—=. 3. lim S0 sx.
x>0 X %0 $in 6x
H tR2x . [ . 3
4. lim . 5, lim Sn>) . sinx
x—0 sin 5x oy m—; 6. !;LE% g
i ¢ x+l
7. lim smx . (i x ) e
x=+0) (sin x)4 8. i[_l;l:lc ey 9, !'1_1;2 i+ ;) )

2
2 X
11. lim{ X+
x—)w(xz_]

12. Haiiti Touku paspeiba GyHKUHM:

10. lim (x—‘g)zx_] .

X=voa \ X—

D) [ =5 0 flx) = M5
2
6 _Jx" —Lecm x =0, X,
) f{x) { 2, eomt x = 0 ) f(x)—cosx,
1
B) f(x)=1+2%; e} fx)=Ix].

13. lana dynkuma f(x) = 5vx -1+ 2v1- x. Spnsterca nu dyux-
1M HENpPEePBIBHON B Todke x = |?

14, Ilpu xakoM 3HayeHnH A Gyzer HENpPepLIBHOH B TOYKe x = 2
x?-4

dyHkuua f(x)={%2"

A4, ecnn x=2?

eciy x # 2,

Haritn npepenn (15—39):

2

) -1 3 4 _p.2

15, lim =5 6. fim—— 5!l im ¥ 6% =27
x=] 2xc—x—1 x=l 2x7 - x4x-1 17. }1_)11_13 X e3xntax+3’

. 4 1-3x+x? ! 4]
18. lim — - X
x=1 ':(xz—x" l-_x3 J +3 xl’-_x—l :’

1™



19.

21.

23.

25.

17.

29,

lim

X

lim

Sx-1 . xE

3x 2x% 41
+2x-1

2sin? x+sin x-1

].

vt 2sin” x-3sinx+1
6

lim
x=l

lim

x—l

lim

x=1

lim

x—{

x2-Jx

x—1

J5-x-2
2-x-1

Jx-1

¥x-1

(x2+3x-1)tgx
x242x ’

22.

24,

26.

28,

30. lim

X—see

. 1-cte’x
lim
x_,% 2-ctx—cte’'x

lim x—3x-2

x=2 x2 -4

lim Jl+x—Jl-x
=0 Prx-l-x
Kax?=2

x=1 sin(x-1)

lim Tx3_l ——-—xz
Ox- - Ix+2 ’

IVIABA XIII

INPOU3BOJIHAA ®YHKIINH
N EE IPUMEHEHHUA

B aTo#f rnaBe OviaeT BBeOSeHO OJHO H3 BAXHEHIIHX TTOHATHH
MAaTEeMATHYECKOTO aHAIN3a — ITOHATHE IPOM3BOIHOH (PYHKIKU U
PAacCMOTPEeHH HEKOTOpPHIE H3 €€ MHOTOUMC/ICHHBIX MPHMEHEHHH,
oHaTHe TIPOM3BOAHOM ABMACTCA MOJE3HHIM HE TOMBKO ANA Ma-
TeMaTHYeCKOro aHajlH3a, HO U AN NPUMEHEHHH B TeOMETPHH,
MeéXaHHKe, $U3HKe U TeXHHKE.

§ 1. INonsTre npoussoasol Gpynxumn

PaccMoTpHM cHavasla CAeOYIOLIYIO (PH3HUECKYIO 3aJauy, MpH-
BOMSNULYIO K NOHATHIO NMPOU3BOXHOH,

1. 3axaga o ckopocTH npAMoauHeinoro Apuxenus. I[lycTts B
MPSIMOTHHEHHOM ABMXEHUM MATEPUHANBHON TOYKM 3aBHCHMOCTH
MPOHAEHHOTO NMYTH .§ OT BpeMeHH ! BBIpaXaeTcsd YpaBHCHHEM
S=F£(h.

IMocTaBUM CAeAyIOLIYIO 3aJa4y: AaTh CODNAcCylolleecsa ¢ HalllH-
MH NMPUBBIYHBIMH W HATASAHBIMH NPEICTABICHHAMH OIIpefeae-
HHE CKOPOCTH IBHXEHHS (T.e. «GHICTPOTH U3MEHEHHA» BEJHYH-
HEl MYTH ¢ H3MEHEHHEM BPEMEHH).

[lycTh £, — HeKOTOPBIA MOMEHT BpeMeHH. PaccMmoTpuM Apyroi

MOMCHT BPEMEHH ¢ M 0003HAUUM Af =1 — 4, U AS= [ +A)- f(%)
COOTBETCTBEHHO NpHpPAlLIeHNe BpEMEHH H NMpHpalLeHHE MYTH.
AS

Eciai OTHOIIeHHE = OCTaeTCsl HEUSMEHHBIM AN PasTYHBIX
3HaUeHHI At (T.e. ABIDKEHHE pPaBHOMEPHOE)}, TO 3T0 OTHOLIEHUE H Ha-
IBIBAIOT CKOPOCTBIO ABHKEHHA (UTO NMPEeACTABRIACTCH CTeCTBCHHBIM),

AS

B obuieM Xe ciiyiyae OTHOLIeHHE —; MEHAETCS C M3MEHEHH-

eM Af M 0 HEM HEJB39 TOBOPUTE KaK O CKOPOCTH IBHKEHHA BOOD-

AS
me. B stom cayJae 00 OTHOLIEHNH E MOXHO TOBOPHMTDL JIHUIB

KaK O CpelHEeH CKOPOCTH NBHXKEHWS 33 BPEMS Af, IPOLLeILIee OT
HCXOTHOTO MOMEHTA I,

HMcnonp3yeM ciemyiouiee HapoaAllee coobpaxenue. Ipemnmo-
JIOKHM, YTO HEKOTOPBIM 00pa3oM yXe BBEIgHO MOHATHE CKOpOC-
TH IOBUXEHHS B HaHHOH TOYKE MYTH H B KaXOHIH MOMEHT BpeMe-
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HH { 3Ta CKOPOCTb XapakKTepH3yeTCca KaKHM-TO YHcaoM v. Toraa
€CTECTBEHHO TONAraTh, YTO €CAM A/ O4eHb MaNo, TO 3a 3TOT PO~
MEXYTOK BPE€MeHHU CKOPOCTH IMPAaKTHYECKH He MEHSEeTCHd, T.e.
CpeNHSS CKOPOCTE Ha STOM IPOMEXYTKE NPAKTHYECKH He OTIH-
YaeTcsA OT 3HAUYeHUS v {4eM MEHBIUE NPOMEXKYTOK BpEMEHH Af,
TEM MEHBIIe CKOPOCTh U YCIIEET H3MEHHTECA 32 3TO BpeMA H TeM

AS ' ..
ONXe CpelHSIsS CKOpPOCTh F K «HCTHHHOH CKOPOCTH» v B MO-

MEHT f).

TaxuMm 06pa3oM, eCTECTBEHHO JATh TAKOE OMpelelcHHE CKO-
POCTH CKOPOCHbIG U APAMOAUHEHROO O6UMNCEHUA, ¢ 3aKOHOM
S§=f(f), B DIaHHBI/ MOMEHT BPEMEHH /, HAa3BIBACTCS NPEae Cpel-

. AS
Hei CKOPOCTH —— {eCnH OH CYLIECTBYET), KOTAA TIPOMEXYTOK
BPEMEHH Al CTPEMHUTCH K HYJIO, T.¢. MO OINpeae/IeHHIO

v = lim &5 < fim L0081 %)
ar—0 Al At=D At

Hrax, npH pemieHHE HEKOTODHIX BAXHBIX 33734 MBI CTAJIKHBA-
eMcsl ¢ HeOOXOOMMOCTRIC BEYHCIEHHA TMpeieTa YKa3aHHOTO BHAA,
T.¢. Mpefieia GTHOUICHHS NMPUpaliecHUs HEKOTOpoli GyHKIHH K
COOTBETCTRYIOIIEMY MPHPAIIEHHUIO ¢ apryMeHTa (Korna mocne-
JHEE CTPEMHUTCA K HYMIO),

IlepefimeM Tenmepb K pacCMOTPEHHIO BOMPOCa o npenene TaKo-
ro BHAA i TIPOM3BOMBHON PYHKIHH,

2. TlonaTne o nponssomuoii. ITvcth y = f(x) — 3amaHHaA QyHK-
ud ¢ oGnacTeio onpeaeneHua D, x, — GHKCHpoBaHHasA TOYKA U3
91O oOnacTi. BeidepeM eule OAHY MPOHM3BOJBHYIO TOYKY X H3 06-
nactu onpeaeneHus D. Pa3HOCTb x — X, HAa3bIBAaeTCA npupaiyeri-
eM Hesagucumoli nepemennoli (VWM npupaujenuem apzyMeRma) B T04-
Ke X, 1 00603HavaeTcd Ax (YHTaeTcs «deiabTa x», Ax = X — x;). B
ITOM CAy4ae roBOPAT TAKXKE, YTO HAYaJbHOE IHAYEHHE apTYMEH-
Ta X, MOAYYMIO NpHpaileHHe Ax, BenaeacTsre 31oro nmpupalieHus
3HaYeHHe GyHKIMH f(X) U3MEHUTCA Ha BETHUYMHY

S = Fxp) = fxp + Ax) = f(Xp).

DTa pasHOCTb HA3LIBACTCH mpupauieriuem dynrxuyuu f(x) B ToUKe
Xy, COOTBETCTBYIOUIMM TPHPALIEHHIO AX = X — X,, U 0603HaYaeT-
ca Ay wnn Af (uMtaerca «aenbra 3¢h»). TakuM oOpazom,

Af = f{xy + Ax) — f(x). _
Kax BupHO H3 3T0H DOpMYyABI, IIPH PHKCHPOBAHHOM 3Haue-
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HHUH X, MpHpalleHHe Af eCTb QYHKUHA OT MPUPAINCHUS AX.

& _ Toara0-fo0) 50 orho-
Ax Ax
IeHHe TaKke Apmsierca dyHKUmed Ax. MoxeT cayyuTecs, YTO
Takad YHKLUYI UMeeT mpelaen npH Ax—(, T.e. CyliecTByeT

Janee coOCTABMM OTHOLLEGHUE

lim .A.i = lim M .
ax—0 AX Ax—( AX

Ounpenenenne 1. [poussodroi ynxyuu f{x) ¢ mouxe x, Hasbi-
BaeTcd Ipefes OTHOWECHH

A F(xg+ax)-F(xy)
Ax Ax

{ecn OH CYIIECTBYET), KOTAA AX CTPEMHTCS K HYJIIQ,
IpousponHas GyHKUMH f(Xx) B TouKe X, obo3HavaeTca f'(x,)

(uMTaeTcs «3d WTPHX OT Xp»), TaK uto S (Xo) = ch

AOE'
Mprumep 1. Haiitu npupamenus Ax u Af B Touke x, = 3,
ecd f(x}) =x2+ xux=3,1
Pemenue. Hmeem

Ax=x-x=31-3=01,
Af = flx)- f(x)=fG3,D-f3) =
=3,12+3,1-(32+3)=12,71-12=0,7L.

Mpumep 2. Bupasuth npupameHue Af byHKuuu f(x) = x?2
B TOUKE X, 4epe3 x, H Ax.

Pemenue. Af = f(x)+A0)~ f0q) = (% +Ax) ~ 3 = 2Ax +AX,

Mpumep 3. HaiiTh npousBoaHyo PyHKUUM f{X) = -Jl}- B TOY-

Ke x, (x, = 0).

_ Xp—Xp-Ax _ _ Ax
xg(xg+AX) Xg(xg+ax)’

Af AX 1 1
yeRaie ey By eaee (xp +Ax =0, Ax # 0).
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[Mockoabky x, NoOCTOAHHO, a mnpu Ax—0 apobh
1

l
—_—_— s —
Xo(Xg+A%) ?0 , TO MMoAyJacM

Af 1
f(xo)—ﬂmoa— %'
MIpumep 4. HaliTH npousBoaHY©O GyHKUHH f(x) = x*? B
To4Ke X, = 0.

PeweHnue. Obnacteio onpeneiacHns f(x) ABnAeTCH MHOXe-
cTBO [0; +e). [IpupaleHne apryMeHTa Ax =x—-Xx, = x-0=x.
[Tpupainenne pynkumu B 104ke X, = ( pasHo

Af = f(x) - fxy) = x¥t -0 =x2
rae xe (0; +e). OTCI0H

A 3/2
£ = lim == 11_1337_ lim 2 nmf 0.
CnegoBaTenbHO, Ha KOHIE x, = 0 mpomexyTka [0; +e) naHHas
GYHKUMA UMeeT IIPON3BOAHYIO, PABHYI HYAIO.

MNpeanonoxuM Tenepb, 4To PyHKUNA f(X) B KaxXpoii TOuke
Hexkoroporo MuHoxectsa D, ¢ D nMeer npoussoanyio. Torna xax-
oMy x u3 D, GyAEeT COOTBETCTBOBATE CBOE OTMpefesieHHOE 3Haue-
HHe ITol npou3BogHol. Takoe coOTBeTCTBHE 00pa3yeT Ha MHO-
XecTBe D), HEKOTOPYIO HOBYIO BYHKLMIO. 3Ty QYHKIIMIO HA3HIBAIOT
MIPOH3BOAHON DYHKIMEN oT MyHKIMU f{X) WIA IPOCTO NMPONU3BOA~
Holi GYHKUMH f(x) B 0603HauawT f'(x) (YuuTaeTcs «3¢ IWTPUX
OT X»), TaK 4TO

pon _ oo F{x+AX)-F(x)
)= tim L2000

Onpenenenne 2. [Ipouzeodnoil Qpyrruued om 3a0annoli Gynxyuy
f(x) (ipu mepeMeHHOM 3Ha4eHMM apryMeHTa X} Ha3bIBaeTCs Ipe-
AeJl OTHOLEHHA MpHpameHns dyHKUHHM f(X) K OPUPALICHHUIO €¢
apryMeHTa, Koraa npupalieHue apryMeHTa CTpeMMTCA K HYyJIo.

Kak cregyer M3 onpeleeHHA LA OTHICKAHHSA MPOHU3BOIHOM
OT 33AaHHOH QYHKUHU, HaJo:

1) mpon3BoIbHOMY 3HAYEHUIO apryMeHTa x U3 objacTH onpe-
neneHus D QYHKIIHM AaTh MIPOMU3BOAbHOC MpUpalleHre Ax # 0
(taKk, utobbl x + Ax € D) U BHIYHCAMTE COOTBETCTBYIOILCE MPUPA-

meHHe GYHKIHH Af = f(x + Ax) - f(x);
&,
2) COCTABHTb OTHOLLIEHHE e
176

3) nepedTH K OTHICKAHHIO MpeIeia OTHOWEHUA % npu Ax — 0.

Te 3HaueHMsl x, IS KOTOPHIX TOT Npeaen CyuecTsyer, o6pa-
3Y10T Hekotopoe MHOXeCTBO D, — D, Ha xoropoM GyaeT cyme-
CTBOBAaTh MPOU3BOAHAA f'{x) HAHHONK DYHKUUU f(x).

Onepanusa OTBICKAHUS IPOU3BOAHON f'(X) OT XaHHOW dYHK-
MU f(x) Ha3BIBacTCA Jupdepenyuposanuen.

[Mpumep 5. Haiiti nponssoguyic GyHkuun y = f(x) =

Pemenue. O6nacteio onpenencHvis GyHKUMH y = x° gBnd-
€TCA MHTEPBaN (<o +oo), Ha 3ToM MHTepBane BO3bMEM NpOU3-
BOJIbHOE 3HAYEHHE APTYMEHTAZ X W JaiuUM €My NPON3BONBLHOE TIpH-
paiienue Ax. Torga

Ay =4&f = f(x+A0) - f(X) = (x + Ax) ~ X’ =
= x° + 3x%Ax + 3xAx? + Ax® — X = Ax(3x? + 3xAx + Ax?).

2 2
Otciona f'(x) = lim £ = lim AX{3XT +IXAX+AY )=
Ax->0 AX  ax=0 AX

= tim (3x? + 3xAx + Ax?) = 3x2.
Ax—=i)
Takum obpasom, 3aganuas GyHKuuda f(X) HMEST NPOM3BORHYIO
S7(x} Ha (—eo; +e0} W 3T2 MPOM3BOJHAS PaBHa f'(x) = () = 3x%
Npumep 6. Haiitu npoussonHylo GyHKIME f(x) = vx .

PeumreHue. O6nacTeio onpeneneHus f(x) aBageTcs MHOXe-
cTBO [0; +o). Jagum xe [0; +) NMpupamenne Ax, rae x + Ax = 0.

Wmeem Af = Jx+ Ax —x . Torna

xrax-yx  x+ax-x 1
Ax Ax(Jx+Ax+J_) \/x+Ax+J_

Ecau x > 0, To cymecTByer KOHEYHH npejei noay4eHHOM
ApoGH. OH paseH

L
2 -

1 1
0 Jxsaxsvx  2dx

f(x)ﬁllm—g-—h

af 1 af
Eciv xe x = 0, T0 = = U pu Ax—0) oTHomecHHe ==
Ax Jax 0P e

CTPEMHTCA K KOHEYHOMY IpEAenbHOMY 3HayeHuio. IlosToMy B

TouKe x = O QYHKUMA f(x)=+/x TPOH3BOAHOI He HMeeT.
12 — Anreboa, uacte I 177



Takum 06pa3oM, GYHKUHA f(x)=x , ONpedcNcHHAA Ha
[0; +e0), HMeeT MpON3BOAHYKC f'(X) NMHUIIL Ha HHTepBaae (0; +e).

’ ’ l
Dra npoussoiHas pasHa f (x) = (Vx) = AL

3ameuanne 1. B cnyuae, xorma B naHHO#H TOYxKe npu Ax — {

OTHOUICHHE ﬁ — oo, HHOTJZA TOBOPAT, YTO (hyHKUMA f{X) HMeeT
Ax

B 3TOH TOYKE HECKOHEUHYIO TIPOU3BOAHYIO. MEI He OyieM pac-
CMaTPHBATh HTOT CIyYal, U BCIOAY B JaJbHEHIleM, rOBOPS, YTO
TIpOH3BOMHAA (PYHKLIMHH CYILECTBYET, Mbl OyJeM MMEThH B BUAY KO-

Af
HeYHBIH mpenes OTHOWICHMS < P Ax — 0,

MpumMep 7. PaccMotpumM dyukumio f(x) = |x. OHa onpege-
JeHa Ha (—so) +o0). Ecmn x = 0, 10

A _ F(O+ax)-1(0) _ |ax] _ {l, Ax >0

Ax Ax Ax -1, Ax < 0.
. A X AX .
— = lim - — =-1, a mpaBsIi TIpe-
Tak Kax JeBHIH mpeaen 5%(1_1}10 = = Jim - —
. Af . Ax . A . A I
—= —= To lim — = lim — . Tlostomy
Aed .:.!cl-lﬂo Ax a};linm Ax L, Axs—0 AX  ax—ad AX

lim %i—- HE CYLUECTBYET, T.€. B TOouke x = 0 dyHKums f(x) = |x] ue
Ax—0

nMmeet npoussoadHoil. HeTpyaHo NMpoOBepHTh, YTO B OCTaNbHBIX
toukax GyHKUNA f(x) UMeeT MPOM3BOAHYIO, mpuyeM f'(x) = [’ =1
npd x> 0 u f/(x) = |’ = —1 mpu x < 0. CiegoBaTenbHO, NaH-
Hasd GYHKUHA HMeEeT NPOHU3BOAHYIO f'(X) AHIUb HA MHOXECTBE
(=20, Opo( 05 +oo).

3. duddepenunpyempie dyuxnun. B MaTeMaTHuecKOM aHAIM3e
dbyHKUMIO, HMEOLIYI0 NPOU3BOIHYIO B TOYKE X, HA3BIBAIOT TAKXKe
audpepenuupyeMoit B 3T0MH TouKe. JlaguMm ToOYHOE OmpelcicHHE

eHIfUpYeMOil MYHKUHH,
anj(c)br?l::neﬁerl::e 3. CD%EKL{HH f(x), xe D Ha3bIBaeTCq oughepeniju-
pyemol & mouke x€ D, ecnu ee NMpUpallieHye MpU Nepexole OT X,
K X, T AX MOXHO IIPEACTABUTh B BUAC

Af = f(xg + Ax) = f(xp) = (k + 0(Ax))Ax, )
rae kK — HEKOTOpO¢ YHCAO0, a o(Ax) — QYHKIUS NPHPALIEHUA AX,
MpHYEM gxu_{lo o(Ax) =0,
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Hpuwmep 8. ITokasath, 4ro GyHKUET f(x) = x*

a) apagerca guddepeHIMpPYeMoii B M06oH ToUKe HHTEpBaIa
(o0} o),

6) HMeeT nmponsBoaHylo f(x) = 2x, Xx& (=0} +o0),

Pewenwne. INpu mobom dUKCHPOBAHHOM 3HAYeHHH Xy€ {—oo;
+00) H NPUPAIEHHH Ax = 0 UMeeM:

) N = f0h+80) - f(%) = (% + &%) 3§ =g+ A =(2x +Ax)Ar.
[Monoxum, 2x, = k, o{Ax) = Ax. Toraa Af = (k + a{Ax))Ax , apu-
yeM gmo o(Ax) = 0. CrnegosaTensHo, GyHKUMSA f(x) = x* — -

dbepeHumpyeMas B mio6oit Touke X, (—o0; +0);

A (2xy+Ax)ax
6) '5:(—‘0&)(—)-—:23(0 + Ax . Torga

N e A o : _
1000 fim S5 im 2 +80) = im0+ fim = 2,

CnenoatenbHo, f(x) = 2x, xe (=co; +).
OTMEeTHM, YTO AdS THHEHHONH dYHKUMU f(x)y=kx + bee
TEpUpaneHue

Af = k(x+Ax)+ b~ (kx + b) = kax,

T.. IIA 3TOH GyHKUMH o(Ax) = 0, CrenoBartenbHo, NUHEHHAS
¢yaxuna anddepeHuupyeMa B 10600 Touke X, IpHYEM €e IIpH-
palueHHe Af IPAMO MPOMOPUHOHATFHO NPHPALIEHUIO apryMeHTa
Ax. ng apyrux auddepeHUMpyeMEIX GYHKIOME HMeeT MecTo
AMLIb NPUGAUKEHHAS TPOTOPLUHOHANBHOCTD Af 1 Ax (craraeMoe
o(Ax) B ¢popMyne (1) yKasbIBaeT Ha Manoe OTKIOHEHHE OT TOYHOI
HPOMOPIHOHATBHOCTH ).

C TOYKM 3peHMS MaTeMaTHKH augpdepeHLMpYEMOCTh HYHK-
LMH f(x) B TOUKe X, OSHAYAET €€ «THHEHHOCTh B MAJOM», T.6.
rpaduk middepeHUMpyeMoit GYHKUMM BGIH3H TOYKH (Xg, S (xp))
“TIOXOX» Ha rpauK JuHelHoN dyHKuWU (rpaduk PaBHOMEpPHO-
ro NBHKeHHUA). C TOUYKH 3peHHS DUMKM CBONCTBO InddepeHLn-
PYEMOCTH O3HAY2€T, YTO COOTBETCTBYIOMIMH U3MYECKUH Tpolece
B T€YCHHE MATOTO NPOMEKYTKA BPEMEHH IPOTEKAET ¢ «IIOYTH II0-
CTOSIHHOM» CKOPOCTBIO (<IIOYTH PABHOMEPHO»).

Teopema 1. ®yukuus f(x), xe D pudpdepeHunpyema B Touke
X, D TorAa ¥ TONBKO TOTmA, KOrga B STOH ToUKe CYHIECTBYET NPO-
H3BOZHAS f'(x,).

~MokaszatenbcTro. Ecmn bynkundg f(x) anddepennnpye-
M2 B TOUKE X,, TO B cuay (1) uMeem
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F (xg+Ax)-F(xp)
Ax

Torma U3 CBONICTB npeAena CAeAyeT

=k +o(Ax), rae lim o{Ax)=90.
Ax—{)

lim ZO0HADT00) _ i (k4 o Ax)) = &
AX Ax—(

ax—0

Mo onpenencHuio MPOU3BOAHOM 9TO O3HAYAET, YTO B TOYKE X,
CYILIECTBYET IPOM3BOAHAs f'(x,) = k.
O6paTHO, NYCTb CYIIECTBYET

Fs) = lim L0807 )
IMonoxum, a(Ax)=f—(x%_ﬂx°)—f’(xo). sIcHo, uTO lir_nyoa(Ax) =0.
Ax;

ITloaTomy
F(xg +Ax) = f(xg) = (f'(xy) + a(Ax))Ax »

T.6. f(x) — nuddepeHnupyemas B TouKe QyHKIIUA.

W3 moka3aHHOH TeopeMBl CI€HYET, YTO CBOMCTBO ¢(yHKLUHU
MMETh TIPOM3BOIHYI) 3KBHMBAJNCHTHO CBOMCTBY ee anddepeHIIMpY-
eMOCTH. TeM CaMBIM MOXHO BBECTH €Illle OJHO 3KBHBAaJE€HTHOE
onpeneneHue aupdepeHUpyeMol bYHKUNK: Pyuxyua f(x), xe D
nasweaemes dugepenyupyemoii ¢ mouxe xe D, ecau 6 smoi mouxe
cyuecmeyem npou3ssodnas [ (x,).

4. HenpepuiBrocTs u nuddepenuupyemocts. CBOACTBO (PYHK-
LHH UMETH MPOH3BOAHYIO TECHO CBA3aHO CO CBOMCTBOM ¢&¢ OBITH
HenpepoiBHoi. MMeer MecTo creayioniasg TeopeMa:

Teopema 2. Ecnu pynkuus f(x), xe D aupdepeHunpyema B
TOuKe X, D, TO OHA HempephiBHA B 3TOH TOUKE.

HdokasarensbctBo. CornacHo gopmyne (1) HMeeT MeCTO
pPaBeHCTBO

S +Ax) — f{xy) = (k + a(Ax))Ax .
Tak Kak BTU(k +o(Ax)Ax =(k+0)-0=0, 1O

CImif(xy +80) = f(x)] =0, Te. lim flx +Ax) = f(xp).

OTO 03HAYAeT, YTO yHKUMA f(x) HEMPEPBIBHA B TOYKE X,

3ameqanne 2. O6paTHOe yTBEPXKIACHHE HE SBIACTCA BEPHEBIM.
HenpepriBHas B HeXOTOpoii Touke GyHKLHA f(x) MOXET He ORITH
AnddepeHIHPYEMO B 3TOl TOuKe, JleiCTBUTENBHO, BYHKUNA
f{x) = |x| u3 npumepa 7 He muddepeHumpyema mpu x = 0.
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B T0 Xe Bpems, VA
i )= Jim = fim x =0,

i 70 = Jlim b = im0 =0

T.e. lim f(x) = lim f(x) = f(0). 0

9To 03HayaeT HENpepHIBHOCTH
S (x) = x| B Touke x = 0.

OTMeTHM TAaKXe€, UTO B TOUKE
x = 0 rpapuK GYHKUHH [x| HMeeT
«H3NIOM», DTOT (PaKT He SBNAETCH CAYYAHHBIM, MOCKOIBKY (YHK-
uMs He aAuddepeHlnpyema B Touke x = 0, a auddepeHuMpye-
MOCTL (PYHKIHUH B TOUKE O3HAYAET «TAAAKOCTh» ¢ rpaduxa B
aToit TouKe (puc. 43).

"

Puc. 43

@ Bonpochl H 3a1aHHA

1. Yto Ha3bIBACTCA MPHpAILEHHEM apryMCHTA H NPHpanieHueM QyHk-
LMK B TOYKe?

2. Jatb onpedeneHHe Npou3soaHoH GYHKINHY B TOYKE,

3. Natb onpeneneHue CKOPOCTH NPAMOIHHEHHOTO ABHXKEHUSA MaTe-
PHATTBHOM TOYKH.

4, Kakyio (hpyHKIIMIG HA3HIBAIOT MPOM3BOAHOM (GYHKIHEH OT 3a0aH-
Holl byHKIHINK?

5. CchopMynHpOBATH MPARKAOG OTHICKAHUA TIPOM3BOIHON OT NAHHOM
YHKLIMH.

6. Kakas dyuxuns HaseiBaercd middepeHuHpyeMoil B Touke?

7. Jatb s3xksuBancHTHOe onpeaeneHHe g depeHuMpyeMoil dyHK-
LIHH.

8. ObpaAcHNTE, YeM OTIHYaeTes HddepeHUIHPYeMOCTE GYHKUHH B

" TOYKE OT HEMpepHBHOCTH (PYHKLUMH B 3TOH TOUKE.

YnpaxkHeHua

- N S -

1. Macca YacTH CTEpKHSA OT €ro JIEBOro KOHIA A0 TOYKH, Haxo-

IAleACS OT 3TOro KOHIIA Ha PacCTOAHHMH X, paBHa f(x).

OGBACHUTD GU3HYECKHUI CMBICT TIpHpalleHHA DYHKUUH f(x)
NPH MepexXofie OT TOUKH X, K TOUKE X, + Ax.

2. KoauyecTBo XuTenel ropoga B MOMEHT BPpEMEHHU { PaBHO
S(®). OOBACHUTL CMBICA NpHpalleHUs 3To HYHKIMH INpH
Mepexofe OT TOUKHM ) K #; + AL
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3. Haiitu npupamenne GyHKUHU f(X) B TOUKE X,, €CIH:
a) f(x)=4x+3,x,=—1, Ax=0,1;
6) f(x)=x2+7,% =2, Ax=—0,1;

B) f(x):;lc., x, = =2, Ax = 0,1;

2
) f(x)=£2_,x0= 1, Ax = 0,01,

4. Haiitn npupaiueHusi Ax B Af B TOYKE X, €CITU!
Afx)y=x+4,x=1x=09
By f(x) =x—x, x,=2,x=2,1;
B) f(x) = [x|. x, = —2,5, x = —2,6,
D fx)=vx+1l,x5=0x=3

5. Boipasuts npHpaiende Af GyHKUUM f{x) B TOYKE X, Yepe3 X,
U Ax, eCNH:
a) f(x) = x — x4 6) f(x) =x*+ L

6. Pebpo ky6a ¢ AuHON 3 M nOAYYMIO mpupalleHHe 2 M. Hali-
TH TpMpallieHHe TIONIATH MONHOM MOBEPXHOCTH Ky6a.

7. ApryMeHT X GYHKUMM f(x)= Jx Tony4ma npupalueHue
Ax = 0,01 u npunan 3Havenue 0,1. Haltmi mpupaliieHue QyHKimu.

8. IMoab3ysch onpeAeneHHEM, HAHTH MPOH3BOIHYID PYHKIMH
S(x) B TOUKE X, ecrn

A =2+3,x="1 BfO=x+2x=L

6) f(x)=%,xﬂ=2; Df@)=x+2x=0

9. TMonp3ysach ONpeleNicHUEM, HAMTH MPOU3BOAHYI0 DYHKLIHH
fy=x+x+1

10*. Haiity npoussoaHyio GyHKUUM f(x) = X", rae n — HATYpaib-
HOE YHCHO.

11*. Haittm npor3BogHyio GyHKUMM f(X), eCIH:
a)f(x) =sinx,  6) f(x) =cosx; B) f(x) =1gx; 1) f(x)=cigx.

12. JokazaTp, 4T0 GyHKUMA y = x° + x auddepeHUUpyeMas B
OG0 TOYKE MUHTEPBANA (—<o; +e0). [10AB3YACH ONPEACNCHU-
eM, HaliTH NPOM3BOIHYIO ToH GYHKLHH,

1-x, x=20,

13. Hokazate, 9t0 dyHKuus f(x)= {x +1, x<0.
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a) HenpepbIBHAad B Touke x = (;
0) He apagercd AMbdepeHUMpyeMoii B Touke x = ()
B) HempephiBHAas U nuddepeHUMpYemas B ToYKax x = 0,

14. Beipa3uth % yepes x, M Ax, eclu:

-5

a)fix) =x%*+ x; B) f(x) =
0) fl)=x>—1; nflx)=

4
X
X

2
15. AprymeHnT x GyHKUMH f{x)= -;—I NOJAYYHJ IIpHpallleHHe

Ax= 0,1 n mpunsn 3HaveHue 0. Haiity npupauieHie GyHKUMH.

16. [Ina dyukumy f(x) = 3x + 4 HalTH NpUpALICHHS apTYMEHTa
1 GYHKUMH Ha oTpeske: a) [1; 1,01); 6) [—3,1; —3].

17. TeMmnepatypa cTepXHs B TOYKe, HAXOMAIIEHCA HAa PaccTos-
HHH X OT €ro JIEBOTO KOHU&, paBHa f(x). OOBACHUTE puU3H-
Y¢CKHH CMEICH IDpUpalueHud GyHKUMH f(X) IpHU Tepexome oT
TOYKH X, K TOUKe X, + AXx.

18. ITonbsysch onpeneneHHeM, HAUTH POU3BOAHYIO (YHKIIHH
J(x) B TO4Ke X,, ecqn:

a) f(x) =dx—7,x =2 B) f(x) = cosx, x[,:g;
6) f(x)=vx+1,x,=0 r) f(x) = sinx, xuzg_

19. Ilonp3yschk onpeneneHneM, HANTH NPOU3BOAHYI0 DYHKLHH:

a) f(x)=x2~%+3; B) f(x)=+x+2x%;

6) f(x) = x — sinx; r) f(x)=|x,x=0.

20. Joxkaszats, uro dyHKIHA ¥y = x* + x2 + x + | nuddepeHun-
pyeMas B M000H TOUKe MHTEPBANA (—oo; +o0).

0, x>0,

x, x<®

Touke x = (0, HO He aABnAeTCA IHPGEPEeHLIUPYEMOH B 3TOH
ToYke. [TocTpoUuTh rpahuKk GYHKIMM.

21. Tloka3zars, yTo ¢pyHKuUHa f(x) ={ HeTpepsIiBHAsS B

183



§ 2. Ocuosnbie npasuna qugdepernnposanns

HenocpencteeHHoe auddepernunpopaHue GyHKUHH, ocylle-
CTBASAEMOC Ha OCHOBE ONpeAeeHHA TTPOMU3BOAHOMN, YacTe GhIBaEeT
3ATPYAHUTENBHEIM IIPUH NMPUMEHEHHUM €r0 K CHOXHO YCTPOSHHBIM
dyuxuuamM. MModToMy yCTaHABAKBAIOT HEKOTOPHIE OOIiie Mpapwusa
IH@depesiinpoBaHuis.

Buisenem mpasuna nuddepeHIIHPOBAHNS CYyMMBI, NIPOU3BEIE-
HHSL H YacTHOTO (DYHKIIHIIL,

Teopema 1. AnreGpanveckas cyMMa HECKOJABKUX QYHKLHIL,
HMEUIHX B o6acTu onmpedeseHHs [ IpOU3ZBOLHBIE, TAKXKe HMe-
€T B 3TOH 00JaCTH NPOH3BOAHYIO, IPHIEM 3Ta MPOU3BOOHAA PaB-
Ha anrebpaudecKoil cyMMe (TOro Xe BHAA) MPOU3BOAHBIX OT Cla-
raeMbiX 3aJlaHHOH CYMMEI.

HoxaszatenbcTBo. He MeHAA 001HOCTH, MOXHO OTpaHu-
YUTECA caydaem Tpex pynxumi. IIycte dyrxumm f(x), f(x) u
f(x) uMeioT npousBonHLE B Touke xe D). PaccMoTpuM ux anrebpa-
MYECKYI0 CYMMY, HATIDHMED, CYMMY BHAA ¥ = f(x) — f,(x) + f£{x).

Hanum sHadeHu1o x npupaiienne Ax. Torma pyHkuus f (x),
S(x), £,(x) ony4aT COOTBETCTBEHHO TNIPHpPAaIleHUA Af, Af,, Af,.
Hueem

Ay = (fi(x+ax) - fH(X + A+ fi(x+ Ax)) - (fi{x) - () + [(x) =
=(fi(x+8x}~ fi(x) - (L x +Ax) - L) +{[H{x+Ax) - f1(x)) =
= Af) - &f; + A

. [lo ycroBHIO TeOpeMHl Cyle-

CTBYIOT
. Afi'_ _ *» . A}rz _ » . Af} _ r _
dim ~7 =/ (), im === £ (), i 2= ().

HCHOJI]:BYFI TEOPEMY ¢ Npenene CYMME, 3a3KAI0YaeM, YTO CY-
LICCTBYCT NPEaca

lim = =y = lim
Ax—{ AX ax—01 AX Ax Ax

ar (afl m+af3]=

Ay A
- Jim, S fim S i 52 - 0= £ 00 00

TakvM oOpa3oM, 1S IPOU3BONBHOIO 3HaueHusn xe D :

(LX) =[x+ [ = £ (x)+ £ (%),
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W3 nmpoBeeHHBIX PACCYXKACHUNE BMAHO, 4TO KOMOMHAUKSA
IHAKOB B anrebpanyeckoi cyMMe 3aIaHHBIX GYHKIMI, KaK W YHC-
N0 CNAraeMeIX 3ToM CyMMBI, NPH AOKA3aTeNbCTBE POTH HE MTPAIOT.

IMpumep 1. Haitty npoussoanyo GyHkpH p = x° +Jx +-Jl;.

PeuieHue. [IpuMeHas DOKa3aHHYIO TeOpeMy H MPHUMEPHI 3,
5, 6 u3 § 1 HacTOAMCH I71aBH], HAXONUM

y' =Y+ oy (3 ) = 32 +2_J=—L2_

Teopema 2. Iipoussenenue apyx GyHKIMH £, (x) 1 f,(x), nMelo-
X B ob6nacty onpeaeneHuss D nNpoH3BOAHEBIE, TAKXKE MMEET B
310l O00NMaCTH MPOW3IBOAHYIO, MPUUEM

(L) L) = (DA )+ £ x)f (x) .

Hoxazatenscrpo. Mycts dyuxuun f(x) u f,(x) umMeT
NPOU3BOJHbIE B Touke xe D 1 y = f(x) - f(x). Jamum x npnpaie-
HHe Ax. Torma dyHkuun f(x) n f,(x) mory4aT COOTBETCTBEHHO
npHpamieHus Af, 1 Af,. Hmeem

Ay = fi(x+Ax): f{x+ &%)~ fi{x)- f(x) = (f(X)+ AL (XD +45) -
—H(X)- L (X) = [ + LA + 4 4.
Oreiosa 2= i)y f(0) 24 a7 22

Hepeﬁ)leM K npegeny npu Ax — 0. Ilpn 310M BennanHH f,(x)
H f,(X) He 3aBHCAT OT AX M ABIMIOTCA NOCTOAHHBIMH. KpoMe Toro,
M0 YCJOBHIO TEOPEMB! CYLIECTBYIOT

. ﬁfl _ + . Afz _ ’
fim 3= A . fim 2= A )

Tax kax QyHKIA f,(X) AMEET NPOU3BOAHYIO B TOUKE X, TO B 9TOH
TOYKE OHA HeNpepPblBHA U, CNENOBATENRHO,

ETOMI =£210(j‘,(x+Ax)—ﬁ(x)) =0.
ITooTOMY M3 TEOpeM © Mpeaefiax CYMMBI M IPOH3BENSHMA [I07YJaeM

y'= lim 2 = lim (f(x) ) gl_%(fz(x)%}r A]ixllo[Aji %}

20 AX  Ax-0
B . Af, A e A
= A lim, S5+ () Jim 2 lim A - Lm0 =

= AL ()£ L ()40 (%) = LGS () + LA ().
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Takum o6pa3oM, IS NMPOU3BOABHOIO 3Ha4YeHUA xe D

(ALY = (X)L + [0 fF (x).

Cneaceue 1. [Tycth y = ¢f (x}, TAe ¢ — nocroAHHas1, a HyHK~-
uMa f(x) HMeer Mpou3BoAHYI0 B obnacty omnpenenenus D. Torma
(DYHKUHA ¥y TAKXKE MMEET NPOH3BOAHYIO B 3TOH O0JacTH, IMpHYEM

Y =AfY = ¢ f/(x).

Ilpapuno anddepeHIIUPOBaHUSA, BEIpaXaeMOe NMOCIeTHER
(GOpMYNOH, OOBIYHO UHTACTCS TAK, ROCHOAHHBIE MHONCUMEAd MONC-
HO @bIHOCUMb 3@ 3HAK NPOU3GOOHOU.

HAokazarenbcTBo. JoOCTaTOuHO A0KA3aTh, YTO MPOM3BOJ-
Hast oT OYHKUMM, UMEIOIEH NOCTOAHHOE 3HAYEHHUE ¢, PABHA HYIIO,
Toraa, mpuMensst TeopeMy 2, noiydyum tpedyemyio dopmyny. [Mo-
NOXUM f,(x) = c & obmactu D. BospMem nio6oe xe D w aagum emy

npupalleHHe Ax (rae x + Axe D): Mo AGHa)- A ee

CnenoBaTeNnbHO, fl' (x) = lim M =0, xeD.
Ar—0 Ax
Mpumep 2. Hafitu npon3poaHyo GyHKIHH!
(2x + )( +Jx )

Peurenue. [IpuMeHasa Teopemy 2 ¥ caeacTeie 1, nMeeM

v )( 7]+ (200 4 1)(2 +J‘) (2 352 -xlz](%+ %)+

3,1 3 _ 2 Jx ¥ 3 1
+(2x +;)[-x—2+2ﬁ] 18x+6x yx - = -2 6x + = - — =

L Yoo 2xdx
6 1
=12x+ 763V - - ——.
¥ 2axdx

3ameuvanue 1. [TpuMep 2 MOXHO peIIMTh M APYTHM CIIOCOOOM:
PACKPBITh CKOOKU, VIIPOCTUTh BHIPAXKCHUA NS ¥, 4 3aTEM MPOU3-
BECTH MOYICHHOE AH(pPepeHIIHPOBaHNE,

3ameuanne 2. MeToaoM MaTeMaTHYeCKOH MHAYKIIMH MOXHO
TMOKA3aTh, YTO IPH TeX XKe MPeAONOKeHHAX OTHOCHTEIBHO Mme-

peMHOXaeMBIX GYHKUHIA f(x), £,(x), ..., f(x) cripaseqnuBa dopmyna

([ H(x) o [y () = [(x) (XY fr(x) +
+/1(x)- 5 (X)os [+ et [ (X () - £ (),
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T.€. TIPOM3BOAHAA OT NMPOM3BEACHHUS HECKOJBKUX (DYHKHHI, MMe-
IOUIHX MPOU3BOAHBE, PABHA CYMME BCEBO3MOXKHBIX IIPOU3Bee-
HHH, KaXI0oe H3 XOTOPhIX €CTh NPOU3BENeHHe MPOH3BOXHOI Oon-
HOH H3 AaHHBIX GYHKUMHA HA BCE OCTANTBHBIE (PYHKITHH,

AHaNOrHYHBIMM PacCYXKOSHUSAMH MOXHO IOKa3aTh CAeoyio-
YO TCOPEMY:

Teopema 3. Ilycts dyHKUHN f{(x) ¥ f(x) HMEIOT TPOU3BOAHLIE
B NaHHON obiacTe onpeaencHus D, npudeM PyHKums f,(x) He

f(x)
H{x)

obpallaeTcs B Hy/Jp B 3T0H oO0aacTH. Torma 4acTHoe ¥y =

TakXe UMeeT B obmacT D NMpOH3BOAHYIO, KOTOpas paBHa

y = fl(x) f (x) 55 (x)- fl(x)fz(x)
H(x) £ (x)

Cnepctsne 2. Tlycts y = Fle ¢ — NOCTOIHHAA, a PyHK-

g
fix)’
ust f(x) uMeeT TIPOU3BOIHYIO B 00NacTH onpeacsieHns D, npH-
yeM f(x) He obpamaerca B HYIb B 3T0i o0nacTH. Torma dyHKUUA
Y TaKXe HMeeT B 06nacTH D Npou3BoAHY0, KOTOpas paBHa

r [ ’..-
¥ _(f(x)] ﬂ( )f( X)

(10Ka3aTeJILCTBO CHENCTBUS 2 MPEAOCTABNAEM YHTATEII0).

Npumep 3. Halith npoussooHyio GyHKHHH Y = % +5.
X

PemweHue. [IpuMersasa caedcTBHE 2, HMeeM

Y +0=-2.3x2=-5

’ 2’ ’ 2 3y
=| — +5 = - —- = .
ve(F) g R

@F BOII')OCH H 3aJ1aHAA

1. Chopmynrposare npasuno IHddepeHUHpOBAHUA CYMMBI He-
CKONBKHX (HYHKIIHI, UMEIOLUX TIPOU3BOIHEIE,

2. ChopMyaHpoBaTh NpaBwiIo JHGhPepeHITUPOBAHNS, BBIpAKAeMOe
dopmynoit (¢f (x))Y = ¢ - f'{x), TAe ¢ ~ MOCTOAHHOE YHCNO.

3. ChopMmymaposarh npaBwio aAndpepeHITHpOBaHNS YaCTHOTO ABYX
GYHKIMI, HMEIOMWHX APOH3IBOIHbIE,
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YnpaxueHusn

LB N N N |
1. HaiiTi ¥ CpaBHHUTH MpoH3BoaHble GYHKUMH X, x?, x7, x4,
1
é, Jx, ¥x, 7 TpocMaTpuBaeTcs JIM 30eCh Kakad-nubo 3a-
KOHOMEPHOCTD?

2. Ionb3yACh MPOM3BOXHBIMH, HAlIeHHHIMH B TIIpHMepe 1, Haii-
TH TIPOM3BOAHYI0 QYHKIIHIL

1 .
a) x* - x? +x; B);+x,
1 1
6) x° +3¥x; r) x“+x3+x2—x—;-——2.

X

3. HaiiTu cKOpOCTE TOYKM B MOMEHT £, CCIIH:

a) () =P =20 +1,4,=5 6 x()=5+£+1, =4

4. Hafiti mpou3BoaHYI0 PYHKUHMA:
2
23
a) y = {x-1)(x*-5); B) ¥ =213
6 y= (¢ -V +x; 0 y=2

5. Ucnoas3ysa dpopmynsl ugpepe HIHPOBAHUS, HAUTH IIPOU3-
BOAHYIO (byHKUHH f(x) B TOUKE X,, CCJIH:

a) f(x)=x"+5x-3, %=L B f(x)=2~/§+x3+%sxo=4;

6) f(x) =4 — 3x, x, = 2 Nfx)=x2+1Ig2, x,= 1.

6. Haitty npou3BoaHy©o GyHKLMIA:
4 x
a) 2x3 —4x? + 5; B ~+75
_ 5 1
6) 7x2 -2x+7; r) x +?.
7. HaiiTi CKOPOCTh TOYKH B MOMEHT /, €CHIH!

1
ay x(N=+5t+1, f=1; 6) x()=4 +-+1, =1
188

8. Haiity npon3BoaHy0 YHKIIHIA:

a) y=(x-2Kx+2); B) y=(x+2);
_x2-9. 2 . R
6y y=—7: rNy=x +lg7+sm§.

9. Haiith npou3BomHyl0 QYHKUHH f(X) B TOUKE X,, €CIU:

A =D =L 6) f(x) = sinx, X = 3.
10. Beectu dopmyry mus (f(x) - £(x) - £(x)).

§ 3. Ilpoussoannie NpocTeiKX 31eMEHTAPHBIX DYHKINAIT

K npocmetiwum sremenmapubiM QGYHKQUIM OTHOCATCH. CTEIIeH-
Had, IoKa3aTejlbHasi, norapudMuyeckas, TPUTOHOMETPHYECKHE H
obpaTHBIE TPUrOHOMeTpHYecKHe GYHKUMH, M3 3THX OYHKLUHII
MOXHO CTPOHTh GoNee CAOXHBIE 3/IeMeHTapHbIe (PYHKLUHMH, Ha-
npumep, y = Incosx, y = tg’x + arcsin Inx u mpyrue.

BoiBeaeM QOPMYAR OS BEIUHCICHHA TIPOU3BOAHBIX HpPOCTeli-
LIUX JIeMEHTapHBIX (QYHKLIHH.

1. Nlpousponnan crenennoi pyuxkuuu. HamoMHUM, 4TO cme-
nennoli Pynxyueil HaznipaeTCa PYHKUUS, 3ananHass GopMyJIoi
f(x) = x*, rIe o — HEKOTOpoe ACUCTBUTEIBHOE YUCNO, B rinase
VIII wacti 1 GbiM paccMOTPEHBI OCHOBHBIE CBOMCTBA CTENEHHOMN
dyuxknun. Tenepb 3aiiMeMcs BBIBOAOM GoOpMyALI A MPOU3BOI-
HoOIt cTereHHOH GyHKUMH. 3AeCh MBI OTpaHHYHMCH CHIy4YaeM Le-
Joro o (B odweM cnyyae, popMyny nuddepeHIHPOBAHUA CTe-
NeHHoN QYHKUMH f(x) = x* ¢ AOOHM TeCTBHTENbHEIM MOKA3a-
TeNeM of MOXKHO BBIBECTH, NMpHUMeHAs npasuio auddepeHnupopa-
HHA COXHOH bDYHKIHH).

Hrak, nycth o — uenoe yucao. PaccMoTpuM cneaylomye cryyau:

a) o = 0. Torma mpn x = 0 EMeeM dyHKUMIIO BUAA f(x) = x* = 1.
B atom cnygae (x°) = (1) = O nipu Beex x = 0

0) oo = 1. B 3TOM cnyyae uMeeM QyHKIHIO f(x) = x. BosbMmeM
MIPOU3BOJIBHOES 3HAYCHHME apTyMEHTa X M JaAHM eMy MpHpallieHHe

Ax. Torna Af = fx+Ax)~ f(x)=(x+Ax)-x=Ax. O1croojga
oy = Tien A AX ’_ .
Si(x)= gT@E = a]iTOAx =1, T.e. (x)) = | npu mobdoM x;
B) @ = 2. KMeeM QyHKOMIO f(x) = x?, MIPON3BOIOHAS KOTOPOi
(x?y = 2x ipu moboM x;
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T) o — moGoe HaTypaJbHOE YHCHO. 3aMETUM, YTO HAAEHHHE
MPOH3BOAHKIE MOXHO 3aMUCAaTh B BHIC

(Y =02 =0, ('Y =12 =1-x =1, (x?) =2 ¥ =2x.
IMpooonxkas aHanOrHYHBIE PpACCYXKACHHA, MOXHO yOeIMThCs,
yTO A4 3HAUYeHMH o = 3, 4, 5, ... cnpaBeminBa popMyia
(x*)Y = o x*71, (1)
IMpennonoxum, uro dopmyaa (1) BepHa ipu oo = k > 1, T.e.
(x*Y =k x*'. Torma npy ¢ = k + | nonyuyum

Y = (F x) = F Y x b xf (Y =k x e X L= (kD) XK
CorracHO MeTONY MaTeMaTHYeCKOit WHAVKUMH (cM. enapy 11 yac-
™ 1) oTcioma caeayer, yto dopmyna (1) BepHa NpU BCEX HATY-
PaJbABIX 3HAYCHHAX o)

1} Ilycre o — Hesoe orpHuaTenbHoe Yucno, [onoxum o = —n,
TA¢ #H — HaTypaAbHOe Yyucao. B aToM chayyae mMeeM PyHKUUIO

BUAA f{(x)=x"" =an (x=0).

Hcrnonbaya dopmyny nuddepe HUMPOBAHIA YaCTHOIO, HONYYHM

*

# 1 F l n-
f(x)=(;,,—] =~x;,,‘(x y=-—onx" =——,

x

T.€. (x7") =-nx""". Cnegoparensro, dopmyna (1) cnpasennisa
M IJIA LEJbIX OTPHLUATEIBHBIX 3HaUeHHA o.

TaxumM obpazom, And BceX LESABIX ¢ BepHa GopMynaa

x*Y =oa-x*7,

Jameuanne 1. Q@opmyna (1) ocTaeTcd COpaBeAIVUBON H O
creneHHON GVHKIUH ¢ 10OBIM IeiiCTBHTENBHBIM ITOKA3aTeNEM o,

2, IIpon3BoaHbie TPHTOHOMETPHIECKHX (DYHKUHIA.

a) MNMpousBoaHas dyHKIMU f(x) = sinx.

Kak o6BIMHO, BO3bMEM MPOH3BONBHOC 3HAYCHUE apTYMEHTA X
M JalUM eMy NMpPOM3BOJBHOE TIpHpalleHue Ax. Torma nmpupaiteHue
(YHKIIUK PAaBHO

Af = f(x+ Ax)— f(x) =sin(x + Ax)-sinx = 2sin%cos(x +%)

s
cos (x + «-—) = cos(x + Ax) | [Tepexo-
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A K mpeldelty npd Ax—(0, nuMeeM

sinmE
2 cos (x + %) =

2

o e A
f(x)_gill‘loﬂ_aliglﬂ

o Ax
sin—

= lim —=2 . lim cos(x+ix- =1. -
am —e= Im 3 1.cosx =cosx.

2

3nech OBUIM HCMIONB30BAHBI CBOHMCTBO HEMPEPBIBHOCTH ¢yHK-
UHH COSX M ONHUH U3 3aMeYATeNbHBIX NpenesoB. TakuMm obpasoM
IpH MOGOM 3HAYCHHUH X BepHA GopMmyna

¥

{sin x) = cos x;
0) Ilpoussoznaa dyHkuuM f(x) = cosx.
[Ipu moGoM 3Ha4YeHHH X MMeeT MecTo dopMyia

{cosx) = -sinx.
BhiBon 5T0d pOpMYITEI OCYIIECTRISETCA aHATOTMYHO MYHKTY a).
B) IIpon3soaHast dyHKkunU f(x) = tgx.
sin x
COS X
HEIC NIDH BCEX x U B OONAcTH ONpeneaeHHs tgx HMeeM cosx = 0

Tak kak tgx =

, QYHKIHMH Sinx H COSX UMEIOT IIPOU3BOA-

(te. x# ~;-(2k +1), ke Z), To no npasuny auddepeHInpoBaHNS
Y3aCTHOTO TIONYyYaeM

. 4+ . ’ . . . A
(tgx)’ = (smx) - (sin x)’cos x-sin x(cos x)’ _ c0sx cos x—sin x{- sin x) _

Cosx cos? x cos? x
_cos? x+sin’x 1
= = 5—.
t:os2 X cos™ x

TakuM o0pazoM, npH x = g (2k+1), ke Z cnparemmsa dopMyia

1
2

(tgx)’ = ;
cCos™ x
r) IlpoussonHas ¢yHkuud f(x) = ctgx.

INpu x =k, ke Z umeer Mecto GopMyna

1

(ctgx)' = - —;

sin x
BriBon 510it GOPMYIEI OCYWLECTBIACTCS AHANOTHYHO TIYHKTY B).

191



3. Tlpon3ssoanas nokasareasnoit pynxunu. HamoMHuM, yto
byHKuMA, 3anaHHas dopMynoi f(x} = ¢*, toe a > 0, a # 1, Hasbl-
BAeTCA noxasameasnoli Qyuxyueti ¢ ocnosanuen a. CBOHCTBA TaKOH
dbyHKUMH 6UTM paccMoTpeHs B mase VIII wactn L.

Bo3nMeM NMPpOH3BOJMBHOE 3HAUEHHUE APTYMEHTA X M JaOUM €My
IpOU3BOABbHOS NpupaieHue Ax. Torna

Af = f(x+AX) - f(x)=a™™ - a" = a*(a® -1).
a* (@™ -1)
-
BocHonn3yeMcst ABYMS BCIIOMOTATEIbHBIMYU TIPeeNlaMu:
1

ay lim 210 hm[ ln(l+x)]— lim In(1 + X)* =

x—0

Af
Otkyna =

1
= ln(lin}](l +X)* ]—- Ine=1.

31ech MCNOAB30OBAHBI CBOMCTBO HEMPEPHIBHOCTH AOrapugMu-
yeckoi GYHKLMH B 00JacTH ee ompelesieHHd, OAHH M3 3aMmeda-
TeJIbHBIX MPEAeIoB H TEOpeMa O Tepexode K Mpeacny 1ol 3HaKoM
HeTIpepbIBHON QYHKLUMH;

x_l 1

. . z 1
im& = =lim}———ma|=lng———=Ina--=1na.
%) x=0 X z=0 | In(1+2) fim In{l+2) 1
z={} Z
Tpu BeIMMCACHUH 3TOTO MpeAesia ObIH HCMONB3OBAHBL 3aMe-
HH BHAa @ ~ 1 = 7, x=log,(1+2) = l““j) Pe3yNBTAT TYHKTA

a) u ToT dakr, uto z— 0 mpu x— 0.
Hanee, Tak KaK g* He 3aBHCHT OT Ax, a B cuny 0)

=lnag, TO

ax =

X ¢ A% AX _
f(x)“hmi‘f-— fim &2 =D _ g tim ~ ! - 4* Ina.
0AY ax-0  AX ax=0 AX

TaxuM ofpasoM, IpH MOOOM X CpaBeiivBa popMyna
(a*Y=a"Ina.

OTMETHM, 4YTO NpU a = ¢ 3HauyeHue Ina = Ilne = 1. B aToM
cayyae gopMyna A1 NPOM3BOAHOH NOKA3aTeNbHONH (QYHKUHMH
NPHHAMAET CHelyIOolINi IpocTod BUI:

(eF) =e".
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Ans BriBona dopMys auddepeHUHPOBAaHHA OCTANBHEIX IIPO-
CTEMIINX SMeMEHTApHEIX GYHKUNIA HaMm moHagoGUTCsa TeopeMa o
NPOH3BOIHON 00paTHON GYHKUHMH. CHOpMYIHpYEM 3TY TEOpeMy
Ge3 JoKa3aTeAbCTBA.

Teopema (o npoussoanoii odpaTHoi pynkupn). Ecit MOHOTOHHas
U HEMpepHIBHAA B 00JacTH onpeneneHus D dyHruua y = f{x)
UMeeT B TOUKe Xye D mpoussoanylo f7(x,) # 0, To U obpaTHas K
J(x} OyHKUMA x = @(¥), TOCTPOSHHAA Ha COOTBETCTBYIOLICH 06/1a-
CTH, UMEET B COOTBETCTBYIOLUEH ToYKe ¥, (¥, = f(x,)) npousBon-

HYI0, IpHYEM
r l
¥) = ——.

Cneacreue. Ecnu MOHOTOHHaA B 06NMacTH onpeneieHus D QyHK-
s y = f(x) UMeET B KaXol TouKe 3TOH 06IACTH NPOU3BOAHYIO
L'(x), otnuuHylo OT Hyns, To M obpaTHas K f(x) byHKuMA x = ¢(p)
MMEET B COOTBETCTBYIOLICH 0G/IACTH MPOU3BOOHYIO ¢'(y), MpHYEM

1
¢'y) =7 Tk 2)

IlpaMeHUM TeopeMy O MPOW3BOAHOI 0OpaTHOH GYHKUMH LIS
BBIBOAA (hOPMYJ NPOU3BOIHBLIX NOTapnMUIECKOH HYHKUHH M
obpatHBIX TpUroHomeTprieckux dyHkuuii. IIpn 3roM npeasapu-
TEJIBHO 3alHLIeM OOPAaTHYI0 QYHKLHIO X = ¢y} B OGBIYHBIX ANa
byHKUMIT 0603HaueHUsX, T.e. B BHIe y = ¢{x). Torma cama ¢yH-
King 6yaer 3amucaHa B Buae x = f(y). B arux o603HaueHHIX
dopMmyna (2) npumer BUA

¢(x )“f(]) Q)

4. Ilpon3ponnas sorapudmuteckol Gpynxnun. PaccmoTpiM no-
Ka3aTesibHyIo OyHKIMW x = @ = f()), rae a > 0, a = 1. JIna Hee
Aorapudmuieckas GyHkuma y = log x = ¢(x), x > 0 gpaserca
obparHoi. IIpu moboM y cywecTByeT npousBogHast

fM=yY=a"ha,
NpHYeM OHA OTAHYHA OT Hyad. [IplMeHdd cnelcTeue mocneaHeii
TeopeMbl U QopMyay {3), MonyIHUM
! |

10 = - =
(logg x) = ¢'(x) = f(]) e Tha-

Takum obpasoM, 414 Beex x > () crpaBeauBa gopMyta

(log, x)' =

xlna’
13 — Anrebpa, uacts [i 193



B yacTHOCTH, IIPH @ = ¢ HoJydaeM HopMyay

s 1
(Inx) = 5
5. Ipounssoaunie 0OPATHBIX TPHrOHOMETPHYECKHX (pYRKLMA.
a) IpousBoaHas GPyHKUUK y = arcsinx = @(x}.
PaccMqoTtpumM yHKLIMIO X = siny = f(y), and KoTopoi dyHk-
nus @e{x) aBagetca obparHoi. Umeem f'(y)=(siny) =cosy.

IpouseonHas f'(y) OTAMYHA OT HYAA MpPH YCAOBUHU cosy = O, T.e.
Korfa siny = 1 unu x = +1. [IpH 3ToM ycnosuu, npumMeHss $pop-
Myy (3), moaydaem

1 l l 1

(arcsin x) = ¢'(x) =

= = i
f(") cos Yy i\/I—sinz r \l]_xl .
. T T
[TockoNBEKY 3HAYECHUA y = arcsin x € [—5; 5] , To cosy > 0. [Toato-
My cosy = +/1 - x* M OKOHYATENbHO MK TOJy4aeM GopMyNyY

. ’ |

(arcsin x)’ = ——, rme xe{—1; 1);
J1-x?

6) IpowusBonHan GYHKUMH ¥ = arccosx.
Hmeer Mecto popmyna

{arccos x) = -

ﬁ , toe xe(—1; 1).
-X

Beiron »1oii GopMynbi NPOM3BOAWTCS AHANOTHYHO MYHKTY a).
B) [IpoussoaHaa pyHkUMH ¥ = arctgx = g(x).
PaccmorpuM dyHKuMIO X = tgy = f(y). Jna Hee nmeeM

£ = (tgyy = —

cost v’
DTa NpOH3BROAHAs He o0pamaeTcd B HyIb 4 aboro x. [TpumMe-
HAg dopMyay (3), noayyaeM

Tak kak x = tgy, 10 f(p)=1+tg?y=1+x.

r i 4 ]' 1
arct; = = —_—= .
(arctgx)’ = ¢'(x) 700 - T

Takum oGpazoM, nMeeT MecTo Qopmyia

(arctgx)’ = % X € (~oo; + o),
l+x

r lponzpoaHas pyHKUMM y = arcctgy,
194

[Ipu nwoboM 3HAYeHUH x CHpaBedJHBA popMyia

t
1+x2

(arcctgx) = ~

Boipoz 2T0i GOpMYIB OCYIUECTRAACTCS AHANOTHYHO IIYHKTY B).

B 3akniouyeHHe npHBeAcM NPHMEp Ha HAXOXACHHE NMPOH3BOI-
HOMH 3NMeMeHTApHOH DyHKIIHH.

[MTpusep. Haittu npouspoanyw $yHKIHAW

flx)=xsinx+e"lnx+4,

PemeHnue.

F(x)y=(*sinx+e"Inx+4) =(x’sinx)Y +(e* Inx) +(4) =

=(x*Ysinx + x*(sinx) +(e*)' Inx+e(nxy +0=

24
Scosx+e Inx+ 5.
X

=S5x*sinx+x

@f Bonpochl M 3a1aHRs

1. Kakue GyHKIMH OTHOCATCA K MPOCTEHIITHM 3TeMEHTAPHBIM HyHK-
LT ?

2. 3ankcare B TaGauny QOpMYNIbl MPOU3BOAHBIX CTeMeHHOH, Nora-
PHUOMHYUECKOMH, NOKA3ATENBHOH, TPHTOHOMETPHUECKIX H 00pATHLIX
TPUrCHOMETPHIIECKHX (PYHKLIMIA.

3. ChopMynupoBaTh TEOPEMY O MPOU3BOAHOM o6paTHON QYHKIIHUM.

Yopaxuenns

1. Haiitu npousBontyo ¢yHKUMIL:

X

a) y = x )y y=——;
x°-1
2
6) y = 2x" + x5 e)y=x;x:l;
B) y=x“2+~i»; x) y=x—41x;

r)y=§/x_4+%?;

2. Haiith npoussoanyio ¢pyHKUHMIA:

3) ¥y =0 +xWx? + x72).

a) y = 2sinx; 0) y=-3cosx; B) y=4x-CO8Xx;

195



X

r)y= ; n) y=+3-1tgx;

€) y=tgx —ctgx,

sinx ’
X) y=x*sinx; 3) y=xsinx +cosx.
3. Haiitu f(0) u £’ (0), ecnu:
a) f(x)=x"+5x* +4x° +3x2 +2x +1;
0) f(x)=€0—’;-;c—; B) f(x)=sin’ x+cos’x; T)f(x)=tgx
4. Haittu npousBoanyio GpyHKIMIA:
a) y=8"; n) y=log, x +log, 3;
6) y=2"x; e y=2000
B) y=xlnx; X) y = arctgx + logs x + x*;
I) y=e*cosx, 3)y=2e"—lnx+%,
5. Pemuutb ypapHeHue y’ = 0, ecnm:
a) y=x"~27x+5; A y=10"x;
6) y=x"-18x* +7; €) y =X — arctgx ;
B)y=cosx+%x; x)y:lnx—%xzﬂ;
N y=sinx-x+1; 3)y=~/;—%x+3.

6. Pemrntp HepapeHCTBO f'(x) > 0, ecau:

a) f(x)=3x*-4x; B) f(x):sinx—%x;
6) f(x)=x>-12x; 1) f(x)=1-cosx.

7. 3aKOH OBMXEHHS TOMKH MO KOOPAMHATHON IpAMON 3amaH
ypaBHeHueM x(7) =12 + 41+ 5. Haiitu CKOPOCTHh TOYKH B MO-
MEHT BpeMeHH /, = 3. B KaKoH MOMEHT BPEMEHU CKOPOCTH
TOYKH papHa 207

8. Haiiti npom3soaHylo $HYHKIIHIA:

__r Cacin? v
a) Y= B) y = 3sin’ x;
6) y=xtegx; r y=(x+D{Inx+1);
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o) y=e*(cosx +sinx); ) y=-lr;—x;
X) y=5x+x+3x; 3) y=(2+x).

9. BLIYKCINTD 3Ha4YeHHe NMPOU3BOAHON (YHKUMH f(Xx) B TOYKE

Xg, €CITHM:
2x+1

a) f(x)=3x—_5axo=2;
6) f(x)=x(gx-1), x,= 10;

B) f(x)=tgx-x+2, Xp = 53

ry fi{x)= arctgx—%lnx, X, = L

10. Haiitin Bce 3HaUYeHHUA X, TPH KOTOPHIX MPOM3BOAHAS (PYHKIMU

f{x) paBHa HYNIO, ecau:
a) f(x)=x*-4x;

6) fx)=x*-2x"+3;

B} f(x)=1gx-x;

I) f(x):logzx—ﬁ.

11. Haittu 3HayeHHa x, npH xoTopeix f'(x}=0, ecnu

f(x)=2sinx—\/§x.

12. 3azats dopmynoit xorsa 66 OAHY GYHKUHKIO f{X), ecnw :

[
1+x2°

L+
2 +X

Cos™ X

B) f'(x)=

a) fi(xy=1+cosx;

1

) f’(x)=%+x+3; r) f’(x):x_;.ﬁ—;fﬂ,

13, 3aKoH OBHXeHHA TOYKHM N¢ KOOPIHHATHOH NpaMoll 3agaH

ypasHeHueM x(f} = t* — 3% + 4. HailTH MOMEHTB! BPEMEHM,
B KOTOpbIe CKOPOCTh TOUKH PaBHAa HYIK.

§ 4. HNpumeps npuMenReHAs NPOU3BOIHOMH

1. FGOMGTDH‘ICCKOC HCTOJNKOBANHE NMOHATHA llpOHBBO.II.HOﬁ.

ITycTe AaHAa HEKOTOPAd HeTpephiBHAA (PYHKUHA ¥ = f(x), Tpadu-
KOM KOTOpPOii siBnsieTcsi KpuBas AB (puc. 44).

3adukcupyeM Ha KpuBOH AB Kakyo-nub6o 104Ky M, i Bbibe-

peM Ha ITOHl Xe KpPUBOI elle OAHY MPOU3BOJBHYIO TOYKY M.
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Ya B Hpoeeaem cekyiuyo M M.
3ateM Oynem npubivkaTh
TOUKY M x M, no xpupoit
\ AB. Cexymas mpu 3TOoM
CTaHeT NOBOPAYHBATLCS.
Mo MoxeT cnyunTses, 4To MpH
HeOrpaHUYEeHHOM TMpu6-

0 .  JUXEeHHU TOYkH M K Tou-
ke M, mo KpuBoH cekyuias
MM bynet cTpeMuThes K
HEKOTOPOMY IpPeAcAbHOMY
MooXKeHNI. B 3toM cny-
Yae npenenbHoe MoJOXeHHE
M, T cexyweii M, M Hasbl-
Ba€TICs KACAmensHoU K Kpueoll
AB B naHHOIi ee Touke M,
[Ipn 3TOM HMeeTcs B BUAY
A g CIeAyIolliee: CYUIeCTBYeT Ta-
M, 5% [— Kast npamasg M, T, yto yron
o AN — P ¥ MCXIY Helo H ceKylleh
M,M (TouHee roBopsi, OAHH

Prc. 44

O X0 xptAx X
H3 TAKHMX YINOB) CTPEMHTCS
K HyJIIO, KOLIa JUIHHA p XOp~
ael MM ctpemuTes
Puc. 45

HYJIO, T.C. lil'l'[l) y=0.
p—

[locTpoeHue KacateNbHBIX B OTAENBHBIX TOUKAX MO3BOASET
foj1ee TOYHO CTPOMTH ICKH3HB TPAPHKOB (BYyHKLIMIA.

HokaxeM, 4To U3 CYWIECTBOBAHUA MPOU3BOAHON GYHKUUH f(x)
B HEKOTOPOH TOYKe X, BHITEKAET CYIUESCTBOBAHME KACATEABHOH K
rpacduxy 310l GYHKUMH B COOTBETCTBYIOILEH TOUKe My(x,, F(x)).

Itycte pyHKuma f(x) uMeeT B TOUKe X, MPOH3BOIHYIO, paauiz}o
HEKOTOPOMY YHCAy k. JamuM X, MpHpalleHHe AXx ¥ [MOCTPOMM Ha
KPHUBOH APB (puc. 45) nBe TOUKkM: My(x,, f(x)) m M(x, + Ax
S(x,+ Ax)). Janee, mposefeM ceKyuIyio MM v npamyio f?f P na:
pannenbHo ocH OX. QOG03HAYUB Yepes ¢ yroa Mexay MOMOH no-

NOKHMTETbHBIM HaMpaBacHHeM och OX, nMeem (ge = 1 — &

MyP  Ax’
ITonoxum v T = &
v 3p % Torma ¢= arctg = arctg z . Tlo opeano-
ROXKEHHIO CylecTByeT &k = f'(x) = lim A lim 7, T.e. U3 Ax — 0
Aax—=0 AX Ax—0
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crenyer 7 — k. Tak Kak QyHKUUSA ¢ = arctgz ABNACTCS HCNPEphiB-

"HOIi MO 7, TO CYLIECTBYET lzm} = yn} arctg z = arctg k. CnenoBateiib-
T—+ —

HO, CYIIECTBYET U lim ¢, npudem lim ¢ = lim arctgz = arctgk .
Ax =0 Ax=() Ax=l)

OB6o3HauuM arctgk = o. Torga HUMeeM
lim ¢ =0, (1)

ax—0
Tenepb npoBefeM uepes Touky M, npamyw M,T noa yrioM o
K ocd OX U nojoxum y = |¢ — a. SicHO, 4TO W ecTh BelUIHHA
OHHOTO U3 YIIOB MexXay cexywein MyM u npamoii M;T. Yuutsisas

(1), nmeeM
.alil_]}ow: ﬁl}g]ohp—(x\:{)‘ @

Xopaa M,M uMeeT ATMHY P = J(Ax)? + (&) . Bcnu p—o0,

To M Ax > 0, Tak Kak [Ax] £ p. [osToMy u3 (2) nosydaem
lim y = lim y = 0. CnemosareNbHo, MO ONpedeNeHUI0, Npsimas
p—0 Ax—0

M,T aBasercs KacaTeJbHON K Kpusoit y = f(x) B Touke M,

BepHo U o0paTHOE YTBEPXKICHHE: €C/IH KpuBas y = f(X) UMe-
eT B Touke M (x,, f(x,)) KacaTejibHYI0, H¢ NEPNEHANUKYIAPHYIO
ocu OX, To GyHKUNA f(X) HMeeT B TOUKE X, IPOU3BOJHYIO, IPK-
4eM 3HaueHHe TIPOM3BOOHON f7(x,) PABHO YIJIOBOMY KOIPPUIMEHTY
k kacarenbHOI K KpuBoil y = f(x) B Touke M(k = f(x,)). B 3TOM 1
3aKTIOUAETCS] TeOMETPHUECKHIA CMBICH TIPOH3BOAHOH B JAHHOH TOYKe.

TakuM o6pasoM, eciiM PYHKIUA f(x) UMEET B TOUKE X, TPOU3-
BOIHYIO f'(X,), TO KpHBad y = f(x) UMeeT B TOYKE M(x,, f(x,)
KacaTeNbHYIO, @ POU3BOAHAs f7(X,) reOMETPUYECKH O3HAYACT YI-
noBoil ko3dpduKeHT k KacaTeNbHOI K KpHBO# y = f(X)} B TOUKe
My(xp, f(5)-

3amevanne 1. Ecan nmpoussogHas f'(x,) He CYllecTBYeT, TO
KacaTesibHAd K rpaduxky GyHKuuM y = f(x) B To4Ke (X, (X))
Au60 TOXE He CyIMecTBYET, AMG0 ABIACTCS BEPTUKANLHON MpA-
MOH X = X,.

2. VpapHeHHA KacaTelbHOH W HOPMAJH K KpuBOi. BhiBenem
ypaBHeHHe KacaTeJbHOM K KpuBol (rpaduky) y = f(x) B TOUKeE
My(xp, 105

YpaBHEHHE TPAMOH ¢ yrIoBbiM Ko3dduuuMeHTOM & = f7(x,)
HMEeT BHJ

y=f{x)x+b.
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A5t BEIYUCAEHUS HEM3BECTHOTO b BOCIONB3YEMCS TeM, 4YTO
KacaTesbHas MPOXOIUT Yepe3 Touky M, MMeeMm f(x)= /()% +&.
Otkyma b= f(x,)— f'(xy)x, ¥ YPABHEHHE KACATEAbHON TPHHHU-
MaeT BUA y = f(X)x + f(x) — f{x)xy, WIH

y=flx)+ fp)x—xp).

Taxum oGpa3om, Ipou3BoAHAsA AACT HaM OGIIMI CNOco6 HAXOX-
ACHHS KACATENBHEIX K KPHUBHIM, 3aJaHHBIM YPABHEHHSAMH ¥ = f(X).

YacTo RHapsgy ¢ KacaTelbHON OBbIRACT HYXKHO TPOBECTH HOP-
Madb K K_’pnnoi»‘i ¥ = f{x) B nauHou 1049Ke M (x,, f(x,)). Hopmassw
K Kpugod B HEKOTOPOH TOYKE HA3BIBAIOT MEPMEHAMKYIAP K Kaca-
TeJPHOH K KpHBOH B TOH XKe TOUKe.

Ecny npoussoanas f'(x,) cyiiecTByeT u f (xy) # 0, T0 ypaBHe-
HHe HOpMamTH HMEET BHA:

y=f50) =~ s (x-x0).

Ecnu xe f’(x)) = 0, To ypaBHeHHe HOPMATH MMeET BHI: X = Xq-

3ameganne 2. Ecnu gano ypaBHeHme v = kx + b, k = 0 Hexo-
TOPOH MPSAMOH, TO KO3PIHLUHEHT & MOXHO OMPEAEHHTb ¢ TTOMO-
UIBIO YITIA o MEXOY 3TOH TIpAMON M TOAOXMUTENBHBIM HaTIpasie-
HUeM ocH abcuuee, JIeHCTBUTENbHO, 3a0aHHAA MPAMAA [apa-
JIeJIbHA mpAMoil ¥ = kx, NpoXoAAwWei yepe3 Havano KOOPIHHAT.
KoopauHatsl (x, y) m1060i (OTIWYHON OT Hadana KOOPIWHAT)

lJ’
TOYKH MPAMONH ¥ = kX yAOBIETBOPHIOT PaBEeHCTBY — = k. flcHO,
X

1
470 OTHOWIEHKE — PABHO TAHTEHCY YINia HAKIIOHA NPAMOH y = kx

¥
K ocH abCiuce, a 3HaAYuT, — = tgo, T.e. k = tga.
X

flpuMep 1. HaliTH TaHTeHC yIIa o HAKIOHA K OCH abCLHCC
KacaTeJbHOM, TIpoxoAdwer yepe3 Touky M(2; 8) rpaduka GyHk-
oMM f(x) = x7,

Peumieniuie. UMeeMm f'(x) = 3x? Tanrenc yria HaKlIoHa K
OCH abcumnce KacaTenbHOM K rpagMKy B JaHHOH TOYKE PaBeH yr-
JoBoMy Ko3hdULHEHTY 3Tol KacaTenbHoil. Tak Kak yriioBoii Ko-
G PUIMEHT KacaTesibHON K rpaduky GyHKUMH f(x) = x> B TOuKe
M2, 8)papeH A= (2} =3-22=12, Totgae = k = 12.

[IpuMep 2. ITpoBecTu KacareqbHyIo K rpaduky PyHKUUH
y=Ff(x) = x? B Touke M(3;9).

Pewenue. FMeeM f(x) = (x?) = 2x. Yrnosoi Kos>dhduuu-
eHT KacaTelbHO! K rpachuKy B 3alaHHON Touke papBeH k = f'(3) =
200

=2 -3 = 6. KpoMe toro, f(3) = 3?2 = 9, CnemoBate/ibHO, YpaBHe-
HHE KacaTeJTbHOH UMeeT BUI

y=9+6(x—3), wm y=6x—9.

Hdns nocrpoeHHs HCKOMOIT KacaTelbHOH AOCTATOYHO YKa3aTh
elle OAHY TOYKY KAcaTeJbHOM, kpoMe ToukH M(3; 9), HanpHMep,
N(1; —3). Teneps coenuHss Touku M v N npsMoii AuHueH, MBI
IOCTPOMM TPeOYEMYIO KacaTesIbHYIO (focTpoeHHe rpaduika PpyHK-
nMu y = x! B KacateJbHoit MN k rpagrky PyHKUHH B TOYKe
M(3; 9) npenocTapiIaeM YHTATENIO).

MMpuMep 3. HanHcaTrh ypaBHEHHE HOPMAIU K rpaduky
dyukIMKH y = f{x} = x Touke M(l; 1).

Pemenue. f/(x) = (x*)’ = 4x°. YpaBHEHHe¢ HCKOMOH HOp-
MalH HMeeT BHI

y =S )= g (x -1

1 5
Orciona y—_-l—%(x—l), WIH y=-2x+2.
3. MexanHyeckoe HCTONKOBAHHE TIOHATHA Npouzsoanoi. [1veTe
ypasHeHue § = f(f) XapakTepusyer 3aBUCUMOCTb YTH S OT Bpe-
MEHH ¢ B NpAMOJHHeHHOM aBuXeHuH. [lo onpenenacHUIo CKo-

POCTEL ABUXKCHHA B MOMEHT BPCMEHHM f 33JacTCH PABEHCTBOM

v = Lm f+an)-1(0
ar=0 At

(noApasyMeBaeTCsl, YTO YKa3aHHBIHA Mpenes CYLLeCTBYET).

DroT npenen npeAcTapIfeT coboil mpoHu3BOAHYIO OT QYHKLIUH
S =70 B Touke £, T.e. v = f(f). Takum o0paszoM, cxopocmb nps-
MOAUHETHO20 (GUNCEHUA ecmb RPOUIBOONAR oM RYMU HO 8peMEHH.
3T0 M ecTh MEXaHMYeCKOE HCTONKCBAHHE IOHATHA NPOH3BOAHOIM,
BaXHOe A14 (PU3MKH U TEXHUKU.

Opumep 4. 3aBUCHMOCTb MYTH 5 OT BPpEMEHHU ! B IIPAMOJIU-
HelHOM ABHXEeHHH 3amaerca dopmynoit § = f(#) = £. Halitn
CKOPOCTh ABUXKEHHA B MOMEHT BpeMeHH ¢ = 4.

Pewenue. f(H = (£*) = 31? — CKOPOCTh ABUXKECHHS B MPO-
H3BONBHBIIA MOMEHT BpeMeHM { Torga CKOpocTs JBHAKEHHS B MO-
MEHT BpeMeHHn f = 4 paBHa v = 3 - 42 = 48,

4. IIpousBoanpie BMCHINX MOPAJKOB. MeXaHHTECKOE HCTO/KO-
BaHHe BTOpOil mponssoanoi. Ilyctb gaHa GyHKuMA y = f(X), nMe-
ollan B 061acTy onpedeneHusa D npousBoaHyio f(x}). Moxer
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okaszatbcq, uyro PyHKuug f'(x), xe D B cBow0 ovepedp UMEET Ha
HEKOTOPOM MHOXecTBe [, < D NMPoH3BOOHYIO, T.€. HA MHOXECTBE
D, cywectsyer mpouspoaHas suaa (f(x))".

DTa TIPOM3BOAHAS MO OTHOLIEHMIO K TaHHOH dyHKkumK y = f{(x)
HA3LIBACTCA HPOU3BOOHOI 8mMopozo nopadxa (WIH 6mopoll npou3soo-
xoif) U obo3HauaeTcs f”(x) (utaercs: 3¢ HBa IITPHXa OT HKC). B:
CBA3M C BTHM MPOM3BONHYIO f'(X) MOXHO Ha3blBaTh npou3600HON
nepeo2o nopaoka (WM nepeolt npou3eodnow).

B cBoio ouepent GyHkuua f7(x), xe D, MOXeT CHOBA HMETb
NpPOU3BOAHYIO Ha HeKoTopoM MHoxecTBe [, D,. Toraa npous-
BOOHAA OT (YHKLHH f7(x) IO OTHOWEHUIO K PYHKUUHN ¥ = f(X)
HA3BIBACTCHA MPOU3BOOHON mpembeeo nopadka (WU mpembvel npous-
goonot) U obosHavaercs f7(x) wm f(x).

Boob6ue, npouzsodnoii n-20 nopadia (UM n-it Hpou3eooHoH) O
dbyHKUMM ¥ = f(x) Ha3bIBaeTcA NMpoU3BoAHasA oT ee {n — 1)-i
NPOM3BOAHOMN (B MPEANMOAOKEHWH, 4TO nepsele (n — 1) npous-
BoAHBIE cyectsyioT). Ee oGosnavalor f*(x). Mraxk,

F () = (FU )y

Mpu » > 1 npousBoaHas f?(x) Ha3bIBAETCA APOUIEOOHOU GbiC~
wreeo nopadrka ot GyHkuMM y = f(x).

Mpusmep 5. y=x +sinx+3x. Haiita y¥.
PemweHue.

y = (x> +sinx+3x) = (x*) + (sin x)"+ (3x) = 5x* +cosx +3,
¥ = (5x* +cosx +3Y = (5x*) + (cosx) + (3) = 20x° -sinx,

y” = (20x° - sin x)" = (20x*)’ - (sin x)" = 60x? - cos x.

B c¢Bfi3U ¢ BBEAEHHEM IPOM3BOAHBIX BBICWYUX MOPSAKOB pac-
CMOTPUM BONPOC O MEXaHHMUECKOM MCTOJKOBaHMH BTOPOH MPOHU3-
pogHoi. TlycTh NMpd MPAMOAMHEHHOM IBHXEHHH 3aBUCUMOCTB
nyti S OT BpeMeHH ! BHIpaXaeTcsd ypaBHeHHeM § = f(/), a 3aBH-
CUMOCTb CKOPOCTH Vv JABUXEHUS OT BpeMEHU ! BBHIDAXKaeTCA ypaB-
HeHueM v = @(f), tae () 1 ¢(7) — PyHKUMH, HMEIOMINE TIPOU3-
BOSIHYIO (B KAXIOH TOMKE paccMATpUBAcMoil 00aacTi onpeIeieHis),

ﬂpOHBBO,ElHaﬂ OT CKOPOCTH IO BPEMCHH €CTH Mpeaesl suia
. Av
W= lim —
ar= A7

(B MpearnonoXeHHu, YTO NpeAes CYIIECTBYeT). 3TOT Tpeaen, T.e.
CKOpPOCTh U3MEHEHMS CKOPOCTH IBHXEHMA v, B (PH3MKE Ha3blBa-
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0T YCKOpeHueM RPAMOAURelnoeo osuxcerus B IaHHBIA MOMEHT Bpe-
MeHH ¢, TakuM obpa3zoM, yCKOpeHUe @ B MOMEHT BPEMeHH f €CTh
NPOU3BOAHAR B JaHHOM TOYKE f OT CKOPOCTH MO BPEeMEHU:
@ = v'(#). Ho nockonpky v = (8, T0
w=v (@)= =f).
CnenoBaTeNnbHO, YCKOPEHUEe 8 NPAMOAURCTHOM O8UNCEHIU ecMb 6mo-
pas npoussoonan om nymu no epemenit. B 3T0M COCTOHMT MeXaHH-
YeCKHil CMBICA BTOPOI MPOH3BOIHOIM,

5. Iouarue nuddepennnana pyuxkoun. Ipuémnukennbie BoINHC-
nennA. PaccMOTpUM MpHMeHeHHe MPOM3BOAHON ITPH NPHOGAMKEH-
HOM BBIYHCJCHHH 3HaYeHWH 3agaHHON PyHKuMU. TIycth QyHK-
und y = f(x) auddepeHnupyeMa B TOUKe X, U3 0GIaCTH OMpeac-
aeHua Gyukunu. CornacHo teopeme 1 (§1, rmasa X1I1) npupaie-

HMe auddepeHurpyeMot B Touke X, GYHKUHH MOXHO 3amucarh
B BHAE

Ay = flxy +Ax) — f(x9) = (f'(x9) + a{Ax})Ax,
rae a(Ax) - 0 npu Ax — 0. Ipupawenue

Ay = f'(xg)Ax + o Ax)Ax (3)

MpH PUKCUPOBAHHOM X, ecThb (HYHKUMA oT Ax, [IpH 3TOM 06a cia-
racMbIx B (3) cTpeMATCS K HY/I0 TIpH Ax — . B oTauyMe ort nep-
BOrO CTAraeMoro f'(x JAx, BTopoe craraeMoe o(Ax)AX eCTb TIPOU3-
BeAeHHEe OBYX GQYHKUMA o(AX) M Ax, KaXIas U3 KOTOPBIX CTpe-
MHUTCA K HYMO npu Ax — 0. [lostomy (npu f’(x,) = 0) rnaBHoe
BJUAHHE Ha BeJIMYHHY NpUpaweHua Ay oxka3wlBaeT ([IpH MalioM
Ax) niepeoe cnaraeMoe f'(x )Ax. OHO Ha3bIBAETCA 24aenoi (AuHel-
HOU) acmero npupawenus Qynxuuu y = f(X), Win dugpdepenuuaron
@yuxyuu y = f(x) B TouKke x, 0 obo3HayaeTca dy wiu df (x,). Crne-
JOBATEJNBHO, MO OTIpeNeHeHHID

dy = f'(x))ax, df(xg) = f'(xy)Ax,

T.€. AMddepeHuHan GYHKUHKM y = f(x) B TOYKe X, PaBeH Mpous-
BEICHUIO NMPOU3BOAHON 3TOH (PYHKUMHM B TOYKE X, HA NpHpalle-
HHe AX HE3aBHCHMOH TIepeMeHHOMH.

[Ipu BBeAeHHBIX 000O3HAYEHHAX COOTHOWIEHHE (3) MOXeT GEITH
NepenucaHo B BHIE

Ay = dy + a(Ax)Ax.

Acxo, uto npupaiieHue Ay GYHKIMM W ee Ouddepenuuan dy He
ONHO W TO Xe. OAHAaKO NMPpU JAOCTATOYHO MAJTBIX 3HAYEHHAX AX
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MBI MOXXEM TTOJIB30BAThCS MPUOIHXEHHBIM PaBEHCTBOM
Ay = dy,
KOTOpOE TeM TOYHEE, YeM MCEHBIIE Ax.

CooTHoleHUe Ay =~ dy LIMPOKO MPUMEHSAETCS B TEOPHM NPH-
GNMXEHHBIX BBYMCIAeHHH, Ero MOXHO NMepenycare caenyiommum
obpazoM:

Slxg +Ax)~ flxg) = f'(x)Ax
W, nonaras x = x, + Ax, B BuIe
Jx) = fOx)+ f(x)Ax. @

Popmyna (4) MO3BOAAST HAXOAUTH NPUGTHXEHHEE 3HAYSHHS
GYHKUMM f(X) TIpH X, IOCTATOYHO OIU3KUX K Xy

IIpumep 6. Beraucauts npubinxenHoe 3HaueHue 4,03 .

Pewenue. Honoxum, f(x)= Jx . B xauecTBe X, yiobHo
B3ATh YHCJAO 4, TaK Kak x=4,03 6am3ko K x,=4 u f(x,) =

= f(4) =4 = 2. INpoussoanas f'(x) = 71= [MoatoMy f'(x,) =
=f'(4)=

= z Orciona, npuMensisi bopMyny (4), noaydum

T

V4,03 =2+ (403 4)—2+Z-m—2 0075.

Taxum obpasom, /4,03 = 2,0075.
IMMpumep 7. BHYHCAUTh npubGIMXEHHOE 3HAYCHHE COS61°.
Pemenue. [Monoxum, f(x) = cosx, X, = 60°, Ax = 1", T.e

M=r§5 =0,02. Tak Kak f’(x) = —sinx, T0 f’(;q])=—sin60°:-§.

Kpome Toro, f{x;) = cos60° = % =0,5. TMpumMeHsa popmyny (4),
HAaXOAUM

cos61°=0,5- 33 L~ 0,5-172.0,02 _0,5-0,0173 = 0,4827.
IIpumep 8. BueemeM cleayiourylo NpuOAIKeHHYIO hopMyTy:
(1+Ax)* =1 + qAx . (5)

[Tonoxum, f(x) = x*, x, = 1 0 x=x, + Ax =1 + Ax . HUmeem

Fx)=fD=1, f(x)=(x")y =ax*!
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[oatomy f'(x3)= f()=0-1=oa. Mpumenas (4) U yIATHI-
Basg, uTo f(x) = f(xy +Ax) = f(1+Ax) = (1 + Ax)*, noaydaem
(1+Ax)" =1+ aAx.

MpuMep 9. BHYHCIUTE NPUONHXKECHHOE 3HAYCHHE!

a) 1,1%; 6) 41,1.

Peureaue. INpumendaa dopMyny (5), HaAXOOUM

a) 1,12 =(1+0,1)® =1+20.0,1=3;

1
6) 1,1 = (1+0,1)3 =1+%‘0,1=1,025.

JIna JanbHeMIUKMX HALUWX Lenel nosje3HO BBECTH €lle MOoHA-
e uddepeHHana He3aBucHMol nepeMenHoit. Judgepenyua-
aom dx Hezasucumoll nepemenrnold X Ha3HBaeTCd €ro NpUpalicHUE,
T.¢. TIO OMpeAeNeHUIO

dx = Ax

Teneps onpenenenue puddepeHunana GyHKIUH MOXHO NATh
B ceAyiolleil GbopMynHposKe: duggepenuuarom Gyrxuuu 'y = f(x)
6 MmouKe X HA3LIBAeMCca npouseederue npouseoonold darHol Qyrxuuu
@ moure X Ha Ouepenyuan neinsucuMol nepementol, 1.e.

dy = df (x) = f(x)dx.

Jna anddepeHENaN0oB CyMMBbl, MPOH3BEISHMUS U YaCTHOTO
nByx gnddepeHIEpyeMbiXx GYHKUMA f M g CIPaBeNTUBBI CAEAYIO-
1I1Me COOTHOUICHHS:

d(f+g)=df +dg, ©)

d(f-g)=gdf + fag, (7)
f Bdf - fdg

d(;]= S ®)

(30€Ch paccMaTpMBAIOTCS JIKLIB T¢ TOUKH X, rae g(x) = 0).
BrigesieM, Hanmpumep, cooTHomeHue (7). MMeeM

d(f-8)=(f-gydx=(f"-g+f §)dx=
=g - fix+ [ gdx=gdf + fdg.
MpusMep 10. Haiitn nuddepenuman ¢pyHkumu y = x* + xsinx.
Peme Hue. Ucnonbiyd cooTHolieHUA (6) ¥ (7), HaxoouM
dy = dx* + d(xsin x) = (x* Y dx + sin xdx + xd sinx =
205



= 4x’dx + sin xdx + x(sin x) dx =
= 4x dx + sin xdx + x cos xdx =
= (4x° +sin x + x cos x)dx.

(OTMETHM, 9TO JAHHBIA TpUMEP MOXK-
HO PElHTh, HCIOMb3YA JIMLL OMNpe-
AencHue Avddepennuana. Ing sto-
r'o CHavaja Hag0 HaHTH ), a 3aTeMm

HCTIONB30BaTh popmyny dy = y’dx).
A B 3akmoueHne mpusesem mpu-

» MED MPHMEHEHHUS TPOU3BOAHOIH B
0 ¥ ONTHKe M TeXHHKe. PaccMoTpum
napabonoua BpallleHHd (T.e. TaKyI0
NIOBCPXHOCTE, KOTODas MoJIyyaeTcs
TIPH BPalEeHUH Napabonasl y = gx?
Pue. 46

BOKPYT ocu OY). Ilpencrasum ceBe,
YTO BHYTPEHHAS MOBEPXHOCTh Na-

Padosonaa — 3epKanbHasi MOBEPXHOCTL H 3TO 3¢PKaNo OCBELIACT-
A IyKOM JIyyeH CBeTa, mapamienbHbiX ocH OY. C noMowsio no-
HATHH NPOU3BOIHOM H KacaTeIbHONH K napabojie gokassiBacTed,
9TO BCE NYYH, MapanielbHble OCH MapaboaHdecKoro 3epKana,
MOCTIE OTPaXKEHUS CXONATCA B ONHOM TOUKE, KOTOpasi Ha3bIBAETCS
toxycom napaboruuecxoeo seprasa (Touxa F na puc. 46). Ha stom
CBOMCTBE nMapabGoJibl OCHOBAHO YCTPOHCTBO MapaGonuyecKux Te-
JIECKOMOB, NMapaboluYecKUX aHTEHH U MPOKEKTOPOB,

Bonpocsl 1 3ananus

l.
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1. laTb onpeseneHUe KacaTenbHOH K rpaduky byYHKUHN B 33aaH-
HO¥ TO4YKe,

2. B ueM 3aK/1104a€TCA TeOMETPHIECKHI CMBICH MPOHIBOAHOIH?

3. Natb ofpedeneHne HOPMATH K rpaduKy GyHKIMM B 3a0aHHOMH
TOUKE.

4. B 4eM 3aKmiouaeTcst MeXaHHIeCKHIA CMBIC HEePBOH NPOM3BOAHOIA?

5. UTo noHMMaeTca noa nponssomHoit BTOPOro nopagka?

6. B 4eM 3axmouaeTca MexaHMYecKuil cMbic BTOPCH MpOU3BOIHOH?

7. Pacckazate 0 IPHMEHEHUAX TIPOH3BOMHOIL.

Yopaxuenua

Hamucath ypaBHeHHe KacarenabHoii K rpaduky GyHKIUH £(x)
B TOUKe (X,; f(x,)), ecnu:

1 -

55 B) f(x)=3sinx, x,=

a) f(x)=x>+1,% =~

wla

r) f{x)=-cosx, X, =

6) f(x)=§,x0= 2,

2. HamucaTh ypaBHEHHE HOPMATH K rpaduky GyHKIMH fix) B
Touke (X, (X)), ecnu:

H

a) f(x)=x3+l,x0=1; B) f{x)=cosx, X, =7.

o

6) f(x)le—z,xo=—1; T) f(x):sinx,x[,:%‘

3. HaiiTd CKOpOCTh M YCKOPEHME TOYKH B MOMEHT l;, €CIH:
3 2 - A-
a) x(1) =208 +1-4,6,=4 B) x()=0£-200+5, 4,74
. ™ -
ry x{f)=3sint, & =3

4. HajiTu TaHTeHC yrnma HakJIoHa K OocH abcumcce KacaTeanH?ﬁ,
IpoXoAAuIel Yepes TOYKy M rpagmka bYHKIMH f(x), eClu:

a) f(x)=x2+1,M(—2; Sy, B) f(x)=2cosx, M(%;O);

o) x(r)=5r+r2, =2

6) fx)=x -1, M(1;0); 1) f(x)=1+sinx, M(m 1).
5. HaiiTu npoM3BOAHbIE BTOPOTo H TPETHETO MNOPANKOB QYHKIMH:
a) f(x)=x>+x+3; A f(x)=sinx+cosx;

6) F(x)=x+1;

B) f(x) = 3sinx;

r) f(x) = 2cosx;
6. Berumcaute f(0), ecnn f(x)=e" cosx.
7. Buruucnute NpHOAMKEHHbIC 3HAYECHUI!

e) f(x)=sinx—-Cosx;

X) f(x)=3" +sinx;
3) f(X)=Inx-x*+x+1.

5.
a) sin61°; B) /9,000 ; n) 1,024 x) 0,99%;
0) c0s59°; r) /3.98; e) 31,02, 3) 0,99.
8. Haittn auddepeHunBan QyHKUHH:
x+1 - inx:
aAy=x% r)y=—x-;_,—, X) ¥y = x € sinx
¥ _E, yy=s
6) y=x+—; ny=—g )y

B) y = X %sinx; e) y = x Inx;
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10.

11.

12.

13.

14,

150

16.

17.
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. Hanucars ypaBHeHHS KacaTeJlbHOH M HOpMadH K rpadHKy

pyHKIMH f(X) B TOYKE (X,; (X)), €CnH:

a) fix)=Inx, x, = 2;

¥

Mllh—F

B) f(x)=ansinx, x; =

6) f(x)=e" +1, x, = In3;
Haiit yckopeHHe TOYKH B MOMEHT BpPeMEHH f,, €CIIH:

ry f(x)=arctgx, x, = 0.

a) x()=r -2 48, 6=5; 6) x(t)=t*+1,1,=12.

Touka JBUXKETCA MpAMONHHEHHO no 3aKOoHy

3
x(t) = - 16" + 3¢ + 5. Haitmw:

a) MOMEHT BPéMeHH {, KOrda YCKOPEHHE TOYKH PaBHO HYJIIO;
6} CKOpOCTh IBVHKEHUA TOYKU B ITOT MOMEHT.

Haiitu yron Hak/ioHa K ocH abcuMce KacaTenpHoil, nmpoxoas-
weii yepes Touky M rpaduxa GyHKUHHU f(X), ecmi

2 f(x)=3% +3, ML 1y 6) £ =2+ sinx, M(r; 2).
[Ton KakUMH yriaMM nepecekaercs ¢ ocklo OX rpapuk GyHK-
uun f(x)=x*-3x+2?

Brraueuts 3Hauenus f7(0), f® (-;—) FO(r), ecmu:

ay f(x) =3x+ 1; B) f(x) = sinx + x%;

O)fix)y=2x%+x+ 3
Haiitu f1%(x), ecnu:
a) f(x) = sinx; 6) f{x) = cosx + x'%,
BriuncanTh NpUSAMXKEHHBIE 3HAYeHUA:

N f(x) = sinx + cosx.

a) sind6°; B) ./16,01; 1) 1,01%; x) 30,9
6) cos3l’; ) ¥1,003; e) 1,1%, 3) 40,99 .

Haiitn nudpdepenunan pyHxuuu:

ayy=ux r)y= 2+ 3x—4); e)y=sinx- cosx;
= 2. == t.l.. M

0) y = x4 B Y=155

B) ¥ = X", 7 — HaTYPajlbHOC YUCIIO;

_1 x.
}K)}’—xe,

3}y = 2x + 1)sinx.

§ 5. IIponssoanas caoxHoN QyHKIHHE

IMpaeuna auddepeHUHPOBaHHA, BLIBSISHHBIC HAMH paHee, He
IAIOT €IU¢ BO3MOXHOCTH HAaXOHUTH NMPOU3BOJIHEIC OT MHOTHX DJje-
MeHTapHHX ¢YHKUUA, Hanpumep, OT CHOXHOW (YHKIWH
f(x)=1n?sin5x. B 3ToM naparpace Mbl BEIBEAEM TIPaBUIO AH(-
depeHUHPOBaHUA CNOKHON QYHKLUH,

1. indpdepennupoanne caoxnoil Gpynkunn. [ycte naHa cnox-
Haa QyHKUHA y = F(x), onpemendeMas COOTHOLUCHUAMH y = f(1),
! = g(x) (onpeneneHue caoxHoH GyHKUHH cM. B Tnase VII wactu I).
CnpaseanuBa Caeiylollas TeopeMa 0 NMPOU3BOAHON CHOXHOM
(YHKIIHH,

Teopema. TlycTo dyHKuUMs ¢ = g(x) MMeeT B HAHHOH TOYKE X
NPOM3BOAHYI, a QyHKIMA y = f{f) MEeT NPOU3BOJHYIO B COOT-
BETCTBYIOLUEH apTyMeHTY X Touke ¢ Toraa cnoxHas ¢GbyHKIHA
F(x) = f(g{x)) iMeeT B TOUKE X MPOH3BOIHYIO, TIPHIECM

Fo=f0) g )
(MHASKCHL BHU3Y YKA3HIBAIOT, 10 KAKOMY apTyMEHTY NMpPOH3BOTHUT-
ca mvgdepeHIIMPOBAHKE),
HokaszatenscrBo. Tak xak mpou3BogHasa f, (f) cyule-

CTBYET B DaHHOH TOYKE f, TO B CHiy TeopeMbl 1 n3 §1 HacToseit
T/IaBH B 3TOH TOYKE TMpU Af = ) MMeem

AF = £/ (DAr + a(ADAT, )
rae oA Takaa PYHKUMA OT TIpPHUpAILIEHUT Af, YTO i}Tﬂ alAfy=10,

3nech caeayeT OTMETUTh, YTO GyHKiUMsS oA npu Af = 0, Bo-
of1ne rosops, He ObUia onpeneieHa. OxHako B ¢opMyne (1) Az
Kak npupanleHue QyHKUHH ¢ = g(X) MOXeT 0Ka3aThCA PABHHIM
Hy1o (maxe ecnu Ax # (). [Mostomy uto6nl opmyna (1) uMena
MecTO U Ans At = 0 goonpenesnM GyHKuio o(Af) B Touke Az = 0.
Tak Kak oA — 0 npu Ar — 0, TO eCTeCTREHHO MONOXHUTE o = {
nmpu Af =0, Te. a(0) = 0.

Hanee, no yci0Bu0 TeopeMbl GyHKUHA f = g(X) HMEET MPOH3-
BOOHYIO B Ja@HHON TOYKE X, 4 3HAYMT, 3Ta (PYHKIMA HEeNpephIBHA
B Touke x. CnenopatenbHo, A7 — 0 npu Ax — 0. Ho torna u
olAf) —» 0 mpn Ax— 0.

AF s, Al
azge . —_ 1)—+ 0o —,
Pazmenum obe yactu (1) Ha Ax. UmeeM Ji (7) !

At A%
IIpu Ax ~ 0 oTHOWIEHHE % = 3x CTPEMHTCA K KOHEMHOMY TIpe-

14 - Anrebpa, vacte 11 209



neny g£:(x), a GyHKIHA o CTPEMHUTCA K HYTIO. CaeaoBaTebHO,
CYLIeCTBYET Tpene

. AF , T A . At
—_ = f —-—) — |=
ey al}g‘o( Oz +£T°(aﬁx]

» . Al i . Af e ¢ L = ’ 3
N f; ® AlJl:I:}‘lOE * Al;r-ilﬂa gTUE - j; (r)gx(x) +0 Bx (x) f; (r)gX(X),

Te. F/ = f (1)g, (x) Wi
(f(g(x)) = £ (Dg(x). @

MonyyeHHOE TIPABUAO AHPPepeHINPOBAHNA cA0XHOW PyHK-
1HH MOXHO chOPMYTHPOBATH CIEAYIOIIHM 00pa3oM:

HMpouzeodnan caoxcrott PyHKKL y = f(g(x)) no neszasucumomy
apeyMenmy X paera npou3seodnoil GyrKuuu [ RO RPOMENCYMOHHOMY
apeymenmy t = g(x), yMHONCERHOU HA HPOUIBOOHYIO NPOMENHCYMOUHO-
20 apeymenma t no He3agucuMmol nepeMennoll X.

MpumMep 1. Haiitu mpoussoanyo GpyHKUMH F(x) = 20,
Peurenue. Mmeem croxuylo ¢yHkumw Fx) = f (g(x)), rae
f( =72, 1= cosx = g(x). Tak kaKk f; (N =2'-In2, g, (x)=—sinx,
no gopmyie (2) moaydaeM
Fi(x)=2In2(-sinx) =-2°"".In2 -sin x.

Mpumep 2. HailTu npoU3BOOHYIO by F(x) = in?® sin x .
Pemenmue. Monoxum, 7 = Insinx. Toraa F = t2. UMeeM
F, = (#%), - t, =2t - t,. Oyuxums ¢ = In sinx caMa ABACTCA CJIOK-
Hoit ¢yHKiHel. [ToJoXUM Temepsb, 7 = sinx, Torma ¢ = Ing,

- r ’ » l 1
z=sinx. [losToMy £, =1, -2, = COSX = 08X = ctgx . Iloa-
cTaBnss 3HadeHme !, B BRpaxeHwe miA F, momyuum

F; =2 -ctgx = 2ctgx - Insinx .

Ha npakTuke ynoOHO OmycKaTh CII€IIMaJbHBIS 0003HAYCHHA
IPOMEXYTOUHOTO apryMeHTa. BMECTO 3TOTO MOXHO MCHOJB3OBATS
3allACh, TAE TIEpBbIii COMHOXHTENb B opMyre (2) yXe BBIYHCIEH,
a BTOpON nuiIb yka3aH. HanpuMep,

. i | B ,  COSX
sin x) = —— (sin x)} = —— = ¢,
(In ) Sin x (sin x) inx  © B
(e2x+3 ): = 82x+3(2x + 3)» - 2e2x+3 .
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2. Jlorapndmmlecxoe muddepennuposanne. ITycte gaHa yHK-
‘umMA y = f(x), He obpawanliasca B HYJb B CBOci o6aacTH ornpe-

. ReeHHst D 1 uMeomas Ha MHoxecTse D nponssoauyio. Cocra-
BUM HOBYIO QYHKIIHIO

2=In|f{x)|=Iny|.
ObnacTbio ofpeleneHua GYHKLUMH 7 TAKXKe SBISETCH MHOXE-

¢tBo D. Ee mpousBogHas cymecTByeT M papHa 7, = —l—y;. Orciona
;

r ra
Yo =z, (3)
CrnenosaTeasHO !
. Bbl‘lH(fHCHHe NPONU3BOOHON ¥, MOXeT GHITH
CBEJCHO K BBIMMCJICHHIO Z,, YTO HEPEAKO NMPOH3BOAUTCA MpOLle,

YeM HETMOCPEACTBEHHOE BhIUMchAeHHe Y. Takoit cnocod BeIYHC-

NE€HNA NMPOH3BOIHON (PYHKIUM Ha3BIBaETCH t0zapugpmuueckium
Oudpdepernuuposanuen.

Iliprmep 3. HaitTu nmpoussoauyo GyHKuum y = :‘fi
j x+1°
1-it cnocof (HEMOCPeACTBEHHOE BRIYHCIEHMUE):

’

' ! EN 3
(-t - e

(x+l)2

_ l4(x+l)3 x+l-x 1 4(x+l)3
(x+1y  4(x+D)?

X

4y x
2-1 cnocob (norapudpmuyecKkoe abdepeHIHPOBaHKE):

Paccmotpum gyHKIuo z = Inlyj = In ¢ il . Hmeem
X+

!
= LZ__I x _ 1 1
4 ln(xH) _Zln?i_l_ (lnx—ln(x+1))=zlnx—%ln(x+l).

&

Oreroma 2 = (jlnx-Jingra ) = Lo Lo x|
4 4x  4(x+l)  dx(x+) T 4xidx

Hcnone3yst dopmyny (3), monyyaem y, =y -z, = ;‘f—x— S
x+l 4x?e4x”
Jlerko MpoBepUTh, YTO MONYYEeHHBIE TIpU 1-M M 2-M crocoGax
BBIPKCHUA JUISL ¥, DAaBHHL, T.e.
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E2 U S ,
x 4(x+1)y x+l axtidx

Onnako 1-il criocof BHIYMCICHHA OB TPOMO3IKKM, a 2-i — 00-

Jiee TPOCTHIM,

B sakmioyeHne npuBeaeM QOpMYAy BHIYHCIEHHA NMPOU3BOA-
HOHM TakK HA3BIBAEMON HOKA3AMEAbHO-CMENEHHON QyrKUUU
y=(f(x))"™, e 3HauUeHHS apTyMEHTa X MOAPA3YMEBAIOTCH TaKH-
MH, 4To f(x)} > 0. C noMolupio MeToia NorapudMuyeckoro aud-
depeHIMPOBAaHUS NIETKO BHIBOAHTCS TIpaBuiio AuddepeHnpoBa-

HHUA 3TOH QPYHKUMU:
[(FON* DT = g(x)- LD fx)y+ FOF - In f(x)- g'(x). @)

D10 MPaBUNO MOXHO CHOPMYIHUPOBATh CICOYIOLUIMM 00pasoM:
poussodnas noxasameavbHo-cmenennoll GYyHKyUY noayaemcs,
ecau 3my Qyuxyuio odun paz npoduddepenyuposanms Kax cmeneu-
nyio, a dpyeoii pas npodugPeperyUposants Kax HoKa3amesshyio gyH-
KUUIO, U PE3VAbMambl CAONCUMb.
MMpumMep 4. Haitth npou3BonHyI0 GYHKLIUH ¥ = x50,

o dopmyne (4) umeeM
(xsinx)f - sinx . xsinx—l '(X}’ + xsinx -ln X (Sin x)’ =

i $in x
=xs'""( < +CO8 X - lnx)

Ha npakTuke 4acTo MPUMEHSIOT elle oAuH crmocob. MmenHo,

sin x

(xsinx )'= (e]nx )',:

. sin x i
= giinrlax (cosx lnx+T)-xs"‘"(cosx»lnx +

(esm xx ); — esin xinx (sin x-In x)' =

sin x)

@ Bonpocel 1 3aganus

1. CHopMyIHPOBATE TEOPEMY O MPOU3BOIHOH CIOXKHOH (DYHKUHN.

2. O6BsIcHATE MeTO NoraprdMirdeckoro audgxbepeHIMPOBAHHA.

3. Kakast (hyHKUHS HA3bIBACTCH MMOKA3TENbHO-CTENIEHHOM?

4. ChopMynupoBath NpaBwio anddepeHUMpOBaHIS NOKA3ATCIBHO-
crencHHOoM GYHKUMH.
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Ynpakunenus

1. 3azath GopMynaMu GyHKUMH f U g, U3 KOTODBIX COCTaBleHa
bynkima Fx) = f(g(x)):
a) Fx) = sin2x; r) F(x)=+vcosx; x)Fx)=Incosx
0) F(x)=cos (x - g), o) F(x)= sin%; 3) F(x} = esinx,
B) Fx) = Gx+ )% o) F(x)=1gX;
2. HaiiTH MPOM3BOAHYIO CAOXHBIX ()YHKLIHIL:
a) f(x)=(3x-2); I f(x)=e"*;
6) f(x)=(4- 3x)?; e) f(x)=sin’x;
B) f(x )— 9)3, X) f(x)=In(4x-1);
I f(x)=+d4x-5; 3) f(x)=arcsin3x.
3. Hcnone3ya Metoa norapudbMHuecKoro JuddepeHUHpOBaHHS,
HaHTH NPOU3BOAHYIO bYHKLMIL:
1
a) f(x)= 32 B) f(x)=+/(-sinx)(1_cosx);
6) f( ) 2I+4 F) f(x) = esin(3x+2)'
4. HaiiTH npou3BOAHYIO CIOKHBIX (PYHKIIMI:
Ay=x5 6)y=(6inx)c% B y=x  r)y= (cosn)™
3. 3amaHel GyHRUMH f(x) = sinx u g(x) = x2. 3anate Gopmynoii
CIOXHYIO pyHKUMIO F(x), ecam:
a) F(x) = f(g(x)); B) Hx) = f(f(x));
b6} F(x) = g(f (x)); r) Fx) = g(g(x)).
6. HaiiTu Npou3BONHYIO CNOXHBIX (BYHKLIHIL:
a) f(x)=Q2x-1"°; B) f(x)=\jtg(dx-3);
0) f(x)=sin{cos(5x-2)); ) f(x)= ™47
7. Haiitn Takyio ¢yHxumio f(x), 910 f(g(x)) = X, ecau:
a) g(x) = 2x; B) g(x)=vx+1
6) g(x) = 2x + 3; 1) g(x)=x? +l,x20.
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8. HaiiTH Mpou3BOOHYI0 CIOXKHBIX (PYHKLIMIL
x2_[ Inx
a) y=35—; B) f(x)=x"*;

x<+1

0) f(x)=(x+D""2x+3);

sin x

r) fix)=e"

§ 6. Mccnenoanne ynkumii ¢ MOMOWIbIO POH3BOIHOI

1. Ilpu3naku sozpacranus H yobiganua ¢yukunn. B § 3 rnasw
VII yacti 1 6b11M paHB onpedeneHUa BO3pacTaloWeil U yobIBaIO-
meld GyHKUHU. OXHAKO TaM He YKasbIBATUCH METOHBI HCCAEI0Ba-
HUSL QYHKIMHY Ha MOHOTOHHOCTH. OKa3bIBaeTCd, 0 BO3PACTaHWH
WIH YOBIBAHWH (PYHKLHMH MOXKHO CYAUTH IO MOBEACHUI) €€ IPOo-
HU3BOOHOM.

ChopmynupyeM 1 noKaxeM NMpH3HAK BO3pacTaHHsA (y6biBa-
Hus) GyHKUMK. Ho nepea 31uM chopMyTHpyeM OAHO BCIOMOTa-
TENbHOE YTBePXKIEHHE, HAa3bpBacMoe meopemoit Jlacpanwca (mokasza-
TETLCTBO TEOPEMBI TIPHBOANTCS B Kypce MaTeMaTHYeCKOro aHajIn-
3a). DTa TeOpeMa YCTAHABIMBAET MPOCTOE, HO YACTO HCIOIb3ye-
MO€ B MATCMATHKE COOTHOWIEHUE MEXAY 3HAYCHHAMH PYHKUHH U
€¢ MPOU3BOAHOH,

Teopema 1 (Jlarpanx). Eciu dyHKUMA f(X) HenpepbIBHA Ha
OTpe3ke [a; b] M HMeeT MpOU3BOAHYIO HA WHTepBane («; b), TO Ha
3TOM HHTepBaNle CYLIECTBYET MO KpaiiHeW Mepe 0JHO YHChO ¢ Ta-
KO€, 4YTO CNpaBeyIHBO PABEHCTBO

fiey= L0 1@ 1y

@opmyaa (1) HaseiBaeTcss gopmyaci Jdacpannca. OHa MOKA3bI-
Ba¢T, YTO IIPH YKA3aHHBIX B TEOpEMEe YCAOBUSX OTHOILUEHHE NMpPH-
pallleHua PyHKUUH Ha OTpe3-
Ke [a; b] X mpupaiuennio (b — a)
apryMeHTa paBHO 3HAYECHHIO
NMPOU3BOAHOMH NAHHOH PYHK-
LUH B HEKOTOPOM MPOMEXY-
TOYHOM {MexXxay ¢ U b) 3Haue-
HUHU apryMeHTa.

['eoMmeTpuyecku ¢popmyna
JlarpaHka O3Ha4YaeT, 4TO Ha
ayre AB ¢ ypaBHeHHeM y = f(x)
Hafigercs Takas Toyka M (no
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KpaliHel Mepe, OlHa TOUKa), B KOTOPO# KacaTeJbHas K KpHBOH
napaleAbHa Xopae AB, cTAruBamei JaHHYI0 ZyTy (puc. 47).

Teopema 2 (HocTATOUHBIt NPH3IAAK Bo3pacTaHHA QYRAKIHR).
Ecam f’(x) > 0 B Kaxaoil Touke UHTepBana (a; b), T0 QYHKUUA
f(x) Bo3pacraeT Ha 3TOM WHTEpBaJe.

NokazatenbcTBO. Bo3sMeM [Ba MPOH3BONBHHIX 3HAYEHUSA
X, B X, (x, < x;) apryMeHTa x 13 MHTepBana (a; b). ®yHKUNA f(X)
WMeEET MPOHM3BOIHYIO Ha {a; b), a 3HAYUT, OHA ABIAETCSA HElpe-
PHIBHOH Ha 3TOM HHTepBane. CienoBaTefibHO, f(x) Ha OTpe3ke
[x,: x,] © (a; b) yIOBNETBOPSET BCEM TPEGOBAHHAM TEOPEMBI 1.
TpuMeHsis Ha [x;; x,] dopmyty Jarpamxa, umeeM

S(x) = f(x) = fFle)x - x),

rae a <x, <c<x,<bh

Tak kak f’{x) > 0 Ha (a; b), 10 f'(c) > 0. Kpome Toro, X, > X,.
3nauur, f(x,) — f(x) > 0, uan f{x,) > f(x,}. ITHM N0Ka3aHO BO3-
pactanue GyHKUMH f(x) Ha UHTepBane (a; b).

Teopema 3 (FocTaTounblii NpH3HAK yObBaHNA GYHKUHH). Ecin
£’(x) < 0 B xaxaoH Touyke uHTepBana (a¢; b), To dyHkunsa f(x)
yOBIBAET HA 3TOM HHTEPBAIE.

HMoxazaTenbCTBO TEOPEMBI 3 MPOBOAMTCH COBEPLICHHO aHaNo-
THYHO J0KA3aTeNIbCTBY TCOPEMBI 2.

Jameuanme 1, Ecnu ¢yHKUMA f(x) HEMpephlBHA B KakoM-1ubo
W3 KOHLOB MPOMEXYTKA BO3pacTaHHUA (yObIBaHHA), TO 3TOT KOHEL
(T.¢. TOUKY) NPHCOSAMHAIOT K MPOMEXYTKY BO3pacTaHus (yOLIBaHHs).

Mpumep 1. HafiTh npoMexXyTKN BO3pacTaHHA H YOBIBaAHUA

GyHKIHKH f(x) = x+'}1—c.

Pemeuue. JanHas GYHKLUUA onpelcyeHa HA MHOXECTBE
{—=;0) U (0;+e). Eec MpoH3BOAHAS HAa 3TOM XK€ MHOXECTBE PaBHA

1
f(x)=1- x_lz' PewruM HepaBeHeTBO f'(x) > 0, T.e. l—x—2 >0,

TIpuMeHsII METON MHTEPBATIOB, TIOAYYMM, 4To f'(x) > 0 Ha HHTEep-
Basiax (—e; —1) H (1; +=). AHanoruyno, f’(x)} < 0 wa uHTEepBalax
(—1; 0) u (0; 1).

Tax kak GyHKUMA f(x) HeNpephHIBHA B TOUKAX x = £l, TO 3TH
TOMKH MOXHO IMPHCOSAHHHTH K TIPOMEXYTKAM MOHOTOHHOCTH
dyukuuu. TMostomy QyHKUuUS f(x) BO3PACTAET HA MPOMEXKYTKaxX
(—oc; —1] H [1; +e0). AHANOTHYHO, f(Xx) YOBIBAET HA MPOMEXYTKaX
[—1L 3 u0; 1]
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Mpumep 2. HaiiTn nHTEpBaTbl BO3PACTAHHA K yOBIBAH S
GyHKUHKE f(Xx) = 2xd - 3x2 - 12x +3.

PemeHnue. [laHHag GbyHKIMA onpeaeneHa Ha (-, +o0), JloiA
BCEX X OHA HMeeT IIPOU3BOAHYIO

Fi(x)=6x? ~6x-12=6(x-2)(x+1).

Peiiasi HepaBeHcTBa f'(x) > 0, f'(x) < 0 METOAOM MHTCPBAIOE,

TIOMYYHM, YTO
Fx>0mpux<—-1lux>2,
fix)<0mpu —1 <x<2

CllelOBaTENbHO, Ha MHTEPBANAX (—oo; —1) M (2; +oo) DYHKLMS f(X)
BO3pACTAET, a Ha MHTepBane (—1; 2) byHxups yObIBaET.
Npumep 3. U3 opynus BepTHKaIbHO BBEPX BHIMYILEH CHa-
PO ¢ HAYaJBHONH CKopocThio vy = 200 M/ceK. OnpeaenuTh, 104~
HUMAETCsl I CHaps BBEPX WIH MalacT BHU3 B MOMCHTBL BPEMC-
HU: =15 cex U # =25 ceK.
Pemeune. PaccTodHHe s cHapsfa OT 3¢MJIH BBHIPAXKacTCA
gt
dopMymoit s(£) = vl — — » TRe { — BpeMs, OTCUHTBIBACMOE OT
MoMmeHTa £ = 0, a g = 9,8 M/cek® — YCKOpPeHHE.

200
HimeeM s°(1) = vy — gt =200 — gt . Torma () > 0 opu f < < M

s < 0mpu > 2—29-, T.¢. GYHKIHUS S(f) BO3pACcTaeT Ha HHTEpBAIC

200 _
[0; 2%0) 1 yGHIBaeT Ha MHTepBaie (—E—; +°o] Tak kak ¢t = l5e
€ (0; %), TO B MOMEHT BpeMeHH ! = 15 ceKyHI CHapsi MOoHU-
MaeTcs BBepX. B MOMEHT BpEMEHH ¢ =25 ceKyHE CHapsg yXe

200
OflyCKAeTCA BHU3, MOCKONLKY { = 25e (—g—, +°o)

X
[4
Mpumep 4. JlokasaTh CIpaBeIMBOCTE HEPABCHCTBA ~— > €

mpu x > 1.
" e" ot _ ex l
PaccMoTpuM dynkumio f(x)=—-¢. Hmeem f(x)d?(x— }.

TlpoussonHas f'(x} > 0 mpu x > 1, a cama dyHKUHA f(Xx) Hempe-
pbipHa B Touke x = 1. TToaToMy f(x) BO3pacTacT B NMPOMEXYTKE
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[1; +e). Ho Tak xak f(l)=eT—e=0, TO 3aKNI0YaeM, 4YTO
X

F)>f(1) =0mpu x > 1, Te. %—e>0,mm %)e,rnex} 1.

2. MagkcamymMBl B MEHHMYMB GyHKuHH. B npegniayiieM nmyHk-
Te GLUIO PacCMOTpEeHO MoBedeHHe GVHKUMK HA NpoMeXYTKaX, Tie
Tpou3BogHAd f(x) coXxpaHdaeT cBO 3HaK (f'(x) > 0w f'(x) < 0).

MNpu uccnenoBaHuu AaHHOM GYHKUHH f(x) yacTO GHIBaeT
BaXHO YMETh HAXOOUTH TE 3HAYEHHMA X, NIPH KOTOPBIX 3HAYEHHSA
$YHKUME f{X) 0 CPaBHEHUIO ¢ «COCeAHHMM» 3HAYLHMAMH 3TOMH
Xe QYHKUMH ABASIOTCA HaUOOMBIUHMH MAH HaMMeHbWHMH. B
YACTHOCTH, TaKH€ 3HAYEHHUA BO3ZHUKAIOT B T¢X TOUKAX, B KOTOPBIX
BO3pacTaHHe QYHKLUHU CMEHSAETCA YORIBAHMEM WJIH HA000pOT.

Tpn vccnegoBaHUK noBezeHHMst DYHKIMH BONM3K HEKOTOPOit
TOYKHU U3 0ORacTH onpeneneHus D ynoOHO MCTIONB30BATh MOHS-
THEe OKPECTHOCTH. Oxpecmuocmuio mouxy x, € D nanee GyaeM Ha-
3LIBATH J1I000# UHTEpBas, COAEpXaIM 3TY TOYKY.

HauGonpuiee 3HayeHre (PyHKUHH B HEKOTOPOH OKPEeCTHOCTH
HAa3bIBAIOT MAKCUMYMOM OTOH (PYHKIMH, a HAMMEHbIUEE 3HAYEC-
HHUE — ee munumymom. Hanpumep, byHkuus f(x), rpabuk xoro-
poit H300paXeH Ha PHCYHKE 48, HMEET B TOYKE X, MAKCHMYM, & B
TOYKE X, QPYHKUHS HMEET MUHHMYM,

JaguM Teneph TOYHOE OnpedeleHUe 3TUX NOHATHH. Ilycth
GyHKUHS f(x) ofpedereHa Ha HEKOTOPOM NMpoMexyTtke D U x, —
BHYTPEHHAS TOYKA 3TOTO NMPOMEXYTKa.

Onpeaenenne 1. Touxka x, Ha3BIBAETCA MOUKOU MAKCUMYMA
GYHKUNH f(x), eCNH AN BCEX X U3 HEKOTOPOIi OKPECTHOCTH X,
BBIMOHAETCA HEPABEHCTBO f(x) < f(x,) (B cny4ae Korma L1 Beex
X U3 HEKOTOPOH OKPECTHOCTH X,, X # X, BHIMIONHEHO HEPABEHCTRO
f(x) < f(x,), TOUKY X, HA3BIBAIOT MMOUKOU CMPOSOLO MAKCUMYMA).

Onpeaenenne 2. Touka X, Ha3BIBAETCA MOHKON Munumyma pyH-
KIHMH f(X), €CIM M1 BCEX X H3 HEKOTOPOIT OKPECTHOCTH X, BBI-
NOJHACTCA HEPABEHCTBO f(X) 2 f(x,) ¥, '
{B ciydae, KOraa Ojs BceX X H3 HEKo-
TOPOIl OKPECTHOCTH X,, X # X, BH-

3
0 0 :
MOJHEHO HEPaBEHCTBO f(x) > f(x,), 71
TOYKY X, HAa3bIBAIOT MOUKOU CMpoeoeo E

MUHUMYMA).

Touyxd MaKCHMyMa M MHHUMYyMa ; : .
GYHKUMM Ha3BIBAIOTCA MOUKAMU 3K- % X3 o
cmpemyma. TOUKH MaKCHMyMa 060- Puc. 48
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3HAYAIOT X, & TOYKH MUHHMYMA = X.;,. 3HaueHUs PYHKUHU B
3THX TOUKaX HaSBIBaIOT COOTBETCTBEHHO MaKCUMymami U MUHUMY-
mamu yricyuy (O0LIEE HA3BAHUE — 3KCMpeMyM gyrxuuu). Maxcu-
MyM (yHKIMM 0BO3HAYAOT y, . HIH foa» @ MUHUMYM (QYHKUKH
- ymin L min’

Mpumep 5. OyHkuua f(x =1-x* (puc. 49) umeeT B
TOYKe X, = () MaKCUMYM (CTpomﬁ), TAK KAk, HaTnpHMmep, B ec OK-

PeCTHOCTH ('%; %) O BCEX X # () BBINOJHAECTCH] HEPABEHCTBO

f)- O =V1-x2 =T =+1-%" -1<0,

T.e. f(x) < f(0), x (—%; %), x # 0. 3HAYHUT, MO OMpPEAENEHHIO,
xmax = 0’fmax =f(0) =
2-x,x>1,

a3polbHasg B
-x, x<1 pa3p

Mpumep 6. OyHKuUMUSA f(x)={

L
Touke x, = 1 (puc. 30). OHa WMeeT B 3TOM TOYKe MHHUMYM (CTpO-

1.3 _
ruil), Tak Kak, HanpuMep, B OKPECTHOCTH (5; -2—) TOYKH X, = |

JUIS BCeX x # | BBIMO/IHAETCS HepaBeHCTBO f(x) > f(xy) = —1. Ta-
kum obpazoM, X = L, [ = fy=-

x+2, x>0
i  UMeeT B TOUKE
, x<0

= 0 (puc. 51) MUHUMYM (He ABAAIOWMNCH CTPOTHM), TaK KakK B
moﬁol“{ OKPECTHOCTH 3TONH TOYKM BBIMOJIHAETCA HEPaBEeHCTBO

NMpumep 7. Gyuxunud f(x):{

Ffx) = f(x) = L. Ilpd oToM X\ = 0,f,=f0)=1
'V{[ }’ h
i
O o T 1 ¥ 0 =1§:2\:x
14 :
Puc. 49 Puc. 50
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Yy
\
2 z
‘ é
O 'x J':i O
Pue. 51 Puc. 52

CnenyeT OTMETHTE, YTO MOCKONBKY f(x) = | npn x £ 0, To
TOYKAMH MHHHMYMa JaHHOH GyHKUWH, KpoMe X, = (), ABIAI0TCS
TaKXe BCE 3HAYeHHMS x < 0 (mpudeM 3TH K¢ 3HAYCHHA ABISIOTCA
OAHOBPEMEHHO H TOYKAMH MAKCHMyMa).

3amevanne 2. Kak BuaHo u3 npuMepa 6 (puc. 50) MHHIMYM
¢byHKIMN B TOUKe He ABAAETCA OOA3aTeNIbHO HANMEHBIIHM 3Haue-
HHUeM GYHKUMH BO Beel oONacTU ee onpeaeneHHs. AHAJOTHUYHO,
MakcUMyM (GYHKLHMH He BCerda ABIAETCA HAaHOOJBLIMM 3HAYCHH-
eM (QYHKLHH BO Bcell obmacTy ec onpeacneHHs.

MakcuMyM (MuHHMYM) QYHKUWH f{(x) B TOYKE X, €CTh Hal-
Sosnbliee (HaMMeHblIee) 3HAYEHHE DYHKIUM, BooGIIe roBOpS,
JHINE B HEKOTOPOH OKPECTHOCTH 3TOI TOYKH,

@yHKUMA B cBoel oflacTH onpeneneHHUd MOXET HMeTh He-
CKOJIBKO PA3NIWYHBIX MAKCHMYMOE WM MHHHMYMOB (Ha pHc. 52
u306paxeH rpad@uK QYHKIUH, UMEIOIIEH MAKCUMYMEI B TOYKaX X,
M X,, © MUHHMYMbI — B TOYKaX X,, X; H X, TPHYEM MAKCHMYM
$YHKUMK B TOYKE X, MEHbIE MUHUMYMa GYHKUMHU B TOYKE X,).

PaccMOTpUM Temepb BOMPOC 006 OTHICKAHUH TOYEK IKCTPEMY-
Ma (TOYEK MAKCHMyMa MM MHHUMYMA) AAHHOIH dyHKIIHU,

HeobxonuMoe ycnoBHe CyuIecTBOBAHHS 3KCTpeMyMa GYHKLUHH
YCTAHABNMBACTCS CICAYIOILEH TEOpeMOii.

Teopema 4 (HeoOXxoanmoe ycrropHe 3KcTpeMyMa). Ecan dyHk-
uus f(x), 3anaHHag HA HEKOTOPOM IPOMEXYTKEe, HMEET dKCTpe-
MyM B KaKOH-THOO BHYTPEHHEH TOUKEe X, STOTO MPOMEXYTKA N B
ITOH TOYKE CYLIECTBYET TIPOU3BOAHAA f'{X,), TO 3Ta MPOM3BOAHAS
HEOOXOAUMO paBHa HyMNO, T.e. f(x,) =

HJokazaTtensbcTBo. JokaxeM oT nportusHoro. [lyets
J(x) #0, the x, — Touka 3KcTpeMyMa. [lna onpemeneHHOCTH Mo-
T0XUM f'(x,) > 0. Toraa no onpenejieHuI0 NMPOU3BOAHON OTHOLIEe-
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af _ F(x)-7(x)
X=Xp
yucny f(x,). TloaToMy nmpH Beex x, JOCTATOYHO OIM3KHX K X, 3Ha-

HHE npu x — X, CTPCMHTCA K MOTOXHTENBHOMY

Af
ueHue — TaKKe OyIeT MOJMOXKHTEIbHBIM, J1S TakuY X nMeeM

f(x)_f(xl}) >0
X=Xy

M, 3HAYHT, f(x) > f(x,) Npy X > x; U3 HEXOTOPOH OKPECTHOCTH
TO4KM X, CnemoBaTesbHO, TOUKA X, HE MOXET OBITh TOYKOH MaK-
cumyMa. Kpome Ttoro, f(x} < f(x)) npu x < x, U3 HEKOTOPO#H OK-
PECTHOCTH TOYKH X,. TloaToMmy x, He MOXeT 6bITH U TOUKOH MM-
HuMyMa. TlonydaeTcs, 4To TOYKa x, HE ABIAETCA TOYKOH IKCTpe-
MyMa QYHKIHH. DTO NPOTUBOPEYUT YCIOBUIO TEOPEMBI.

AHaOTHYHO paccMaTpuBaeTcs cnyvai f'(x,) < 0. CnenoBa-
TeNbLHO, TIPH YCAOBHUSIX TEOPEMBl HE0OX0AMMO BHIIIOJHEHUE pa-
BeHcTBa f(x) = 0.

TeoMeTpHYecKHM 3To O3HA4YaeT, YTO KacarelbHas K rpaduky
byakunn y = f(x) B Touke M(x,, f(x;)), COOTBETCTBYIOILCH 3KCT-
peMaibHOMY 3HaueHHIO GYHKLWH, Napa/uiebHa ocH OX (puc. 53).

Onpenenenne 3. BuyrpeHHMe TOYKM 00acTH OMNpeneicHud
GYHKIHMH f(X), B KOTOPBIX €€ POU3BOIHAA f(X) paBHA HYJIIO WIH
HE CYIICCTBYET, HA3LIBAIOTCA KPUMUECKUMI mouKamu STOA QYHKUUH.

3amewanne 3. Y3 Toro uro f'(x,) = 0, He creayer, 4to B TOY-
ke X, pyHkuns f(x) umeeT 3KcTpeMyM. Hampumep, g f(x) = x 3
npoussogHas f'(x) = 3x2 ¥ B Touke x = 0 umeeM f(0) = 0 (1.e.
x = 0 — KpuTHYeCcKas Toyka). ONHAKO 3KCTpeMyMa B Toyke x = 0
byHKUHMS He uMeeT (puc. 54).

b4

yn yI
M y= 13
ol = T x 0 "
Puc. 53 Puc. 54
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Hanee, KpoMe To4eK x, rae f(x,) = 0, GyHKuMA MOXeT UMETh
IKCTPEMYM H B TAKHX TOYKaX, B KOTOPBIX IIPOM3BOAHAS BOBCE He
cyimiecTeyeT. Hanpumep, dyaxuua f(x) = | x| u3 npumepa 6, § |
HacTO4uUIed rAaBbl B TOUKe x = () HMeeT 3KCTPEeMyM (MHHHMYM).
OpgHako 3Ta GYHKIMS B Touke X = () He UMeeT [TPOU3BOJHOIM
{(x =0 — KpuTHYECKasA TOYKA).

Ecim B TOUKE X, IPOH3BOAHAA HE CYILECTBYET, TO SKCTPEMyMa
B 3TOH Touke MoXeT He OwTh. Hanmpumep, ansa ¢yHKIMH

f(x)=3¥x npoussomnas f'(x)= He CYHIECTBYET B TOYKE

1
33x2
x= 0 (x = 0 — kpuTuyeckad Touka). B 3T0il TOUKe HeT H 3KCTpeMYy-

Ma, Tak Kak B ai00oii OKpecTHOCTH Toukd x = () pa3sHOCTh

F(x)y— f(0)y= Ix NMPUHHMaeT KaK MOJOXHTENRHBIE, TAK H OTPH-

naTeflbHBIE 3HAMEHHSA, T.€, HeT TAKOH OKPeCTHOCTH HYAA, TAc Obl
BHITIONIHSUIOCh HepaBeHCTBO f{x) > f(0) = 0 wiu f(x) < £(0).

Hakownen, oTMeTHM, 4TO NPOH3BOIHAA HE MOXET CYLIECTBO-
BaTh B TO4YKax paspbiBa ¢pyHKUWH. Ho B npumMepax 6, 7 Mb1 BHie-
JIN, 9TO IKCTPEMYMBI MOTYT OBITL AaXe B TOUKAX paspeisa.

M3 ckazaHHoro Bbile ciaenyeT, 4To GYHKUUA MOXET HMETh
3KCTPEMYM TOABKO B KPUTHUECKHX TodKax. OxHako obpaTHoe He
Bceraa BepHo. He B Kaxmoil KpUTHYECKON TOUKEe QYHKIIHA HUMe-
eT 3KCTpeMyM. TakuM oOpa3oM, paBeHCTBO HYJIIO IMPOH3BOAHOM
(QYHKLMHA B HEKOTOPOA BHYTPEHHEH TouKe 0O0JIaCTH onpenenc-
HHA, WIM OTCYTCTBHE MPOH3BOAHON B 3TOl TOYKe ABAACTCA He-
OOXOOUMBIM YCIIOBHEM HAIMYMS 3KCTpeMyMa GyHKIMM B JaHHO#M
TOYKE, HO He ABAAETCS JOCTATGYHBIM YCJIOBUEM JJIS 3TOTO.

Bonpoc o Tom, ABAsSeTCd JIM KPUTHYECKAd TOYKA GYHKUMH
TOYKOH 3KCTpeMyma, TpeGyeT AONQIHHTENBHOTO HCCASNOBAHHA.
INpu 3ToM OBIBAKOT MOJE3HBI CASAYIOIUE OOCTATOYHBIE YCIOBUSA
CYLIECTBOBAHHA PKCTpeMyMa.

Teopema 5 (nocraTounsie ycroBHa 3kcTpemyma). Ilycth GpyHK-
uuA f(x) B HEKOTOPOH OKPECTHOCTHU (4; b) TOYKHU X, YAOBIETBOPS-
€T CIEOYIOUINM YCIOBHSIM:

1) dyHKuHA HenpepeiBHA B TOUKE X,;

2) npoussoaHas f'(x) > 0 (f"(x) < 0) Ha uHTepBAKE (4; X,) U
f'(x} < 0 (cooreTcTBEHHO f'(X) > 0) Ha MHTepBane (x,; b).

Torna Touka x, siBAAETCA TOYKOH MAaKCHMyMa (COOTBETCTBEH-
HO MUHKMyMa) DYHKUHH f(x).

HokasarenrcrBo. [ycts f'(x) > 0 Ha (a; x) M f'(x) < 0
Ha (x,; b). Tak Kak f{(x) HempephIBHA B TOYKE X,, TO HYHKUHA
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BO3pacTaeT Ha mpoMexyTke (a; x,]. [losTomy f(x) < f(x,) ana
Beex x € (a; x,). Kpome sroro, f'(x) < 0 Ha (x,; b). 113 HenpepoiB-
HOCTH f(x) B TOYKE X, 3AKJIIOYAEM, 4T0 f(x) yOHBAeT Ha TIPOMEXYT-
Ke [x,; b). [TosToMmy f(x) < f(x,) mna Beex x € (x,; b). Takum obpa-
30M, f(x) < f(x) s Beex x € {4, b), x X, T. €. X, — TOUKa MaKCHMYyMa.

AHaIOTHYHO pacCMaTpHBaeTcd cnydai, korma f'(x) < ) na
{(a; x,) 1 f'(x) > 0 Ha (x;; b). B oTOM cnyuae x, byaer TOYKOH MH-
HHMYyMa.

Mpumep 8. Haittd TOYKKM 3KcTpeMyMa QyHKLHH

f(xy=x~3x+3.

Pewermue. Hpousponnas f (x)=3x>-3=3(x-1}{x+1)
onpeneneHa 1pH Bcex x. Ona obpawaercs B Hyab npd x = *1.
3Ha4MT, TOYKH X = +| ABNAWOTCS KPUTHUYECKHMH H MOTYT OBIThH
TOYKAMH 3KcTpeMyMa. Pemiasg MeTon0M HHTEPBANOB HEPaBEHCTBA
F(x) > 0u f(x) <0, HaxoOANM, 4YTO Ha (—eo; —1) NMpou3BOAHAA
F(x) > 0, Ha (—1; 1) npoussonHas f'(x) < 0 U Ha (1; +e) CHOBA
f(x) > 0. Kpome Toro, B Toukax x = +1 gaHHan dbyHkuud f(x) as-
AgeTca HenpepblHOH. [Toab3ysachk TeopeMoH 5, 3akiiovaeM, UTo
x= —1 ABnseTcd TOYKOA MakKCHMyMa, 2 X = 1 — TOYKOIl MMHH-
MyMa (QYHKUHHA [f(X).

MMpumMep 9. HccnemoBaTh Ha IKCTpEeMYM (DYHKUHIO

Fx)=(x+3) -1,
2

Pemenue. ®ynKuns f(x)= (x+3)(x-1)3. Ee npons-
BOIHAs CYIUECTBYET IPH BceX x # 1 M paBHa

2 1
Fx)=2x+x—1)7 + %(x ) I+,

, 8x{x+3)
T. €. X)= ——.
f(x) T
MomyueHHas NMpoM3BOAHad oOpallaeTcd B HyIb B TOYKaX x, = —3,

x, = 0. B Touke x; = | npou3sBoAHAA HE CYLIECTBYET, TOFAA KaK
cama (yHKUMSI B TOYKe X, = | SBIACTCA HETPEPBIBHON. 3HAUMT,
X, X, M X; — KpHTHYeCcKHe Toyku. [IpUMEHSs METON MHTEPBANOB,
nosy4aeM, 4ro Ha {—e; —3) npoussomHad f’(x) < 0, Ha (—3; 0)
npousBoaHas f'(x) > 0, Ha (0; 1) uMeeM f'(x) < 0 u Ha (1; +o)
noayyum f’(x) > 0. Takum obpasom, TOUKH x, = —3 M x; = | aB-
AAIOTCS TOUKAaMH MUHMMYMa, a TOYKa X, = ( gBASETCS TOYKOM
MaKcHMYyMa.,
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Manee HalizeM skcTpeMyMsl yHKuMH. UMeem Sin73) =0 -
MHHUMYM GYHKUMH (B Touke X, = —3), f (1} = 0 Taxke MUHUMYM
dysKmm (HO yxe B Touke x; = 1), a £ _(0) = 9 — MakcHMyM yHK-
uvu. Ha pucyHke 35 n3obpaxeH 3cku3 rpaduka yuxuun f(x).
3amenanne 4. B TeopeMe 5 yCcioBHe HenpepHBHOCTH GYHKIMH
S (x) B Touke x, ABAETCA CymecTBeHHBIM, OTCYTCTBHE 3TOTO yCcao-

BUS MOXeT NPUBECTH K HEBEPHBIM BeiBomaM. Hampumep, GyHKUMs

f(x)={

MMEET NPOM3BOIHYIO B KaXIOi TOYKe, KpoMe x, = 0, npuuem,
L, x>0,

f(x):{_l’ x <0.

3HayuT, Ha (-e; 0) mpousBonHas f'(x) < 0, a Ha (0; +w) mpou3s-
BomHast f'(x) > 0, T. . IpH MEpexXoae Yepes TOYKY X, = 0 npoms-
BOAHAA f'(x) MEHSET 3HaK ¢ MHHYca Ha Iuoc. OaHaKo B 3Toli
TOUKe GbyHKUMA HE MMEeT HH MaKCHMyMa, HY MHHMMYMa, TaK Kak,
Hanpumep, Ha (—1; 0) umeeM f(x) = —x < f(0) = 2, a Ha (0; 1)
HMeeM f(x) = x + 2 > f(0) = 2. 3mech TeopeMa 5 oKa3bIBacTCs He-
NPUMEHHMOHN H3-32 «Pa3pbIBHOCTH» (DYHKLHMH f(X) B TOUKe X, = 0.
PaccMOTpUM ellle OAHH HHTEpecHBIi Tipumep. IlycTh

x+2, x=20,
-x, x<0

x,x=+0

f(x)= {1 e 0’ Ee nmpoussoaHan f'(x) = 2x npu x = 0. O1cio-
, ={.

Ja f(x) <Ompu x < 0wmf(x) > 0npu x> 0, T. . Npou3BOAHAA

MEHAET 3HAK ¢ MHHYCa Ha TUTIOC NPH Mepexode Yepes Touky x = (.

OnHako B 3Tol TouKe BYHKLMA HMEET He MHUHHMYM, 2 MAKCHMYM

(4TO HEMOCPEACTBEHHO BHIHO H3 PUC. 56). DTO OGBACHAETCA TeM,

y F'y
9 Vi
\
._é l O ll :x O =X
Puc, 55 Puc. 56

223



YTQ HE BCE YCJIOBHA TEOPEMBI 5 BBIMOMHEHH {(yHKIMS f(Xx) Tep-
IMHT Pa3peB B TouKe x = 0).

3ameuanne 5. Ecnu B ycrnoBusAX TeopeMBl 5 TipoH3BogHaA f (x)
MMEET OJMH M TOT XK€ 3HAK CEBa U CMpaBa OT TOYKHM X, (T. €. HE
MEHAET 3HAK TIPH Mepexoie 4epe3 TOUKY X,), TO HYHKIHS B TOY-
K€ X, HE MMEET BKCTPEMYMa.

3. HaubGonbmee n Haumeneiee 3aavenns Gynxunn. Mu1 pac-
CMOTpPENTH BOMpoc 00 3KCcTpeMyMe QYHKIMK B AAHHOH TOYKe, T. €.
BOIIPOC 0 HAaHOONbIIEM H HAMMEHBIIEM 3HAYCHHM (YHKIMH B He-
KOTOPOM OKpecTHOCTH Touku. Kax yxe OBUIO CKa3aHO B 3aMeya-
HHUM 2, HauGonepllee (HaMMeHbllee) 3HaYeHHe PYHKIUU B HEKO-
TOPOH OKPECTHOCTH HE BCEraa sIBIIeTCd HAaMOOAbIIHM (HAMMEHb-
M) 3Ha4YeHHEeM (PYHKUUH BO Beel ee 0OMacTH onpemelieHHSs.
O#HaKo pelliecHWe MHOTHX NPAKTHYECKHX 3adad CBOAMTCA K Ha-
XOXIeHWI0 HAaubOIbIIEro 1 HAUMEHBIIECTO 3HAYEHUS (PYHKLIMH BO
Bcel ee 0OmacTH ompedeneHHA. PaccMoOTpHM Bompoce 06 OTHCKa-
HHU HAaHOONBIIETO U HAMMEHBIIETO 3HAaUY€HHS HeMpepblBHOM
dbyHKuMM (Ha Bcel obnactH onpeaeneHus). [ycrs yHkHA f(x)
HenpepbiBHA Ha oTpe3ke [a; b]. Tlo Teopeme Beiteptpacca (mo-
KA3blBAaeTCA B KypCce MaTeMaTH4YeCKOro aHalaW3a) Takas (QYHKLHS
HEMpPeMEHHO UMEeT Ha 3aJaHHOM OTpe3Ke KaK HauGoAbllee, Tak
H HaHMeHBIIee 3HAYEHHE.

YxaxeM NpaBUIO OTHICKAHMSA HAaHOONBLISTO M HAUMEHBLUErO
3HayeHUH HenpepbiBHOM QyHKIMM f(X) HA oTpe3Ke [a; ).

HauGonbliee (HauMeHbliiee) 3HAYeHHe GYHKUHA f(X) MOXeT
NPUHATE HA OOHOM M3 KOHIIOB oTpe3Ka [a; b] (puc. 57). OgHako
MOXET CIYYUTHCH, 4TO HauOO/pIIee (HaHMeHblliee) 3HadeHne Gy-
JeT MPUHHMATLCS BO BHYTPEHHe#l Touke orpeska (puc. 38). QOue-
BUAHO, YTO TOrOa B 3TOH TOUYKe GyHKUHS OyAeT HMETh IKCTpe-
MYM (OH MOXET OBITh HECTPOTHM). 3HAUHT, HaHOOAbLIEee (HaH-
MeHEllee) 3HayeHue dyHKuuu f(x) Ha [a; b] 1nbo coBmamaet ¢
OJHHMM M3 €¢ IKCTPEMYMOB (OBITh MOXKET, H HECTPOTHM), NGO HO-
CTUraeTCsA Ha OOJHOM M3 KOHLIOB OTpe3Ka.
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Prec. 57 Puc. 58
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B culy BHIIECKA3aHHOTO MOXHO CHOPMYTHPOBATH CIEAYIO-
1ee MpaBUIQ OTHICKAaHMS HaHGONBLIETO (HauMeHbIlero) 3Have-
HHS HeTpephIBHON Ha oTpe3ke QYHKUMH:

Ecau gyrkyus f(x) Henpepusna na [a; b], mo s moezo, umon
naiimu naubossuiee (Haumensiee) 3uawenue f(x) Ha 3mom ompeske,
HYXNCHO Halimu 6ce IKCMpeMyMmut QyHKyuu (ecnu 3TO 3ATPYAHHTENDb-
HO, MOXHO OOpaTHThCA K HAaXOXACHUIO 3Ha4yeHuit QYHKLUHH BO
BCeX KPHUTHYECKMX TOUKAX), @ MAKJHCe Gbl4uCAUmb ee IHAHERUR fla)
u f(b) na xonuax [a; b] u ewibpamb u3 amux Huces Hauboabliee
(Haumenviuee).

Mpumep 10. Haiiti HauGonyiliee 1 HANMCHBIICE 3HAYCHUA
dynkunn f(x) = x* - 2x? +1 Ha orpeske [-2; 2].

Pemenue. OyHxuma f(x) ABIeTCA HEMPEPLIBHOA HA {—2; 2).
Ee npousBonHas f'(x) = 4x’ — 4x onpenencHa BO BCex TOUYKaX
otpeska. f(x) = 0 B Toukax x;, = —1, x, = 0 u x, = 1. DTH TOUKH
ABIAIOTCA KPUTHYCCKUMHA, VIMEHHO OHM MOTYT OBITh TOUKaMH
skeTpeMyMa. Pemnasi HepabeHcTBa f(x) > 0 u f'(x) < 0 ybexmaem-
¢, aro Ha [—2; —1) dyHaKnus yObIBaeT (f'(x) <0),na (-1 0
dynkina BospacraeT {(f(x) > 0), Ha (0; 1) ¢pyHKLUA cHOBA YObI-
paet (f'(x) < 0) u Ha (1; 2] dyHKUHA CHOBA BO3PACcTacT ' (x) > 0).
CnemoBaTeIbHO, TOYKA X, = —1 €CThb TOYKA MUHHMYMA, NPUUCM
ST = 0, Touka x, = 0 ecTh TOUKa MaKCHMyMa, IpHYEM
£, (0) = 1 ¥, HaKOHell, TOYKA X; = 1 ecTh TOYKA MHHHMYMa, TIpH-
geMm f . (1) =0.

KpoMe TOro, Ha KOHLAX 3aJaHHOIO OTpE3ka $yHKUMA IIPHHHU-
MaeT ciaeayiomue 3HaveHus: f(—2) = f(2) = 9, ComocTtapnas
HajileHHBIe 3HAYECHHA 3KCTPEMYMOB CO JHAUYCHUAMU f(-2)n
f(2), HaxoAuM, 4To HaubOMblIee 3HAUCHUE JaHHO} (GYHKIMH
paBHO 9, a HaMMeHbLIee ecTh 0.

OTMETHM, 4TO Ha MPAKTEKe TPH HaXOXACHWH HanbGoNbIIETo
(HauMeHbL1ero) 3HaYeHKd HYHKLUMH BMECTO IKCTPEMYMOB PYHK~
1yM 6piBaeT yaoOHee M MPoILe BRYUCAATD 3HAYEHHUA GbYHKLUH BO
BCeX KPHUTHYECKHX TOUKAX, a 3aTeM CPaBHUTR 3TH 3HAUCHMA CO
3HAYCHHAMH (PYHKLMA HAa KOHLIAX OTPEe3Ka.

TeopHa 3KCTPEMYMOB BaXHa He TOJIBKO IUIA MaTeMATHKH, HO
¥ WMeeT GofblIoe MPHKIagHOe 3HaueHHe. C MOMOIIBIO 3TOH Te-
OPHUHM 4ACTO YJAeTCA PELIATh BAKHBIE B S3KOHOMHYECKOM OTHOLIC-
HHUHK 320491 © MoNydeHHn HauGombuikx ¢b¢exror Npy HaWMCHL-
el 3aTpaTe TpyAa, CPEACTB M BpeMeHH. IIpH peilleHdH TakuX 3a-
1a4 AeHCTBYIOT N0 CAeAyolell NPUMEPHOH CXEMe!
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1) nannas 3agaqa «nepeBOANTCH» HA A3BIK byukunit. Jns
3TOTO MoAGUPAT yAOGHLIN II3apaMeTp x, € NMOMOILUBIO KOTOPOTO
HHTEPECYIOIYIO HAC BEJIMMHHY BBIPAXAIOT KaK GYHKIIHIO S(x);

2) cpemcTBaMM MaTeMATHYECKOIO aHANM3a HILETCA HAUOOIB~
HI€e 1 HaHMeHblIee 3HaYeHUsA GHYHKLMU f(X) Ha HEKOTOPOM Ipo-
MEXVTKE; :

3) BRIACHAIOT, KaKoii NPAKTHYECKUH CMBICI (B TepMHHAX nep-
BOHAYANBHOH 3a[a4M) UMeeT TONyYeHHBbIH (Ha A3bIKe dyHKIMIT)
PE3YABTAT.

Paccmotpum cneayiomue IPHUMEDHI.

IIpumep 11. U3 kpazpatHoro jmcra KaproHa cO CTOPOHOH a
H3TOTOBIAIOT OTKPHITYIO KOPOOKY, BBIpe3ast N0 YIIaM JHCTa pap-
Hble KBaNpaTUKH U 3aruGas obpasopabiinecs kpas. Kakoi nomk-
Ha OBITH CTOPOHA OCHOBAHMA KOpoOKH, 4TOBb ee 06BeM BpLI
HauBOABIIM?

Pemenune. 1) O6o3naunm Yepe3 x MAWHY CTOPOHEL OCHOBA-
HUS TOTOBOH KOpoBkH. Toraa JUIMHE cTOpoH BBIPE3AHHBIX KBAI-
PAaTHKOB OYZYT paBHBI a—zx* [Mostomy 06beM V Kopobku Oyaer

a-x x2
paBeH V{x)= -5 Xx= —-2—(a—x) » IPHYEM O CMEICAY 33739y
0 < x < a. Takum obpasom, paccMaTpyBaeMas 33aaya CBeJJach K
cleayollel 3agade: HaWTH HaMOGOJbIIEe 3HavYeHuHe byHKUHH

2
Vix)= ‘-x2—(a— X) Ha uHtepBane (0; a).

2) Panee HauGonbluee (HauMeHblIee) 3HAUCHUE (DYHKLHM MBI
HaXONWIH HE HAa MHTepBasie, a Ha oTpeske. OYHKIA H(x) Hempe-
PHIBHA H NPHHUMAET HEOTPHLATENbLHbBIE SHAYCHHSA Ha 0OTpe3Ke
[0; a). Kpome Toro, M(0) = Wa) = 0. CnenoparenbHo, Hau6onb-
lee CBOC 3HaYeHHe GYHKUMA V(x) MOXeT NPHUHATH THIIb BO
BHYTpEHHEH Touke oTpeska. [ToaToMy pesyabTar 3aMau He u3Me-
HHUTCA, €C/IH HaHbOIbIlee 3HaYeHHe (PYHKLIHH M(x) nekate Ha or-
peske [0; a]. B atom cnyuae 1is peineHHs 3ana4M M MOXEM HC-
NOJIBb30BATE MPABHJIC OTHICKAHUA HaHOGOALIIEro (HauMeHbIIero)
3HaYeHHA GYHKUMH Ha OTpe3kKe.

Haiigem kputHyecku Toukyn dyukunu V(x). IIpoussognas

2 2
V'(x)=x(a—x)—£2-=ax—x2 —%:ax—.%xz

ONpeNe/icHa BO BCEX TOYKax oTpe3ka [0; 4]. Pewmusn YPaBHEHHe

2
V'(x) = 0, nomyaum x=0 %= 39 (KpurHueckue Touku). Orciona
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2 2 0)=V(a)=0,
V(za)— 402 (a—%a):—a3. Tax Kak V(3a)>V( ) (a)

To HauboAblIee 3HAUeHUE PYHKIMH V(x) Ha [0; g] paBHO 55

KOpOOKH, )
x==4.
ec/Ii CTOPOHA e¢ OCHOBAHHS WMCET IUINHY 3

WIMHAPa paguyca r v BbIC o
BH

6pITL 7 U A, UTOOBI KOHCEP C

BepXHOCTH 5 = 2161 umena HauGOIBUIUH ODBEM.

18 27

3 E

i HUSA
3) Bosppallafch K HCXOIHOH 331a4e O CTOPOHE ogH;;):]:;J s
sagmouaeM, 4To 06beM Xopobku GyaeT Hanoo ,

OpMY KpYyTiaoro
. KoHceppHas 6aHKa HMEET ¢
MpuneD o pOTbI h. OnpeaenyTb, KAKUMH HO/KHbL

GaHKa ¢ MJIoINaABIo MOJIHOH MO~

Pewenue. 1) g roiomwaid MOTHOK NOBEPXHOCTH HIHH-

npa uMeeM GOpMYITY

S =2nrt +2xmrh.

M3 Hee HaxoauM, 4YTO
S . _26x 108

h=_p= =

2rr 2nr r

= qur? O BHI-
OTtciola cneayer, uTo obbeM UHANHAPA V = mrih MOXH
pasuTh KaK QYHKUHIO pamuyca r.

3
V =nrlh = nr? (gar)z 108nr - ntr” .

OTHICKA-
Hasd 3a/iaya CBeJach K
obpa3oM, NepBOHadallb

oy ’ 3. ApuuYeM o

HUIO MakcHMyMa GYHKIMH V(r):lOSnr—3rcr R .
P "
cMBICHY 3aJa4u SICHO, 4TO / ~ Ou 108nr-nr’ >0, 1. €

r <108, 0an 0 < r <108 . 2
2) Hanee, IpoH3BONHAA V’(r) =108 - 3nr

v =6
BceM oTpeske [0; V108]. Ona obpaliaeTcsd B HYJb B T(()jqxc rnBa;
ABNSIOIIEHCA KPUTHIECKOH TOUKOH pyukuun V(r). CpaBH

sHaveHus V(0) =V (108)=0 u V(6)= 432x, 3akaoyaeM, 4To
HaMOOIBUIMM 3HaUeHHeM QYHKIH W(r) Ha otpeske [0; J108] sB-

olnpencneHa Ha

ngercsa unucso 432m. )

HOM 3a7a4e o

3) Bo3ppaluasich K HCXOA e

HaXO)JIHM, 410 KOoHcepBHad DaHKa ¢ IAOWAABIO HOJIHO; oBepx-
HOCTH § = 216% MMeeT HAMOOMbLIHH ofbeM TIpH pasdy

6 ompeleNeHUM I U K,
OBEpPX-

108 _18_6=12.
Hust 6aHKK r = 6 1 BHCOTe GAHKH h:—ﬁ——6—18 6=1 .
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1. CopmyauposaThk TeopeMy Jlarpauxa. Yo o3Hayaer TEOMETPH-
JeckH GopMyna Jlarparmxa?

2. CopMyaHpoBaTh SOCTATOUHBIE MPHU3HAKU BO3PACTAHHA H YORIBA-
HHS QYHKIIHE.

3. latb onpenencHUs TOUEK MaKCHMYyMa H MUHMMYMA dbyHKIIMH,

4. YUTo Ha3HIBAETCA SKCTPEMYMOM (DYHKLMH?

5. ChopMyanpopaTh HeOGXOANMOE YCIIOBHE CYILECTBOBAHMS 3KCTpe-
MyMa pyHKIMH,

6. Kaxue TouKy Ha3bIBAIOTCY KPUTHYECKMMH TOYKAMH dyakuun?

7. ChopMymHpoBaTh AOCTATOYHBIE YCIOBHS CYIIECTBOBAHKS IKCTpe-
MyMa DYHKIIHH.

8. ChopMyHpOBaTh IPABIIIO OTHICKAHHMA HAHGONBLIENO (HAUMEHE-
HIETO) 3HAYEHNA HEMPEPHIBHON HA OTPe3Ke DYHKIMH.

9. Ilo xaKoit IPUMEPHOIA CXEME, MCTIONIb3YS TIOHATHE IKCTpEMYMA
PeLIalOT 3a0a4H NPHKIAgHOTO XapakTepa? ,

Ympaxknenns

. HaiiTi IIpoMEXYTKY BO3pacTaHud ¥ y6biBaHHA BYHKLMIL:

a) f(x) =2 — 9x; I f(x)=x>~27x;

6) f(x)=3x-8; &) J(x)= 225
B) f(x)=x2-2x+4; x) f(xy=x(x?-6);
T) f(x):—x2+2x—3; 3) f(x)=i2.

. HafiTn uHTepBanH BO3pacTaHuUsA U yGHIBAHUA M MOCTPOHTE

3CKU3 rpaduka byHKLUHIL:

a) f(x)=x*-2x% 6) f(X)=x"+3x2-9x+1.

. [TocTponTs 3ckK3 Tpadmka HYHKUNH f(X), ecnu:

a) D(f)y=[-1;1], f'(x) <0 mpu xe (-1;1);

6) D(f)=[-3;5], £(x) >0 mpu xe (-3;~1)u(L; 5),
F(xy<0mpn xe (L) u f'(-1=f'(1)=0;

B) D(f)=[-2;3], f(x) >0 npu xe(-20)0(0;3) u f'(0)=0.

4. Haiitn xpuTHYeCKHE TOYKM QYHKITWA:
a) f(x)=2x* -3x+1; B) f(x)=sinx;

6) f(x)=9x-3x"; r) f(0) =

5. OTpenesiuTh, KAKHE M3 CAeAyIolMX GYHKUMA He MMCIOT KpH-
THYSCKHX TOYEK:

a) f(x)=x; B) f(x)=8x"+5x;
6) f(x)=3x-4; 1 f(x)=Ixl+1.
6. HaiiTH TO4YKH KCTpeMyMa (PYHKIHN:
a) f(x)=xt -2t B) f(x) = (x-4*;
6) f(x)=4-3x"-2x"; r) f(x):%+%.
7. Uccneporath dyHKUMIO Ha BO3PACTaHHE, YObIBAHHE M KCTPE-

MYMBIL

a) f(x)=x3_27x; B)f(x):;r.;.%;

3 -x-1, x>0,

X

6) f(x)wxzﬂ; r) f(x)= 1, x=0,
x, x<0.

8. Hajiti HauOoIblLee U HaMMeHblIee 3HAYCHHA (PYHKLIMH:

a) f(x)=x*-8x?+3 uaorpeske [-4; 1];

6) f(x)=3x"-5x" +1 Ha otpeske [—2; 2];
B) f(x)= §in X Ha OTPe3Ke [0, 37:]5

N f{x)= x—iT Ha otpeske [1; 2].

9. MaTtepualbHag TOYKa ABHXETCA NPAMOIMHEHHO MO 3aKOHY

x{ty = 126 - %P. B xakoil MOMEHT BpeMEHH K3 MPOMEXKYTKA

[6; 15] ckopocTh ABHXKEHHA TOYKU OyneT HauOONBIICH U Ka-
KOBa BeJIMYMHA 3TOH CKOpoCcTH?

10. Yucno 6 NpeaCTABHTH B BUAE CYMMBI ABYX HEOTPHLATEIBHBIX
yHceNl TAaK, YTOOH HMX MpoM3BedcHHe ObUIO HAHOOMBIINM.
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11. Tliomans npamoyronsHuKa paHa 64. Kakyio JMHUHY HODKHBL
UMETh €r0 CTOPOHBI, YTOOBI EPUMETP MPAMOYTOJIBHUKA ObIN

HaUMeHBITHM?

12. HaiTH npoMeXyTKu BO3pacTaHNs U yOBIBaAHHI byHKHiIT:
a) f(x)=x"+6x +12x-13; 1) f(x)=3x*—8x* +16;

6) /()= L5 &) flx)=
B) f(x)=x’ +3x7 - 9x =125 ®) f(X)= 30
) f(x)=x"-9x+43; 3 fx) = =,
13. JoxasaTe HepaBeHCTRA: Yinx
a) e*2x+1; 6) cosx>1—%x2 npu x > 0.

14. Toctpouts 3cku3 rpaduka GyHKUMH f(x), ecnn:
a) D(f)=[-3;6], f(x)>0 npu xe(-3; 2), f(x)<0 npu
xe(2;6) n £/(2)=0;
6) D(fy=[-3;6], f(x)<0 npu xe (-3; 2), f(x)>0 npn
x € (2;6) 1 GyHKUMA f(X) HE MMCET MPOU3BOMHOMH B TOYKE X = 2,

15. HaiiTu KpuTHYecKue TOYKH PyHkuuE. OnpeaeUTh Takxke

»

KaKHe W3 HUX SABIAIOTCA TOYKAMU MAKCHMYMa, a KaKue —
TOYKAMH MHHHMYMa:

a) fixy=2x>+3x2-6; B) f(x)=1+cosx;

6) f(x)=3+8x% - x*; ) flx)y=—|x.
16. Haiitn sxkcTpeMyMBI pyHKLMM:
a) f(x)=x*-2x% + % - 3; r) f(X)= 5——;
x2-5x+16"

6) f(x)=x*-x"+4;

D fx)=vVxl-8x+7;
B) f(x)=x"-5x"-20x" +10; e) f(x)= 2 nx.
17. Hafitu Hau6onpliee W HauMeHbIIIeE 3H3‘ICHHH2¢)YHKHHHI
a) f(x)=3x"-6x? - 5x+8 Ha otpeske [~1; 4];
2

6) /(x) = 2x2+;2—, xe [-2;0)u(0; 2],

Ha oTpeske [—2; 2].
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18. HaiiTy npgMOyrojibHHK HanOOJbIUeH NIOWanu, eci JIHHA
ero ZUaroHajgd pasHa /. :
19*. HaifTh BHICOTY KOHYCa HAMMEHBINEro 0§beMa, ONMUCAHHOTO
oKono mapa paguyca R

20*. OTkphITHIN Gak, UMelOWKHA dopMy NPAMOYTONIBHOTO Tlapan-
nelenunesa ¢ KBagpaTHblM OCHOBAHMEM, NOJKEH BMELIATh
13,5 n xuaxocTH. [Tpu KakuX pasMepax faKa Ha ero W3roToB-
JeHKe MoTpebyeTcss HaMMeHblllee KOTHIECTBO MeTtaia?

§ 7. IlpuMeneHHe MPON3BOIHOMA NMPH NOCTPOCHNH
rpaduka GyHKUHK

1. Acammrorel. [lycTh 3amaHa GyHKumua y = f(x) ¢ HEeKOTOPOIl
ob61acTeIo ompeneaeHus D, comepxauiedl HHTEpBal (a; b). Iipen-
ONOXHM, YTO OTHOCHTEAbHO AAHHOH QYHKLHHU MMEET MECTO
cheaywllee:

a) f(x) HenpepbIBHA Ha (a; b);

6) nubo uHTepBan (a, &) 6eCKOHEUEH, 6o pynkuus f(x)
x0T GBI B OMHOH M3 TOYEK @ WIH b MMeeT GeCKOHEeUHBIH pa3phiB

(ree. lim f(x)=c uau lim f(x)=o, ri¢ Mol CUMBOJIOM oo
x—a+l x—b-0

MOAPA3YMEBACTCS +oo HAH —co). Torza Ty YacTh KpHBOH y = f(X),
KOTOpas COOTBETCTBYET YKA3aHHOMY WHTEpBaNy {a; b), na3piBaloT

BecKoHeuHOU 6emBbi0 KpUBoU.

ByneM ropoputb, 4To TOYKA M(x;y) yaanseTca B OeCKOHeY-
HOCTh NPH NMEPEMCIICHUH ¢¢ IO GeCKOHEYHOM BETBH KPHMBOMH B
HAHHOM HATPABIEHMH, €C/TH PacCTOAHHE OT Hee 110 Havajla Koop-
AMHAT CTAHOBWTCHA KaK YTOMHO OOJbIIMM {cM. puc. 59, a, 9), T.e.
oIHa M3 KOOpAMHAT TOUKH M (x WiM y) JOJKHA CTAHOBHTLCA Kak
YrogHo $OJIBLION O abconTHOH BeJIHYHHE.

yh Y t :'
Lo

/M’ M

x| = i

—— —] E
y - p CEERE

a ]
Puc. 59
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Iycts xoraa Touka M(
OecKOHeYHOIi Ber
HCKOTOPOH NMpAMOIi ¢ ypaBHeHHeM Ax + By
K Hymo (puc. 60). D10 o3navaer, uto nu6o

lim AX+BreC _

o e Y (1)

{4+ umm —=)

JIUGO

lim Ax+ B +C -0
x=g+0 :;,42 +32 - (2)

{x—=h-0h)

HPH YCHOBUH  lim  f(x) = « (mOKa3aTenbCTBO ITOTC YTBEPXKIEHUA

NPHBOAMTCA B KYPCE aHAHTHYECKON TeoMe
UPAMYK> ¢ ypaBHeHHeM Ax + By +
dast semsu Kpueoi.
il)amm TeNEPb TOYHOE OMpeAeNeHUEe aCHMIITOTEL
yzf(lft];elz{leuenne L. Acumnmomoi Geckoneunoy eemeu Kpueaoii
=S 43blBACTCA TaKas NPAMas, PacCTOSHHE A0 KOTOpO#H oT
KPUBOH CTPEMMTCH K HYMIO NPH YAANEHHU TOYKH MG Bet-

p E )

TpuK). B atom cnyuae
= 0 Ha3BIBAOT acumnmoniol

. ﬂg:pene.ueﬂue 2. Acumnmomoii xpueoii ¥y = f(x) HasmBaeTcq
PAMadA, KOTOpast ABAAETCA aCHMINTOTOM, 10 KpaiiHel Mepe, aas
OMHOH W3 GeCKOHEYHBIX BETBel 3TOji KPHBOI ’

Hanpymep, mna kpusonn y = 1
o p yEo.X > 0 obe ocu KoopauHar OX
ABNAIOTCA €& aCUMNTOTaMU (pHc. 61).

v

b

y=fix) ‘
M

AX+BJ)+C::0

0
]

Puc. 60 Puc. 61
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.ux;y) yaansiercss B 6eCKOHEYHOCTh 110
B KPHBOW, paccrosHue MK ot 310ii Touku no

+ C = 0 cTpeMurca

3HAHHE aCHMMIITOT KPUEOIf 3HAUHUTENLHO objerdaeT MoCTpoe-
Hue rpaduka ¢pyHkuuy. PasnmyaroT TPU BHIA aCHMIITOT KPHBOIL:
gepmuxarsisie (NepreHINKYNAPHBE ocH OX), eopuzonmanbibie
(meprieHAKKyASIpHbie ocH OY) H HAKA0HHbE ACUMBIMOMbL.

Teopema 1. Kpusad y = f(x) uMeeT BEPTHKANBHYIO aCHMIITO-

Ty X = ¢ TOrAa M TOJIbKO TOTHA, Koraa Jbo limﬂ f{x) = o, AM6O

A==

lim0 S{x) = o (noapasymepaeTcs, 4ro f(x) — HenpepbiBHas GbyHK-

X=3CF
IHA B COOTBETCTBYIOLIEH ONHOCTOPOHHEH OKPECTHOCTH TOYKH C).
HoxazaTenbcTBO. Jaa Toro 4roOsl MpsAmMas ¢ ypapHCHH -
eM x = ¢ 6bIIa aCUMITOTON BETBH KPHUBOH y = f(x), HeOoOXoXHMO
M MOCTATOYHO, YTOOH! oAyuH U3 npeneior (1) wim (2) npu 4 =1,
B = 0u C= —c 6sl1 paBeH Hyi0. SIcHO, uTO cnydaid (1) He uMe-
€T MECTa, TOCKONBKY X = ¢ He CTPeMUTCS K co, CEAOBATEIBHO,
COTJIacHO (2) nuMeeM

lim 2240 im (x-¢)=0
x-a+0 :f 2 7 x—a+() ’
Coph VAR i
rIe MOApa3yMéBaeTcd Takxke, 4To  lim  f(x) =e. [MosTOoMY
0
i)

a—c=0,T.e.c=é(ﬂuﬁob-c=0,T.e.c=b).OTCIonaHmyc-

goBHs lim  f(x) = 3akmiouaem, 470 lim f(x)= lim f{x)=o-e
x—a+h x-ac+0 Xt
(x—=b-0)

(mbo  lim S(x)=lim f(x) = ).

OTMeTHM, YTO B3aUMHOE pac-
IO7OXEHUE BECKOHEUHBIX BeTBeH |
KpHBO# ¢ HMX BePTHKaJNbHBIMH lim f(x) = 4eo
ACHMIITOTAMH MOXeT ObITh pa3z- w0
JTUYHEIM. B ciydae MOHOTOHHOC-
TH PyHKmy f(x) (xo1a OB B 04-
HOCTOPOHHEH OKPECTHOCTH TOY-

lim'J flx) =+

K=t

KU ¢) BO3MOXHBIE CIY4aH B3aHM-
HOTO pacloloXeHHA OecKoHed-
HOWM BETBM KpPHMBOM H €€ ACHMII-
TOTH MPEICTABJIEHBI HA pHC. 62. lim £(x) =~ lim_f(x}=—e

K=l

Iepeiinem Tenepb K BOMPOCY
OTBHICKAHHUA HAKNOHHBIX ACHMII-
TOT (T.€. ACHMIOTOT, HE MePTieH-
AUKYASpHBIX ocH OX). Puc. 62

e
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HeH;IgCTb K_pHBaﬂ Y = f(x) UMeeT HaKJIOHHYIO aCUMIITOTY ¢ ypas-
My = kx + I B 3toM cnryyae cooTHOHIEHMe (2) He UMeer

MECTa, MOCKOBKY B NPOTHRHOM CIIyYae OKAXeTCs, YTO

- Ax+BraC _y
llm 2 - 1 kx-v4l
= in ={}
x—a+0 :,‘ 2.5 ,ll' 2
{x=h-0) A"+8 (ijgfg) K+l
NpH YCIOBHH limU y =, Onnako, ecmu  lim =" _ o 10
X—a - *
G250 (25t VK2
nogydaeM, uro lim y=Xka+/ -
o y (nn kb + ) — HekoTOpOe ukc-
x—b-(1)

710, ITO NPOTHBOPEYUE MOKA3LIBAET, YTO HHTEpBaN (a; b) HonxeH
ObITh GeCKOMEUHBIM M comlacHo (1)

; kx—v+{
lim =0.
T :;k2+] (3)
(402 HAH —o=)

Teopema 2. Mpsamas ¢ ypasrennem y = kx + I (k, I — neko-
TO_pre YMCNa) ABNAETCA HAKNOHHON acHMOTOTOH MNs KPHBOI
y=/(x) Toraa u TOJBKO TOTHA, KOTHA CYIIECTBYIOT KOHEYHEIE

f(x)

npeaeanl lim =22 i
lim " kW chl_l')‘lala (f{x)-kx)=1.
(o0 WIH —sc} (400 HIIH ee)

HokazatenscTBo. Yenorue (3) PABHOCHJIBHO TpeBoBaHUI0

m  (v-kx-NH= lim [f)-kx=1]=0. &
(4= HAH —e=) (+oe);1):—w)

[Tycrs ycnosue (4) BhIﬁOJIHCHO. HmeeMm
. fix) ! .
lim [T—k—;]= lim [(f(x)-kx—f)%]z

A oo X—em
{#e HIAM =) o

(oo HIH —=)
= lim (f()-ke-D- lim l_o.0-0
(oo HIH —on) {-l-mxHT'I)IT—WJ ¥
Iostomy
lim (@- J= tim [(iii)—k—i)+i]=
(oo s =) (e sty ) o
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- lim (ﬁ"‘_)_k-i)+ lim L=0+0=0, Te
X—=sco X X X—=hen X
(4o WIH —=) (+es HAK =)
im 9o ©)
X—hoo X
(4o HIH —w2)

TakuM 00pa3oM, YIIOBOH KO3(POULHEHT k ACUMITOTH
y=kx + [ onpenensieTcss COOTHOWCHNEM (5). OnpenesiuB 3HaYe-
HMe k u3 (5), Mbl MOXeEM IOAYYHTb, YTO

lim (f(x)-kx)=1. (6)

Xpos
(400 HIH —c=)

HTak, ecim KpHBaa y = f(X) nMEET aCHMIITOTY y = kx + 1, ne
TePIIeHAHKYIAPHYI0 ocH OX, TO HEOOXOIUMO CYLECTBOBAHHE KO-
HedyHbiX npegenos (5) u (6).

O6patHO, MYCTh CYIUECTBYIOT KOHEUHBIE MPEACIIEL (5) u (6). U3
(6) cpasy cienyer, 4o lim  (f(x)-kx-1)= 0. Orciona uMeeM

X—pos

(400 WIH —2=)
. bxc=y+f . y—kx-1 -1 .
fim - him 2RI L hm (f-ke-D=0,
xoe JEE 41 xom AL KP4l X
{40 W —} {4 WIH —=) (4oo MITH —==)

T.e. BLIMOJHSETCA YCAOBHE (3), O3HaAuawllee, YTo IpsiMas ¢ ypab-
HeHHeM y = kx + [ dBiseTcs acMMITOTON {HaKOHHOH) I KpH-
Boll y = f(x).

Cnencreune. Kpusas y = f(x) UMeeT TOPU3OHTAIBHYIO ACHMII-
TOTY (T.€. ACUMITOTY, MEPNEHIUKYNIPHYIO OCH 0Y) ¢ ypaBHCHH-
eM y = | TOTAA ¥ TOJABKO TOTAA, KOLAa CYUIECTBYCT KOHEeYHBbIA

npenen lim f(x)=1 (30Ka3aTeabCTBO CICICTBUA NPEROCTAB-
X—ae
{42c HIH —o=)

NACTCA YHUTATEIIO),
3ameuanne 1. Ha npakTtuke ciegyeT OTAENAbHO BHIYHCIATH

mpefAcnsl BHAA lim@ U lim &‘l, a TaKke Tpeaennbl

ey X R X

lim { f{x)—kx) n xllll‘lw(f(x)— kx) , DOCKONBKY OHH MOTYT OBITH

X =—o

PA3NMYHBIMH. DTO 03HAYAET, YTO CYIIECTBYIOT Pa3in4HBbIC HA-

KNOHHBIE ACUMIITOTH (IIPH X — —o0 M X — +eo )} JTaHHOH KPHBOIL.
Jameyanue 2. [ocne HaxoxaeHNsd HAKTIOHHOM ACMMITOTH MO-

Je3HO 3HATh, KaK PACMOJIATaloTcs B3aMMHO KpHBasg K ¢¢ aCHMITTO-
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Yi Ta. 15 3TOr0 HYXHO HCCRENOBATH 3HAK
Pa3HOCTH f{x) — (kx + ) TpH 601b-
WHX 3HaYeHHsAX |x|. Ecam ata pas-
HOCTh (Mpu GONBIIMX |x]) MOTOXH-
TeIbHa, KPMBAs, HaYMHAA ¢ HEKOTOPO-
ro 3HaYeHMA x, OydeT pacrnonaraTbes
o o Bbile acuMnToTs. Ecnym pasHocts aB-

- X JSeTCSl OTPUMLIATENbHOM, KpUBas, Ha-
YHHAA ¢ HEKOTOpOro Gonpiworo | x|,

Prc. 63 pPacnosaraeTcss HuXxe acuMnToTsl, Ha-

KOHEL, e€CU yKa3aHHas Pa3sHOCTL MpPH

GonabumMx 3HaYeHNSX | x| He coxpaHsieT 3HaKa, KpHBas OyIeT Ko-
Je6aThCS OKOJIO ACHMIITOTHI, MOCTOSHHO nepecekad ec (puc. 63).

x3
(x-1¥

=1,

IIpumep 1. HailitH acHMITOTHI KpuBo# f(x) =

>
Pemenne. Umeem & = lim 2 = im %
X X Xaspoo (x-—])2

I= lim(f(x) - k) = lim[ X x]=

x| (-1

2_.
: = lim 22X =)
I x-2x+] xoe x? 2 x4l

CrepoBaTenbHO, IpsIMast y = x + 2 gBiseTcH HaKJOHHOH
aCHMMNTOTOH (NMPHYEM, TIPH X — —oo H X — +o0) NAHHOM KPHUBOi,

3
Tak Kak f(x)-(hr+1)= X _ _(x+ 2) = (3x_2 , TO IIpH
) X

(x-1)? -1y

2
X > 3 HaHHad pa3’HOCTh MOMOXMTEABHA H KpHUBas pacrionaractcs

2
HaJ aCHMOTOTOM, a TIpH x < 3 PaSHOCTb OTPHUATENLHA H KPHBAs

pacnonaraeTcs 11oJ acCHMITTOTOI.
Hanee, Tak kak

Jim, /9= i

x>1-0 (x-1)? = xl—lg-}[)f(x) = lim

x=1+0 (x-])

oo’

TO KpHBas f(X) MMeeT Ha WHTepBadax (=e=; 1) ¥ (1; +=<) gBe Gec-
KOHEIHEIE BETBH, U1 KaXHOH M3 KOTOPBIX mpaMad x = | gBjid-
€TCA BEPTMKANbHON acUMNTOTON. TOPU3OHTANBHON aCHMIITOTEL
KpuBai f(x) He uMeer (puc. 64).
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e
y=x+2
8
34 N
22 0 2|1 X
3
x=1
Pue. 64

2, Bunyknocrs xpusoii. Touku nepern6a. [Tycth Kpupas 3aga-
Ha Ha HHTepBane {a; b) ypapHeHHeM y = f(x), roe f(x) HMeer
NPOHU3BOJHYI {a 3HAYMUT, B KAXJMOH TOUKe KpHMBOH CYWIECTBYET
KacaTenbHad, He mepleHANKyAApHaA ocd OX). bynem o603HAYaTE
4epes y, , M Y, COOTBETCTBEHHO OPAHHATHI TOYEK HA KPUBOKH U Ha
KacaTeJbHOH K 3ToH KPHBOH,

Ha puc. 65 u3o0paxeHa KpHEBasA, KoTopas pacnonaraercsd
BhlIIE M0G0 MpoBeAeHHOH K Hell KacaTeNbHOH, 338 MCKJIIOUEHH -
eM TOYKH KACaHMA, Tle¢ KPUMBasg W KacaTelbHasd MMelT o0yl
TOUKY ( T.e. And BcexX x U3 (a; b}, 3a HCKIIOUEHHEM TOr0 3HaYeHHA
X, KOTOpOe ABAfeTCH abCHUCCOM TOYKU KacaHWA COOTBETCTBYIO-
1Ias pasHOCTh y, (x) —y, . (x) > 0).

AHaJlOTHYHO, Ha pHc. 66 H306paxeHa KpHBas, KoTopas pac-
TOJAraeTcA HHXe JIO0H NMpoBeAcHHOM K Hell KacaTeJbHOM, 3a
HCKMIOUEeHHEM OJHOH o0lell TOUKM — TOYKHM Kacanud ( T.¢. Aud
BCeX X M3 (@, §), 3a NCKIIOYEHHEM TOTC 3HAYEHHA X, KOTOPOE AB-
ageTca abCUHCCOM TOYKM KACAHMA COOTBETCTBYIONIAS PasHOCTD

yxn(x) _yxac(x) < 0)°
Yi

]
Q‘ [ FE—— T,
-

Puc. 65
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B nepeoM ciydae TOBOPAT, 4TO Apusas y = f(x) obpawenq na
unmepaane (a; b) swnykrocmoro 6Hu3, 3 BO BTOPOM — UTO Kpueas
oﬁpau;gua 8uinyKA0OCHbI0 e6epx. BBISABI¢HHMe TakHX ocoGeHHOCTEH
KPHBOH 00Neryaer nocrpocHue rpadrkor (PpyHKIHIH.

JOCTaTOYHBIA MPU3HAK BHIOYKJAOCTH KPHBOH (BHH3 WIH
BBEPX) Ha MPOMEXYTKE YCTAHABAHBAETCA Cleoylolleil TeopeMoii.

Teopema 3. IIycTh Ha oTpeske [a; b] 3aJaHa HempephIBHAad
$yHKIUA y = f(x), npuyeM BTOpasA NMpou3BoaHas f”(x) > 0
xe (a; b) (cooTBeTcTBeHHO (%) < 0, x < (4, b)). Torna KpHBaﬂ’
AAAONAAcs rpaKoM QYHKUHH ¥ = f(x), o0pamieHa Ha Hpr:
Bane (g, b) BHIIYKIOCTBIO BHH3 (COOTBETCTBEHHO BBEPX).

JokasateabcTBO. Pacemorpum coygait f(x) > 0, xe (a; b).
BriGepeM mobylo Touky x, € {a; b) u mpoBeAeM KacaTelbHYIO K
rpapuky B Touke M(x;; f(x,)). YpaBHeHHe KacaTelbHOH HMeeT

BHI yxac = f(xo)'i'f’(xﬂ)(x_xﬂ)‘
[Iycts x > x, (cydail x < X, pacCCMATPMBAETCA aHAJIOTHYHO).

INpumenuM K oTpes3ky [x,; x] H &
0 VHKIHH f(x) ¢opmyny JlarpaH-
*a (cM. § 6 HacToseli rmasu). MMeem P P

F) = F(x) = ) x-x),
rae x, < x, < x. CnegosarensHo,
Vio (X)) = Yyac (X} = f{X)~ (f (%) + (g Hx - %)) =
= (f(xd+ g Hx-x)) = (f(x) + f(xp)(x - %)) =
= (S (x) = N(x-x)
Tax kax cywecTyer BTOpas NMpon3BoAHag f”(x) Ha (a; b), To

K NepBOH NMpOU3BOAHOM f’(x) U OTpe3Ky [x; x,] MOXH
; 0 eulle pas
npuMeHuTh $opmyny Jarparnxka. Umeem " P

SO0y = (%)= 70 XX - xp), 18e X, < x, < x.

HostoMy y,,{x) = Ve {X) = fTO6Nx — X ){x - X,). Tlo yenoBno
TeopeMrl f(x,) > 0. Kpome Toro, x, > x, u x > x,. OTctona cne-
RYET, YTO Yyp (X) = Yiue (x) > 0, xe(a; b), x # x,, T.€. rpaduk PyHK-

uum y = f{x) obpalleH Ha HHTepBaie (a; b) BHINYKIOCTLIO BHH3.
Cnydaii, koraa Ha uHrepBaie {a; b) BTOpass MPpoOH3BOAHANA

S7(x) < 0 paccMaTpuBaeTcsa aHAOTHYHO (CM. pucC. 67, a, 6).

I[Ipumep 2. Uccnenosarh HampaBleHHE BHITYKIOCTH rpadu-
Ka byHKupy y = x 2,

238

a x, b x

Pre. 67

Pemesnue. Tak KaK BTopas GPOU3BORHAd Y = (x1) =250,
To rpadHK GYHKUHHM HA BCEM MIPOMEXYTKE (—o0; +o0) obpalleH
BHIYKJIOCTbIO BHU3.

Mpumep 3. HaliTi UHTEPBANBI, TAC rpadpuk QyHKUHY
y= x* —6x% +4 0o6pallleH BHITYKAOCTBIO BBEPX WIH BHH3.

Pewenne. FMeeM

y' = (x*-6x* +4) = 4x* -2x, ¥y = (4x° - 12x) = 12x% =12,

Tak xak 12x2 — 12 > 0 npu x € (=5 - DBl + 0}, TO Ha MHTEP-
panax (—so; — 1) 1 (15 + «) rpadux HyHKUNH o0pallicH BBIMYKNOC-
Thio BHU3. Ha unrepBane (—1; 1) uMeeM 12x2 — 12 < (. [Toatomy
Ha 3TOM MHTepBaie rpaguK GyHKIUM oGpallieH BRITYKJIOCTBIO BBEPX.
BeeneM Temepb IMOHATHE TOYKH y
nepernba kpupoii. OGBYHO KPHBad |
pacrionaraeTcsi OKON0 TOYKA KAaCaHMsA
110 GOHY CTOPOHY OT KacaTelbHOH. Ho M
MOXET CIYYMTBCS, YTO B TOYKE Kaca-
HUS KpHBasd MEPEXOIUT ¢ OIHOIL CTO-
POHBI KAacaTeNbHOMN Ha ¢¢ ApYrylo CTo-
poHy (puc. 68). Takue TOYKH Ha3pIBa- o=
JOT Touxami meperuba KpHBOH.
IaauM Tenepb TOYHOE OTIpeAeie-
Hue Touku mepernda. [lycTb KpuBasg Puc. 68
y= f(x) paccMaTpUBacTCs Ha HHTEP-
Bane (a; b) U xe(a; b). TIpeAnonOKKMM, YTO B KaXJIOH TOUKE 3Toi
KpHMBOIl CylIecTBYeT XacaTeslbHad M HHKaKas U3 KAcaTeNbHBIX HE
MeplicHANKYASpHa OCH OX (kpoMe, GHITH MOXET, KacaTelsHOi B
Touke M,(x, f(xp)) ). D10 03HadyaeT, uTo GyHKUMA f(X)} HMEET
NPOU3BOAHYIO B Kaxmoil Touke xe{a; b) (xpoMe, OBITH MOXET,
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TOUKM X, IJIA C1y4asi, KOTAA COOTBETCTBYIOMAS KacaTeNbHAS mep-
NEHAMKYISApHA ocH OX. TeM He MeHee, ¢dyHKIHA f(x) B 3ToM
CIydae CUHMTAETCA HEMPEPBIBHOM B TOYKe X,).

Onpenenenne 3. Toyxa M(x); f(x,)) kpuBoii y = J(x) HaskIBa-
eTCA moukol nepe2uba »Toi KPHBOM, €CU Ha HHTepBajie (a; x,)
KpHBasA y = f(x) ABISETCS BBHINYKIOH BHH3 (BBepx), a Ha MHTEp-
Bajie {x,; b) KpuBas y = f(x) gBnsieTc BRIMTYKJION BBEPX {COOTBET-
CTB€HHO BHH3).

Ecnu M, — Touka meperuta KPHBOH, TO TOBOPAT, YTO B 3TOL
TOUKE kpueas umeem nepeaub.

IIpumep 4. PaccMotpum xpusyio y = f(x) = x3 (puc. 69). B
Touke M(0; 0) 3ta kpuBas umMeer neperu6. HeiictBHTensHO, BTO-
yi , basd npousponHas f"(x) = 6x < 0 npu
y=x X<O0Hf(x)>0 npu x> 0. [TosT0-

MY Ha WHTepBaje (-e; () Kpusas

BBIITYKJTA BBEPX, @ Ha (0; +oo) KpuBas

BEIIYKTa BHM3. KpoMe Toro, B Touke

M xpupas uMeer KAaCaTeNbHYIO, He
=  NePNeHAUKYIApHYIO ocu OX, Crneno-
o X BaTesibHO, TOuka M — Touka neperuda

IAaHHOW KpHBOIA.
Touka nepern6a xpusoit xapaxre-
Puc. 69 DH3YETCA CAEAYIOUIMM HEOBXOAUMBIM
IIPU3HAKOM.

Teopema 4 (HeoGxoaumoe yciropne mepernda). ITycts
M(x,; f(x,)) — Touka nepern6a KPHBOH y = f(x) ¥ B HEKOTOpPOI
OKPECTHOCTH X, CYWIECTBYET BTOpAS MIPOM3IBOMHAS S (x), npuaem
B CaMOH TOYKe X, GYHKLMA [”(x) sBNgeTCH HenpepriBHOM. Torma
HEOOXOMUMO BHITIONIHEHHE PABEHCTBA S7(x) = 0.

HokazarenbcTBoO. HoKaxeM OT MPOTHBHOTO. Mycth
S7(x)= 0, qna ONpeaeIeHHOCTH, f”(X,) > 0. Torma BcregcTBHe
HETMPEPLIBHOCTH f”(x) B TOuKe X, CYLUECTBYET TAaKasl OKPECTHOCTh
(a; b) aTOl TOYKM, YTO HS Beex xe(a; b} Gyner BRIMONHATHLCH
HepaBeHCTBO f7(x) > 0. Orcloga no TeopeMe 3 KpuBas y = f(x) Ha
BCECM WHTepBane (g, b}, KOTOPHI comepxur Xy, Oyoer oGpameHa
BLIMYKIOCTBI0 BHM3. JTO NPOTHBOPEYHT TOMY, YTO B TOYKE
M(x,; f(x,)) xpuBas umeer neperub.

Hpumep 5. Haiitu TOYKH, II¢ MOXeT UMETh Meperu rpa-
Gk GyHKIMM y =2x* —12x? + 5.
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Puc. 70 Puc. 71

Pemenue. UMeeMm
¥ =(2x - 12x? +5) = (8x® = 24x)’ = 24x% - 24.
Pewaem ypaBHeHume f7(x) = 0. Ero KopHAMH ABASIOTCA x = +].

CoOTBeTCTBYIOLUHE UM 3HAYEHMs QYHKLUHMM paBHH p(1) = —5,
y(—1) = — 5. 3na4uT, TOYKaMHU mepernba Moryr GuITE M(—~1; -5
H N(1; -5).

3ameqanne 3. HaiineHHoe HeoOGXomuMOe ycnoBue neperuba He
ABJIAeTcA AocTatouHbIM. HanpuMep, paccMoTpuUM KpuBYIO ¢ ypaB-
HeHueM y = f(x) = x*. Umeem f”(x) = 12x2. B Touxe x = 0 uMe-
eM f”(0) = 0. OnHako Ans Beex x # () CnpaBeqNMBO HEPABEHCTBO
S7(x) > 0, T.e. 1aHHaa KpHBag obpalleHa BHINYKIOCTHIO BHM3. TTo-
5TOMY B Touke M(0; 0) Her neperuda (puc. 70).

3ameuanne 4. Kpupas y = f(x)} MOXET HMETh Meperud TakKe
H B TE€X TOYKaX, IAe BTopag MpOM3BOAHAs f”(X) BOBCe He Cyille-
CTBYeT. HampuMep, paccMOTpHUM KpHBYIO ¥y = f(x) = x 33 (puc.
71). Hmeem

X, frx =, x=0.

B Touke x = 0 Bropas npoussoaHasa f”(x) He cywecTpyeT. OmHa-
KO f7(x) > 0 mpu x > 0 m f"(x) < 0 mpu x < 0, T.e. Touka M(0; 0)
ABAACTCA TOYKOH Meperuda JaHHOH KpUBOM.

Takum oGpa3zoM, TOUKH neperuba KpHBOI clIenyeT MCKATh
TOJIBKO CPelu TOYEK, B KOTOPHIX f"(x) = 0, nu60 f”(x) HE cylie-
CTBYET.

B saxmioueHne chopMyIHpyeM NOCTATOMHBIN NMPH3HAK cyiue~
CTBOBAHMA ¥ KpMBOI TOYKH meperuba.
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Teopema 5 (nocraTounoe ycaosue nepernda). Ilycte pyHkums
¥y = f(x) MMeeT BTOPYIO TIPOH3BOAHYI0 B HEKOTOPOIl OKPECTHOCTH
TOUKH X, 33 HCKIIOUEHHEM, OHITh MOXET, CaAMOM TOUKH X = X,
nMpu4eM B 3TOM TouKe f(x) mpeanonaraeress AHGPepeHIHPYEMOH.
Kpome Toro, mycTk B YKa3aHHOH OKPEeCTHOCTH BTOpasA NpOH3BOI-
Has f“{x) coXpaHSeT ONpeAeNeHHBIH 3HAK KakK CJIeBa OT X;, TaK U
CrpaBa OT X,. Torma, €C/IH MpH Mepexoe Yepes TOUKY X = X, BTO-
pag npou3BoAHan f(x) MeHseT cBoll 3HaK, Touka M(x,; f(x,)) gB-
ngeTcA Toukol nepernba rpaduka byHKuMH ¥ = f(x).

3ameuanne 5. Ecam npu nepexone 4epe3 x = x, Bropas npo-
H3BOAHAA f”(X) He MEHAET CBOM 3HaK, TO B TOUKE (X, f(X,)) HeT
neperuda.

NMpuMep 6. Haiitu Touku mepernda rpaduka GyHKLUHH
y=x*-6x*+5.

Pemenue. Bropaa npowssomnas ¥ =(x* —6x2 +5) =122 =12,
Touek, B KOTOphIX f (X} He cywecTByeT, HeT. I1oaToMy TOUKaMHu
nepernf6a MOryT OBITH TOJABKO TOUKHM ¢ abcuuccamu x = *l, rae
fr(xy=0.

Hanee, B JOCTATOUHO MANOH OKPECTHOCTH TOUKH X = —1 mMe-
em f7(x) > 0 mpu x < —1 u f"(x) < 0 npu x > —1. 3Haumr, (%)
MeHSIeT 3HAK TPH Hepexone Yepe3 TOUKy X = -1, U MO3TOMY TOY-
Ka M(—1; 0) asngeTca Toukoil meperuda rpagpuka. AHANOTMYHO, B
IOCTATOUHO MANOIl OKPEeCTHOCTH TOUKH X = 1 uMmeeM f7(x) < 0
mp x < 1 u f"(x) > 0 mpu x > 1, T.e. Touka N(1; 0) Taxxe ABIg-
eTca TouKoi meperu6a rpaduka.

Apumep 7. Haiitu Touku nepernba rpaduka GyHKIWH
y=x + sinx.

PemeHnHne. y'=1+
+ cosx, y* = —sinx. YpaBHe-
pue —sinx = ( umeer Oecko-
HEYHO MHOTO KOpHeH BHIA
x= nn, ne Z. To4yek, B KOTO-
pPHIX ¥ ” HE CYLIECTBYET, HET.
Ipu mepexome x 4epe3 Kax-
JbIH KOpeHB BTOpas HMpOH3-
BOAHAHA MeRAET CBOH 3HAK.
CnefoBaTeNbHO, BCE TOUKH
Buga (mn;mh), IAe n € Z, 9B-
JAI0TCA TOYKaMM meperuda
rpaduka AaHHOH (PYHKLHH
Pac. 72 (puc. 72).

}:
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3. IlocTpoenne rpadukos dynkumii. Bpillle MBI paccMoTpenu
NPUMEHEHHSA TIPOM3BOAHON MPH M3YYeHHW HEKOTOPHIX CBOMCTB
(GYyHKUUHA. DTUMH TPHMEHEHUSIMH MOXHO CYIIECCTBEHHO pacIUuH-
PUTH IUJIAH HCcNeNoBaHUA GYHKUMH, KOTOPHIM MBI TOJb30BaiHCh
paHee (cM. rnaBy VII acru I). B 370T miaH Tenepr MOXHO BKJTIO-
YHTh:

1) uccnenoBanne HYHKIIMM Ha HEMPEPHBHOCTh, HAXOXKACHHE
TOUEK PA3PHIBA QYHKUNWH;

2) BBIACHEHHE TOBEACHHA PYHKUMHU f(X) NPU X — +oo;

3) onpeaeneHUe HHTEPBANOB BO3PACTAHHUA W yOBIBAHMA dYHK-
LHH ¢ MOMOUIbIC NPOH3BOAHOIM;

4) oThICKaHHE TOYEK IKCTPEMYyMa;

5) HaxoxaeHMe acuMnToT rpadmka hyHKIMH,

6) HaXOXACHHE MPOMEKYTKOB BLIMYKIOCTH BBEPX {BHN3) H TO-
yek neperuda,

MiccnenoraHne QyHKUMH ¢ MOMOILLIBIO TOHATHA MTPOU3BOIHOM
JaeT Ooee KAU€CTBEHHYIO XaPaKTEPUCTHKY XOAA U3MeHeHHUs (hyHK-
LMK W BCASACTBHE 3TOTO MO3BOASET GoJiee TOYHO CTPOMTH rpadHK
HAccaeayeMoil (byHKLHH.

Ha ocHoBaHUuM BEILIECKA3AHHOTO MOXHO YKa3aTh CNeAYIOLIHI
MIPUMEPHBII I1aH HCCNeaoBaHUA QYHKUHY f(X) H TIOCTPOCHMSA e¢
rpaduka:

1) HafiTH oGnacTe onpeaeaeHUA GYHKUWH (eCH OHa TIPIMO
He yKa3aHa);

2) y3HATh, ABIAETCS JU (QYHKIHSA 4eTHOW MJIH HEYeTHOI, Ie-
PHOAMYECKOH, OorpaHHYCHHOI;

3) uccnenoBats GYHKIMIO HA HENMPEPHIBHOCTE H HAHTH e¢
TOYKH pa3pbiBa (€cH OHH MMEIOTCH);

4) BHIACHUTH NMOBEAeHHE GYHKLUHMH IIPH X — oo (ecau PYHK-
UHA oNpeAencHa N4 KaK yrogHo Sonbluux mo abcomioTHOR Be-
NUYUHE 3HAYEHHH X);

3) onpeaenuTb NMPOMEXKYTKM BO3pAacTaHUsl M YOBBaHHA PYHK-
LMK U UCCIIEIOBATh €€ Ha IKCTPEMYMBI,

6) HccnedoBaTh (YHKIMIO Ha HaaWdde v ee rpadHka acCHMIITOT;

7) ompeAenuTh NPOMEXYTKY BBITTYKAOCTH BBEPX (BHH3) U HCCHe-
JoBaTh QYHKLMIO HA CYLUECTBOBAHME Y e¢ rpadpuka ToueK rneperuba;

8) HaliTH aelicTBUTENbHBIE KOPHH ypaBHeHHS f(x) = 0, TeM ca-
MBbIM OTPEIETHTE TOYKH NepecedeHIs rpadHKa GyHKIHK ¢ ocklo OX;

9) BBIYUCHUTH JONMONHHUTENbHO €lle HECKOAbKO 3HAYEHUIT
GYHKIUH, B YaCTHOCTU, BHIYHCIMTH 3HaueHHe f(0), ecliH OHO Cy-
lecTByer {TeM caMbiM OyIeT HaifgeHa TOUYKA mepecedyeHHsa rpadu-
Ka ¢ oceio O1).
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Ha npaktuke HeT HE0OXOAWMOCTH MPOBOAUTE HCCIEIOBAaHHE
B TOYHOCTH MO YKa3aHHOMY IUIaHY. MoXHO Takxke MeHATh Mopsi-
DOK HccnenosaHusa. PeaynnraTht MccnenoBanusa ynoGHO 3amMCHi-
Batb B Tabmuny (cM. Hike), Ilonb3ysach pe3ynbTaTaMH MpPOBEACH-
HOIO HMCCACNOBaHUA, Yepe3 HAHECEHHBIE HAa YepTeX TOYKH NMPOBO-
JAT NAABHYIO KPUBYIO W CTPOAT TpabuK GHYHKIHH.

3
Mpumep 8. Heenemosats pyHKIMIKD ¥ = f(x) = 'j% H TIo-
-X

CTPOMTDH €€ IpadHKk.
1. O6nacteio onpeacleHHa GyHKIMH ABIIETCHE MHOXECTBO

(o, - VU (VT VU3 + ).

2, OYHKUHA ABIAETCS HEYETHOM, MOCKONBKY 06JacTh onpene-
JIEHHS €CTh CHMMETPUYHOE MHOXECTBO OTHOCHTENBHO HAYala
KOOPIMHAT U A BCeX X U3 00JACTH ONpeleNeHHS BHIMOIHEHO

papeHcTBO f(— x)-—(x—)3=i=—f(x).

3. B cBoeii obitactv onpeneseHusi GyHKIIHA ABJIAETCA HEMpe-
PBIBHOII.
4, lim FX) = +eo, lim f(x): —oo, hm f(x) =
Jj x_)..-

112; ﬂf(x) = —e, T.C. (byHKuHﬂ f(x) IpH x = +J_ TeprmT bec-

KOHEYHBIH Pa3phiB, U NMO3TOMY €€ TpadMK UMEET TPH BECKOHed-
HBEIX BETBH Ha MHTEpBANax {—ee; -3, (=3, V3) u (V3; ).

5. J],Jm 3HAYEHMH X # +v3 GYHKIHSI MMeeT NPOU3BOIHYIO
x? (9-x )
S )——2)2 KopHaMu ypaBHeHHs f’(x) = 0 asasiorcs
=-3,x,=0ux,=3 IIpn x= +3 mpoM3BOmHAA He cVILie-
chyeT, HO U1 3THX 3HaYeHHH x cama GyHKuMA f(x) He ompene-
neHa, [ToatoMy KpHTHYECKHMH TOYKAaMH SBAAIOTCA TOABKO TOUKH
x=-3x,=0x=3

Hanee, f’(x) B J0CTATOYHO MaNoil OKpeCTHOCTH TOUYKH JncE =10
COXpaHSeT CBoM 3HaK (Tak Kak 9—-x2 >0, x2 > 0, 3-x2)* >0
s x # 0 M3 Takoil okpecTHocTH). CneAoBaTeabHO, ToYKa x, = ()

He ABJIAETCA TOYKOH IKCTpeMyMa.

f(x) <O0nopu x < =3 u x > 3, T.¢. HA HHTepBaNax (—w; —3) U
(3; +) OyHkuMa ybbiBaeT. f'(x) > 0 mpu -3< x<-3,
~B<x<B (x20) 1 3 <x<3, 1e. Ha nnTepBaIax (—3; —v3),
(~V3; V3 ) u (V3 ; 3) byHKuMA BO3pAcTaeT.
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B Touke x = —3 QyHKuMA umeeT MUHMUMYM f . (—=3) = 4,5, a
B Touke X = 3 (PyHKUHA HMeeT MakcumyM f . (3) = —4,5,
6. IipsiMeie x = —/3 u x =3 ABIAIOTCA BEPTHKATBHBIMH

ACHMIMTOTAMH KPHBOH, NPHYEM XKaXIad H3 HUX SABAAETCH aCHMII-
TOTOH cpa3y And OBYX COCeOHHX BeTBeil KpHBOH. Tak Kak

3
k = lim ACI = lim — =-1,
Kedm X —)oe(3 —-X )x
3
1=lim(f(x)—foc)=lim[ x2+x]=lim B _o,
X—poa x=e| J_x x—=e Jox

TO NpAMas y = —X ABIACTCH HAKJIOHHOH aCHMOTOTON KPHBOW.

3

Hanee, po — V. = f(xX)-{-x)= a >+ X = 3x > . Tak xak
I-x 3-x

Yoo = V.o > 0 0pH x < —J3, TO KpHBAs f(x) HA (—=; —/3) pacmio-

naraercd Hajg acUMMToToH y = —x. IIpn —/3 < x < 0 Kpusas

f(x) pacmonoxeHa mos, acHMniTotoit, mpu 0 < x < /3 KpuBad cHo-

Ba pacHoiaraeTcs Hajg acHMTITOTOM, mpH x > /3 KpuBasd CHOBA
PacMoNoXeHa MoJ aCHMIITOTON.

7. dna x # +43 cymiecTByeT BTOpas TIPOM3BOAHAN
fix)= wL“;) KopHeM ypaBHenus f”(x) = { seasgerca x = 0.

TIpu 3ToM f7(x) > 0 ansa x < —/3, T.e. Ha HHTEPBANE (o0, —+/3 )
KpHuBas f(x) BRITYKNa BHM3; f”(x) < 0 mma -3 < x < 0, T.e. Ha
(=3 ; 0) kpuBas f(x) BENyKAa BBepX; f"(x) > 0 w1 0 < x < /3,
T.e. KpuBag Ha (0; 3 ) cHOBa BHIMYKJIa BHM3; f”(x) < 0 mng
x> J3, 1.e. Ha (3 ; +) KpUBag f(X) CHOBa BBITYKJA BBEPX.

Tak kak npd nepexode x depes 3HaveHue x = ( Bropaa npo-
KU3BOAHAA f”{X) MEHAET 3HAK (C MUHYCA HA TUIIOC), TO TOYKA
0(0; f(0)) unu, To xe, Touka O(0; 0) ~ Touka nmepernba.

8. KopueM ypaBHeHus f(x) = ( asngercs yucno x = 0. 3Ha-
yurt, rpaduk GyHKuMH nepecekaeT och OX B €AMHCTBEHHON To4-
Ke O(0; 0).

9. Tak kak f(0) = 0, To rpapuk nepecekaer ocs OY B eIHMH-
CTBEHHOH TOYKe 0(0' 0). BUIYHCINM elle HECKOJbKO 3HAYEHHH

$yaxuyu: f(xl) = +— , fE2)=78.
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CocTaBRUM CAeRYIOLYID Tabauiy:

x{ (= =3) -3 (—3; -3) -3 (—3;0)
¥ | VouiBaer, 4.5 Bozpacraer, He omn-{ Bospacraer,
roabux min roadMK BhiE | peme- | roadMK HKE
BhIlIiC HaknoHHOH nena HaKNOHHOH
HAKJTOHHOIH ACHMIITOTHI, ACHMITTOTHI,
ACHMITTOTHE BBIMYKAEIH BHITTYVKIBIH
W BLINMVENBII BHH3 H BBEDX U
BHM3 TIOHGMMKAETCA noHGnMKaeTcA
CNDagpa K clleBa K
BEUTHKANLHOR BeDTHKANBHOH
ACHMITTOTE ACHMNITOTE
x=-f =
" - + He on- +
pee-
neHa
» + + + He on- -
pene-
JeHa
nDOJOANCEHIE
x| (0 3) NE] (v3:;3) 3 (3; +e0)

v | BoavacTaer, He on-| Bosvacraer, —4.5 | V6upaer,
roadHK BIIE | penme- roadiK HHKE max roadbuk
HAKJIOHHOH JeHa HAKAOHHOH HIKe
aCUMIITOTHI, ACHMIITOTHI, HAKJIOHH O
BHIMYEABI BBIMTYKJIBIH ACHMIITOTHI
BHH3 K BBEDX H M BBIIVKIEH
noubanKaercs NOUOTHKASTCA BBEDX
ClDaBa K Cnesa K
BEDTHKATBHOH BEDTHKATBHOH
acuMnToTE ACHMTIITOTE
x=43 x=.3

18 + He on- + 0 -

pDene-
JieHa
»” + He omn- - - -
pele-
Jleda

crpouM rpaduk dyHkuMu (puc. 73).
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Hcnoab3ya Temeph MOJYYE€HHLIE PE3IYALTATHL M TabnuLy,

e

>
[

Puc. 73

3ameuanue 6. Pynkuns f(x) = X
3

—X

2

ABNAETCA HeYeTHOH U

MOXXHO OBUIO OTPaHMYUTLCS MCCIENOBAHMEM (DYHKIIKM HA MHOXE-

cTBE [0; +o0),

@F Bonpoce! ® 3313083

1. O6BACHUTD MOHsITHE GeCKOHEYHOMH BeTBH KPHBOI,

2. Yro Ha3HIBaeTCH ACHMITTOTOM 6eCKOHEYHOM BeTBY KpHBOI1?

3. Yro HasbIBACTCA ACHMITTOTOH Kpusoii?

4. Kaxuie acHMITOTB MOTYT GbiTh ¥ KPUBOIH? .

5. ChopMynHpoBaTh HEOGXOMHUMOE M AOCTATOUHOE YCJIOBHE Cylle-
CTEOBAHWA ¥ KPUBOH BEPTHKAABHON aCHMITTOTHI,

6. ChopMynUpoBaTL HEOOXOMMMOE M AOCTATOUHOE YCJIOBHE Cylile-
CTBOBaHUA y KPHBOH HaKJIOHHOI aCHMITOTbI.

7. ChopMynuporath HEOBXOMUMOE M AOCTATOMHOE YCIIOBHE CYWIE-
CTBOBAHHS ¥ KPHEOIL TOPH3OHTANEHON ACHMITEOTHI.
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8. OGLACHUTE, YTO G3HAYAET «KpHBasg oOpalleHa Ha HHTEPBAIE BbI-
NYKIOCTBIO BHH3 (BBEpX)».
9, CihopMympoBaTh BOCTATOMHBIM TIPU3HAK BBITYKAOCTH KPHBOM Ha
[IPOMEXYTKE.
10. Kaxyio TOUKy KpHBOR Ha3bIBAIOT TOUKOHA nepernta?
11. ChopMynnpoBaTs HEOOXOOUMOE YCIOBUE CYIISCTBOBAHUA TOUKYU
neperdfa.
12. ChopMymMpoBaTh AOCTATOMHOE YCAOBHE CYLIECTBOBAHHA TOMKH
neperuba.
13. CocTaBUTh MIPHMEPHEIE MTNaH UCCNSIOBAaHUA (PYHKLWH U IOCTPO-
¢HUA ee rpaduKa.

YnpaxmeHus

. Ha#tT¥ acMMITOTH KpHB]:oIX 3AAAHHEIX YPAaBHCHHUAMMY.

- X, _ x4+l
9-))’“*2—_;; )Y~ +3 B) y = F)J’--"*x-

. MiccnenoBate HanpapieHHe BBHITYKAOCTH KPHBOM y = ~x! + 1.

. HaiiTu uHTepBaANBI, B KOTOPBIX rpadpk ¢yHkuumn y = x3 —
~ 6x? + 1 ofpallieH BBINYKIOCTBIO BHU3,

. HaitTin Toukn meperuba rpatpnka SyHKUNHA:
ayy=x*—6x+2; 6) y=x3—12x2+ 26x + 18.

. HcenegoBark Ha BRIMYKNOCTE {BHH3 HIM BBEpPX) M TOYKH Iie-
pernfa KpuBble C YPABHEHUIMU:

Pk

a)y=x*+6x2-5x+ 3 B)y=x2+1;
x4+l
6) y=x%—8x+ 18x? — 8x; ) y=x%e™

. UccremoBars ynkimio y = f(x) ¥ nocTponTdb ee rpadvk, ecnu:

P 2 — . 2X2 B w2 %

a)y=x 6x?+9x—2; B)y= — a) y=x'e¥;
x“+4

8).y = —x —%x +1; T) y = xl-x; e) y=x21nx.

HaiiTH acHMNTOTHI KPHBHIX, 3aJaHHBIX YPABHCHHAMH!
4

x .
(x=2)°

-

_x .
(x-1)*’
ry y = 3x — arctg x.

a) y= 6) y=

B) y=x-¢e"%;
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. Ucenenosars Ha BHINYKIOCTL (BHU3 WIH BBEpPX) M TOYKH IE-

pernda KpHBHE ¢ YpaBHEHUAMM:

a) y=x*-24x* +70; B) y=6xF —x'+15;
6) y = "X, ) ¥ = X - COSX.
. Hccnenosate GyHKIMIO ¥ = f(X) H HOCTpoUTL ¢e rpadyK, ecnu:
2 3
X X
) 1-x* )y (x~1)*
6) y=x*-4x’ +15; ) y=x+e*

10. Ckonbko AeHCTBUTENBHBIX KOPHEH MMEET ypaBHeHHUe!

3.

4.

3.

6.

. Hailitu npvpawmenue pyHKiuy y =

3
a) x*-4x*-9=0; ﬁ)xZ-%-1=0?

YnpaxHeuus /A NOBTOPEHUS

X%, COOTBETCTBYIOLIEE
IPHUPALIeHHI0 A He3aBUCHMOI NepeMeHHON x. BuludcauTh
Ay, ecni x = 1 u Ax = 0,01. KakoBa aGcosiloTHag nmorpeni-
HOCTh 3HaYEHHS Ay, €CIM OTPaHMUYHTECT WICHOM, cofiepxXa-
UM Ax B IepBoOIt cTeneHu?

. Haiftu npMpaiteHHs Ax 1 Ay B TOUKE X,, €CJIH:

A y=4x’—3x+2 x =1 x=10I;
6)y=(x+ 1 x,=0x=01

af
BeipasHib ar depes x, u Ax, ecnn f(x) = Jx +2. Haiiti

npou3BOAHYI0 bYHKIMH f(X) B TOUKe X, (X, > 0).

TMoas3ysck onpeneneHMeM, HallTH NPON3BOIHYKD QYHKLIMH
Sf(x), ecnn:

a) f(x)=2x? +3x+5; B) f(x )_JchI

6) f(x)=(x+2); B fx) =221

HJokaszaTe, 410 pyHKUMA Yy = 2(x + 3)? Jlmbtbepeﬂuupyemaﬂ

OpHU MIOORIX 3HAYECHUHAX X.

x2 <sin;]r-, xz0,
0, x=0

pbiBHE ¥ MMeeT TIPOU3BOANHYIO B ToYKe x = 0. Haiitu 3naue-
HHE NPOUIBOIHON B 3TOl TOYKe.

HAoka3ate, 4yTo GyHKUUS F(x) ={ HENpe-
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Jx+1-1
7. Jloka3aTh, 4to GyHKUHS f(x)=1 Jx ’
0, x=0

Ha B TOuKe x = 0, HO He UMEeT MPOH3BOAHOH B 3TOH TOYKE.
8. Haiitd nipoM3BoaHyX0 GYHKIHH f(x) B TOYKE X), CCIL
a) f(x)=4x +3x7 +2x+1, X =1;

xz0
’ HempephIB-

6) F(x) =120 wsin22, x =L
B) f(x)=Qx+Dx-1), x=4;

3_
xz l, Xp =3
x“+1

r) f(x)=

4 3
9. Touyka IBHXETCA TPSMONHHENHO MO 3aKOHY s(f) = 3t —-1+5.

HaiiTH CKOpOCTh TOYKH B KOHIE BTOpOM CEeKYHH (s BbIpaXe-
HO B METpax, { — B CEKYHIAX).
10. Haitty NpoH3BOAHYIO (DYHKIIAH:

a) y=¥x +2x°; x) y={(x? +1)-arctgx;

6))’:%*‘2\&; 3)y=2/;+x-tgx—iog3x;

B) y=(2x+3); W y=x-lnx (x+1);

1 y=(x+Vx){x-2); K) y={-x) arcsin x;

) o X2 a)y y=10+log, 5+ cosl5?;
sinx

e) y=3"%. sinx;

11. BrrumcauTh 3HaveHHE f(Xx,), €CIH:

M) y=tgx-cosx+ 7% x .

a) f(x)=—l-, X =0; B) f(x)=("+3x)-Inx, %=1

Cos X

arcte x
6) f(x)_ 1+x2 +

12. PeinTh ypaBHeHue f'(x) = 0, ecau:

x=1; 1) fix)=¢" -(x-In2), x,=In2.

3

2 .
a)f(x)=i-x“—8x2+3; B) f(x)=—‘/2:x—smx+5;

2):
6) f(x)=x""-80x; 1) f(x)=8x-75.
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13. Onpeaenurs MHOXECTBC 3HAYEHHH X, TIPH KOTOpbIX f'(x) > 0,
€CIH;
a) f(x)=x-1n27-3"; 0) f(x)=sinx-2x.
14. lTpaMonuHelHOe OBHXEHHE TOUKM MPOHCXOIUT B COOTBET-

cTBUM ¢ hopMynoil s(7) = -;—ta' - %rz +2¢. B KakMe MOMEHTH

BpeMeHH CKOPOCTh TOYKH paBHANACH HYN0O?
15. CocTaBuTh ypaBHEHHS KacaTeJIbHOH H HOpMAaad K rumepbone

y =;l(— B TO4Ke ¢ abcHuccoil x = —%.

16. Ha napaGone y = x? B34THl ABE¢ TOYKHU ¢ abcumccamu x = 1
U x = 3. Yepes 5TH TOUKH NMpOBCIcHA cekyilag, B Kakoii To4-
Ke mapabonbl KacaTenbHasg K Heil 6yAeT mapauienbHa TPOBE-
IeHHoM cexymei?

17. CoCTaBUTh ypaBHEHME HOPMATH K JIMHMH Y = —J/x +2 B TOYKe
€€ TepeceyeHns ¢ OMCCeKTPHCOH NEPBOTO KOOPAMHATHOTO YIVIA.

" 2 .
18. Touka ABMXETCA TIPAMOJIMHEIHO Mo 3aKoHy (7)) = 3 51113 +3,

Hailth yckopeHMe TOYKH B KOHLE MePBO CEKYHIB (S BHIpa-
¥EHO B CAHTHMETPAX, ¢ — B CeKYHHAaX).

19. Touxa DBHXeTCA NPAMOJHHENHO IO 3aKOHY s = 7 . Jloka-
3aTh, YTO 3TO IBUXCHHE SIBIACTCA 3aMEMIEHHBIM M YTO YCKO-
peHHe @ MPONOPLUOHANBHO Ky6Y CKOPOCTH v TOYKH.

20. Haiitu f*“(0), ecnu:
a) fix)=x"-4x*+4; 6) f(x) = (x + 105,
21. Haitti y”(x), ecnu y(x) = cosix.
22. BeuncauTe NpUOIMXeHHbIE 3HAYEHMS:
a)sind1%,  6) cos91°; B) 8,98 1) 1,0041°,
23. Haiitu auddepeninan GyHKIHU:

a) y =&, r) y=arctg2x; X)yzl"'}ci?
6) y=sin(3x+2); p) y=e¥; 3) y=x>-CO8X- €.
B) y =2, e) y=(2x+ D

x°+l

24. 3amanbl GYHKUMM f(x) = e** u g(x)=4x+2. 3amath hopMmy-
no#t caoxuyio dyskunwo Fx), ecan:
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a) F(x)= f(gle)); B) F(x)= f ()Y,
6) F(x)=g(fx); r F(x)=Jg(gx).
25. Haiita npou3BOAHYI0 QYHKLMIA:

1) y=Incosx;

e) y=41g(2x-3);

%) y = sin (arctg2x);

a) y=(x2+1)5;
6) y=+5x-7,

B) y = arctg{3x - 4},

| )
r) y=sin’ x+cos’ x; 3) y = eSinieosx)
26. HaiitH ipoH3BOIHYI0 QYHKIIMIL:
a) y=(x-2Y 4x-7"; B) y={sinx)"";
6)y=4x—_3' r y=x"*,
x+3’

27. OnpefenuTh HHTEPBAIH BO3PACTAHMA U YObiBaHHMS (PYHKLMIL

2x

a) y=2+x-x*; B) Y= n) y=2x-sinx;

N x?
20); e)y==—.
106 ) V=%
28. Jokasarb clIeqyiollide HepaBeHCTBa:
3
X

6

6) y=3x-x; r)y=

a)ysinx>x——mnpu x>0, B) sinx < x mpu x > 0;

2
6} 1n(1+x)>xAxT mpu x > 0; r)yIn(l + x) < xmpu x > 0.

29. UccnenosaTb HA 3KCTpeMyM GyHKITHH:
a)y=(x— 1% 6y y=(x— %
30. Haittu aKcTpeMyMBl QyHKLMHA:

2x
a) y=x" -6x* +9x-4; B)y=l+—2;

6)J’=x+;lc-: 1) y=~2x-x".
31. Haiiti HauMeHbLIee W HauboNpliee 3HaUeHUA QYHKUHU:
a) f(x) = 2* Ha otpeske [—1; 5];

6) f(x)= x? —4x + 6 Ha orpe3ke [—3; 10};
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B) f(x)=x+ % Ha otpeske [0,01; 100];
) f(x)=V5-4x Ha orpe3ke [—1; 1];

m) f(x)=cosx Ha oTpesKe [—%; n];

e) f(x)=Ix? - 3x + 2| na orpeske [-10; 10].
32. Haiitu HauGoablLIuit 06beM KOHYCA ¢ JAHHOM obpasyiouei /.

33*. K pexe UIHPHHOM @ M MOCTPOEH MO MPAMHIM YIOM KaHaj
WHpHHOA b M. Kakoil MakcHMaabHOM ANHHBI CYAa MOTYT
BXOAUTH B 3TOT KaHan?

34. HailTH HakIOHHBIE aCHMITOTH KPHMBHIX, 3aJaHHEIX ypaBHe-

HHSMH:
-i- 6 = 3x + 5 — a2 l' o
a) ¥=—7; )y=3x+5 B y=x +33 Dy =sinx

35. HcenenopaTh Ha BBIIYKNOCTD {BHU3 WIH BBEPX) M TOUKHU Ie-
peruba KpUBble ¢ YPABHEHMSIMM:

a) y=3x*-x*; B) ¥y =+vI1+x%;

5
2 _,2
6) y=x+x3; r) y=e* .
x+1
36. IlokasaTk, YTO KpHUBasg y = 7 HMeeT TPH TOYKH Meperuda,
X7+

JieXalllHe Ha OOHOW TIpAMOIL.
37. Hccnenosats 3alaHHYI0 QYHKUMIO M MOCTPOUTD €¢ rpaguk,

¢CNH:
3 x4
a) y=3x-x; r)y=(l+x)3 ;
2 x4 x
0) y=1+x -5 ﬂ)y=m;
B) y=(x+D(x-2); e) y={x-3)Jx.
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T'JIABA XIV

HHTETPAI

B npeasiaymieii TaBe Mbl BBeJH TMOHATHE NMPOU3IBOTHOH H
PacCMOTPENIN HEKOTODHIE W3 ee MpHMeHeHuH. K BOmpocy oThICKa-
HUS MPOU3BOAHON NPHBOIUT pAJ 3alay MaTeMaTHKM U e¢ MPUIo-
KeHMit K ¢u3nKe, Texunke, Hampumep, pemas 3amady o6 OTHIC-
KaKMM CKOPOCTH v, KOTODYIO HMeeT B MOMEHT f TOUKa, ABMXKYILIa-
qcs O 3aKOHY § = f(f), Mbl CBOAMM 3TOT BOTIPOC K OTHICKAHUIO
TIPOH3BOAHOIH f'(f) = v (), TaK YTO CKOPOCTh U €CTk NPON3BOAHAA
OT MYTH O BPEMEHH,

OnHako B reoMeTpHH, GH3UKe, MEXaHHKe M IPYTHX TIPHKIAN-
HBIX HayKaX 4acTO BCTpeYaeTcsi HEOOXONMMOCTh B PEIICHHM 00-
paTHOM 3aJayM; 11O MPOU3BOAHON HEKOTOPOH (QYHKUMH OTHICKATDH
caMy QyHKuMO. Hanmpumep, U3 ONMBITHBIX ¢OOOPaXKeHUH HEPEAKO
GLIDaeT M3BeCTHA 3aBUCHUMOCTE v = v(f) ¢KOPOCTH TOYKH B HAH-
HOM IBHXKEHUU OT BpeMeHH U Tpebyercd HaiiTH caM 33KOH IBH-
KEHHA TOUKH, T.c. GYHKIIHIO 5 = f(#}, BEIpaXaonyio 3aBUCHMOCTE
MyTH OT BPeMEHH.

B HacTosuleil rmaBe MK pacCMOTPHM TaKylo OOpaTHYIO 3anady
B obuieM BHIE.

§ 1. IleprooGpasuan

1. Ilonsatue nepsoodpasnoi (pynkuun. IIlycTh HA HEKOTOPOM
MHOXecTBe [} 3aaHa GyHKUUA f(x).

Onpenenenue. IHepeoobpaznoi ¢ynxyued or TaHHOH PYHKUHU
f(x) Ha MHOXecTBe D HaspiBaeTCsl TaKas GyHkuud F(x), mpous-
BOJHAs KOTOpoii (B TOYKax MHOXecTBa D) paBHa f(x), T.e. TaKas
$yukuna F(x), yro

F(x)= f(x), x& D.

Mpumep L Mycts f(x)=2x, X € (—oo;+0). [lepoobpaston
GYHKUHER OT 3aJaHHON (DYHKUMH HA (oo, +o0) SBAACTCA byHK-
nusa F(x) = x%, Tak Kak F'(x) = (x’) =2x = f(x).

OTMeTHM, YTO ecnl F{(x) — mepBoobpaznaa mns f(x), T0 PyHK-
1M BHAA

D(x)=F(x}+C, 4]
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rie C — DpOM3BOJIBHOE NMOCTOSHHOE YUCHO, TAKKE ABISETCS rmep-
BoOOpa3HoOi g f(x), Tak KaK

Q(x)=(F(x)+CY =F'(x)+0= f(x).

BosHMKalOT caenyiome ecTeCTBEHHBE BOIPOCH:

1) Becerna nu oguHaKoBBl OGJACTH OMpeaeJeHHS PYHKUNH
J{x) u ee meproobpa3Hoit F(x)?

2) Ecnu dyuxims f(x) uMeer meppoobpasuyio F(x), TO eqHH-
CTBEHHA JIM 3Ta NepBoobpasHan?

3) Jaer au dopmyna (1) Ha paccMaTpUBAEMOM MHOXKECTBE BCe
nepBooOpasHee wia f(x)?

4) BooGe, Besikas u YHKIMA f(x) UMEET B AaHHOH 061ac-
TH orpedeleHUs NepBoodpaszHylo?

OTBeTBI Ha BCe 3TH BOTIPOCH SBISIOTCS OTPULIATEILHEIMH.

Mpumep 2. [lycts f(x) = L . EcTecTBeHHO#H 00nacThio ON-

Jx

peneneHua GyHKIMH f(x) ABIAeTCT MHOXECTBO (0; +oo). Ha 3TOM
MHOXeCTBe ANA f(x) CymecTByeT nepBoobpasHaa F(x) = 2Jx ,

L

Tak Kak F'(x) = (2\/5)’= = F(x), x € (0; + ). OgHAKO ecTe-

CTBEHHAs 06MacTh ONpeAcNcHUs nepBooOpasHoii F(x) (T.e. MHOXe-
CTBO [0; +e0)) 1IHpe, YeM 00IaCTh OmpeneaeHHs AaHHOH PyHKUMN.

B obmeM cayyae MMEET MeCTO aHANOTHYHOE COOTHOLIEHHE
MEXy eCTeCTBEHHBIMH O0JacTAMU onpeaeneHUl GYHKIMU U ee
neppoobpa3noi. OGRacTh ONpeaeIeHUs nepsoobpasHoi (ecau

NepBooGpa3Had CYIMECTBYET) COOEPKHT B cebe obnacTh onpemene-
HUA JaHHOH (PYHKLHH.

OpumMep 3. Ana paccMoTpeHHOR B npuMepe | GyHKuLHM
f(x) = 2x nepeBooGpa3Hoil 6yIeT He ToabKO DYHKUHA F(x) = x2,
HO H, HanpuMmep, ¢yHkimMa F(x) = x> + 1, T.e. ecnu byHKuus
f(x) uMeeT nepBOOGPA3HYIO, TO 3Ta MEPBOOOPA3IHAT HE EAMH-
CTBEHHA,

BooOwe xe, u3 ¢opMynsl (1) BUAHO, YTO echn y HYHKUMM
f(x) ectb mepBooGpasnag F(x), To CylWECTBYET elle GeCKOHEUHO
MHOTO IPYITHX MEPBOOOPA3HBIX BHAA

O(x)= F(x)+C,

rae C — n1060e MOCTOAHHOE YHCIO.
OzHako naxe dopmyna (1) B paccMaTpuBaeMoil 0o6macTu on-
peaeneHua dyHKUMH f(X) He AaeT BCeX ee MEepPBOOSpa3HBIX.
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Ilpumep 4. PaccmorpuM dyHKuMIO f(x) = | Ha MHOXE-
crBe (—1; 0){(0; 1) (T.e. H&a MHOXECTBE, COCTOSILEM W3 HBYX IMPO-
MeXYTKOB). JIETKO NPOBEPHUTH, YTO HA STOM MHOXECTBE PYHKUMH

F,(x):{ Fy(x)= x, -l<x<0,
x-2,0<x<l

x+1, -1<x<0,
x, 0<x<l,

ABNAIOTCS TepBooGpasHbIMU aaa f(x). Eciu 6n1 popmyna (1) 3a-
AaBana Bce MepBoofpasHele, TO Pa3HOCTh MEXAY MIOOBIMH ABYMA
TIepBOOOPa3HEIMH OELIA OBl MOCTOSIHHBIM YHCJIOM:

OoHako pa3HOCTh

ﬁ(x)—Fz(x)z{l’ -l<x <0,
2, 0<x<l
HE ABAAETCH BEIUUMHOI NMOCTOAHHOH.

Tem He MeHee, CIIpaBed/IMBa CICAYIOWas TeopeMa.

Teopema 1. Ecnu dyHKIMA f(x) MMeET Ha JaHHOM TIPOMEXKYT-
xe TepBoofpasHyio F(x), To mo6asa apyras ee nepsoobpazHas Ha
3TOM X¢ NMPOMEXYTKE MOXeT OBITh MOJYyYcHA MPH HEKOTOPOM
sHaueHUH C= C, u3 ¢popmyisl (1). IpyruMH CloBaMH, dopmyaa
®{x) = F(x) + C 3amaet oOIIUIT BUJI BCeX MepBOOOPa3HHIX 1A
f(x) Ha OTHOM TIPOMEXYTKE.

HoxaszatenbcTBo. [IycTh GyHKUMA f(x) HMeeT HA AAHHOM
npoMexyTke D) HeKoTopyio MepBoobpasHyo F(x) n mycTs ®(x) —
mobas gpyras nepBoolpasHas 4ia f(X) Ha 3TOM K¢ TPOMeXyTKe.
[HonoxumM, y(x)=®(x)- F(x), xe D. 3apuKCHpYeM HEKOTO-
pyio 104Ky x,e D. Toraa mia moboro xe D no dopmyne Jlarpanxka
MOXHO YKA3aTh TAKOE YUCIIO ¢, 3aKTI0YEHHOE MEXIY X U X,, UTC

y(x) = y(x) =y {c)(x-xp).

Ho y'(x)=(®(x)- F(x)) =@'(x) - F'(x}= f(x)- f(x)=0, xe D.
ITostoMmy ¥ y’(¢) = 0. Orcoma cneayetr y(x) = y(x,). Cnegopa-
TeNbHO, 0N BCEX X M3 NPOMeXyTKa D BHINONHEHO PAaBEHCTBO
Wx) = ¥(x,), T.e. dyHKUMA y(x) = P(X) — F(x) coxpaHsieT IIOCTO-
siHHOe 3HaueHHe C, = y(x,). Taxum oGpa3om, neppoobpazHyo
®(x) MoxxHO nosyuuTh U3 Gopmyisl (1) opu € = G

Ha Bonpoc, BesKasa TH GyHKIHUS f{x) UMeeT Ha JAHHOM MHO-
KecThe NepboobpasHylo, B oOlieM cy4ae TakXke HYXKHO OTBETHTh
oTpuLaTesbHO, Tlepe TeM Kak NPHBECTH COCTBETCTBYIOLIMH TIPH-
Mep, CPOpPMYIUPYEM CIEAYIOLLYIO TeopeMy (IOKA3BLIBaeMYl0 B KYp-
¢e aHaii3a).
256

Teopema 2 (0 NPOMEKYTOYHOM 3HAYCHHH TIPOU3BOIHON). Feu
pynxunsa F(x) UMEET HaA HEeKOTOPOM MPOMEXYTKe MPOU3BOAHYIO
f(x), xoTopas B ABYX KAKMX-IM00 TOUKaX X = @ H X = b (a < b)

"3TOTO MPOMEXYTKA IPUHUMACT pasiHIHbBIC sHaueHHA: f(a) = A U

f(b) = B, TO 3Ta NpOU3BOAHAI HAa NAHHOM [POMEXYTKE NPpHHH-

MACT M BCAKOE MPOMEXYTOUHOE MEXIY A u B 3HaueHue, T.e. 1A

nmo6oro uucina € (3aKNOYEHHOro MEXIy A u B) nafizercd XoTsd

Gl OfHA TOYKA X, HA HHTEPBANIC (a; b) Takas, uro f(x) = C.
Tenepb paccMOTPUM cnemyommi npumep. [lycth

-1, 2<x<0,

f(x)z{l, 0<x<2.

Ilia f(x) He CYLIECTBYET MepBo0bPa3HOR Ha MPOMEXYTKE (-2; 2),
T.e. f(X) HE MOXET CIYXKHTh NIpOM3BOAHON HU A4 Kako#l QyHK-
muu F(x), nockolbKy QyHKunA f(x), npuHHAMas Ha (—2; 2) aBa
pasNHUHbBIX 3HAYCHMS {310 —1 M 1), He NPHHHMAET HUKAKHX NPO-
MeKYTOUHBIX 3HAUeHWH MEXRY —1wul.

2. TipaBaia HAXOKAEHNA niepoobpasubix. [Ipy peleHun 3alad
Ha HaxoxAeHHe NMepBooOpasHbIX 3aAaHHBIX GYHKUMH MONE3HBL
cnenyolIne MmpaBuia:

1) Ecnu ¢yHxund F(x) — nepBoobpa3nad Ani f(x), a pyHK-
st ®(x) — meppoobpasHad WA g(x), To QyHKUNAA F(x) + @(x)
ecTh mepBooGpa3Has aa f(x) + g(x).

JleHCTBUTENBHO, TAK KakK Fi(x) = f(x), ®'(x) = glx), To

(F(x)+@(x)) = F(x)+®'(x) = f(x)+ g(x).

2) Ecnu dbyHKuAA F(x) — neppoobpa3Has 1is f(x),a k— no-
CTOSIHHOE YKCIO, TO GYHKUMA kF(x) ecTb neppoobpasHas aas
dynkuum kf (x).

TefcTBHTENbHO, (KF(X)) = kF'(x)=kf(x).

3) Eciu F(x) — nepsoobpasHad s f(x), a k u b — NOCTOAH-~

Able YHpcia, npuyeM k = 0, To QyHKUnAs %F (kx + b) ecTb mepBo-

oOpasuas Wi GYHKUAH flkx + b).
HeNcTBUTEJABHO, 110 MpaBUIY BBHIYUCICHUA npomBonHoﬁ
cnoxHOH QYHKLAH HMEEM

(%F(kx+b)) - %F’(kx+b)(kx+b)’ - -;C-f(kx+b)k = flkox +b).

[Mpumep 5 HaitTi onHYy H3 nepeooOpasHbIX AIA
f(x) = x + cosx.
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Pewerue. IIlpuMmensia nmpasuno 1), HAXOAUM, YTO OAHON H3

2
nepBoobpasHex Ana f(x) geadercs dyHkumg F(x) = fj‘ +sinx,
TaK Kak

’

F’(x)z[f;—Jrsinx) =x+cosx= f(x),

IIpumep 6. HaitTu ogHy M3 nepBooGpasHBIX 419 GYHKLUHH
f(x)y=cos(3x-2),

Pemenue. Ilo npapuny 3) omHoi U3 nepBoobpasHbIX ms

f(x) apngercs QyHKUHA F{x) = %sin(3x ~-2).
Opumep 7. dna ¢pyukuun f{x)= -2%—; HalTH mepBoobpas-
HYI0, rpahlK KOTOPOil TTPOXOINT vepes Touky M{4; 5).
Pewenue. IleppoobpasHas anasg [f(x) HMeeT BHI
F(x)=Jx+C. KoopauHathl Touki M(4; 5) rpaduka uckomMoi

nepBooBpa3HON IOMKHBI YIOBNETBOPATh YpaBHEHUIO 5 = V4 +C .

Otciona € = 3. Crenoparensho, F(x)=+x +3.
B uensax 06NIeruyeHNs HaXOXICHHs MEPBOOGPASHBIX COCTARS-
10T TaGMHILY MepBoOGPasHHIX I HEKOTOPHIX YacTO BCTPEUAIO-

muxcs pyHkuunii. Huxe npuBoautcs tabiuua nmepBOOOPasHbIX
/11 HEKOTOPBIX (PYHKLHHK;

DOvukuna x> at
A ko {@e| < [@e | & ] cosx [ sinx
a>0)
OB sl .
BRI NepBo- | kx+C );+l +ClInjx+C ;—O+C e+ C | sinx+C | —cosx+C
0BDazIHBIX
ans f(x)
HDOOOANCEHUE
PVHRUHA | | e 1
Ax) cos? x sin? x 1+x?
OB6Hit
pun nepBo- | tex +C | —ctex +C | arctgx + C
00DAIHBIX
wist F(x)
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C‘?f Bonpocs # 3aJaHUA

1. Uto HasbiBaetTca 1eppoo0pasHoit PYHKIMEH OT 3aJaHHOH QYHK-
LHu?

2. [IpuBectd mpuMeps! GyHKIUH, HMEIOLIKX MEPBOODPA3ZHYIO.

3. YTo MOXHO CKa3aTh 00 00ACTAX onpejeNeHNs PYHKIHU U ee
nepeoodpazHoit?

4. ChopMyTHpOBaTh TeOpeMy o0 06lueM BHIE BCeX MEPBOOOPa3HbIX
BN 3a0aHHOM QYHKIMU.

5. ChopMyTMpOBATE OCHOBHBIC TIPABHTA HAXOXKACHHSA [ePBOOGPA3HEIX.

6. CocTaBuTh TabAMLY [ePBOOOPA3HBIX AT HECKONBKHMX MpocTeli-
LMY HAEMEHTAPHBIX (PYHKLHA.

VopaxHenus

1. ﬂoxaaérb, 410 GYHKIUKMA F(x) ABASACTCA NepBoOOPaA3HON ANs
GYHKIHHA f(X) HA YKA3AaHHOM TPOMEXYTKE:
a) F(x)=x"+1, F(x)=4x, X & {—oo} +e0) ;

6) F(JC)=3-COSX, f(X)ZSinx, XE(-—DO',+°°);

2
B F)=x-=,  flo=54, x e (Oi4e) ;
o x
) F(x):siuzx, f{x)=sinl2x, X € {00} +oo) ;
3 LA
5 F(x)=x? +1g3x, f(X)r2x+cosl3x' xe(*g‘ﬁ_),
e) F(x)=v4-x*, [fx)=- 4:(2 . xe{(-2:2).

2. HaiiTii onHy 13 NepBOOGPAsHBIX WA QYHKUMH f(X) HA (—oo; +eo):
a) fixy=3x2+1; B} f(x)=(sinx+cosx)*;
8) f(x)= sin® x + cos? x ; r f(x)= e,

3. Oada nuxecneayommnx dyHKUMA HalTH UX NPOU3BOAHYIO H
OJHY U3 NepBoOOPA3ZHBIX:

1
a) flx)= x_l;
4. Hairti obumit B neppoodpasuuix ana QyHKIMU f(x), ecnu:

B f(x)= 5 B f)=1-;

0) f(x)=2-3sinx.

6) F(x)=5x* +cosx; D f(x)=02x-3).
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5. Iina ¢ynkumn f(x) HaliTh nepsooGpasHylo F(x), IPMHEMAIO-
YK 3aJaHHOE 3HAYeHME B YKA3IAHHON TOUKE:

a) f(x)=x%, F(0)=2; B) f(x):%+], Fley=1;

6) f(x)=

— F(3)==4 0 rw=— Fo=1.

cos” x 4 (2x-1)2"

6. Ina dynkumu f(x) HaiiTh neprooGpasmylo, rpadik KOTOpOit
NMPOXOINT 4Yepe3 TodKy M, ecau:

a) f(x)=4sinx, M(0;0); B) f(x)=4x+-, M(-1; 4);

6) f(x)=-x', M(0;3): r f(x)=-x%—10x4+3, M;5).

7. Touyka aBUXKeTCs MO NPAMON ¢ yCKOpeHHeM a(f). B Hauans-
HpIH MOMEHT f, €¢ KOOpAHWHATa PaBHa X,, a CKOPOCTh V,.
HaiiTu xoopauHaty x(#) TOUKHM KaK QYHKIHIO OT BpPEeMEeHH,
eCaU:

a) a(t}=61‘, 1‘0—-'0, V0=l, x0:3;

6) a(?) = cost, r0=g, vy =0, 0:%_

8. lokasate, yto GyHKUIuA F{x) apnderca nepsoobpasHoil ans
DyHKIMY f(X) Ha YKa3aHHOM IPOMEXYTKE:

a} F(x):lnx+sinf35, f(x)=%+1cos£ xe(0; +e0);

3 3
6) F(x)=In(-x),  f(x)=1, x & (~eo; 0);

B) F(x)zxﬁﬁ-l, f(X)z—;-«/;, xe (0;+);
r) F(x)=cos® x, S(x)==sin2x,  Xxe& (=0 +o0),
9. Haittn obwinii BuA nepBooGpaszHbix mid GYHKIMU f(x), echu:
a — 3x—2; = 1 .
} fix)=e B) f(x) T

6 = (4-5x): =_1_
) fix)=(4-5x), r} f(x} i

1. Ana dynkunn f(x) HaitTh mepBoobpasHylo, rpaduk KOTOpOIit
NPOXOAUT uepe3 TOUKY M, ecnu:
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a) f(x)=1-2x, M(3;2); B) f{x)=sinx+cosx, M(m;?2),

6) f(x)=x'+2, M(2:15); 1) f(x):cos(2x—3),M(%;0).

1. CkopocTh NMpAMOAUHEHHO FBUXYIHEHCA TOYKH 3a1aHa ¢op-
Mynoil v(¢) =1 +2f-1. 3anucaTb GOPMYIY €€ KOODIHHATHI

x(f), €CJIM B HauyaJbHBH MOMEHT BpeMeHu ' = (} ToyKa Haxo-
AWNAch B HaYane KOOPAMHAT.

12. Touka ABMXETCSA NMPAMONHHEIHO ¢ YCKOpeHHeM a(f) = 127 + 4,
Hatitit 3aKkoH ABMKeHHMS TOYKH, €C/IH B MOMEHT BpeMeHU [ = 1
ee cKopocTb pasHa 10, a KoopauHaTta pasHa 12,

§ 2. Heoupeaenenmsiih nHTErpT

1. IHonaTHe Heonpeaeaennoro uaTerpasa. B § 1 stoll rnasu
MBI BBEJIM TOHATHE NEpBoOOpa3HOH (yHKIMM Ajis naHHON dyHK-
mHu f(x). Teneps BBeAeM CleAylollIce ONpeagieHHe,

Onpenenenne. CoBOKYIMHOCTb BCEX MEPBOOOPA3HBIX PYHKUMH
And gaHHol ¢vHKUMU f(x) HAa MHOXecTBe [) HasbIBaeTCd Heonpe-
deseHRbM HHmezpatom oT 3T0H (PYHKUUY Ha D.

Heonpeaeneunbiit muterpan ot dydkuru f(x) Ha D obo3Ha-
YaeTcA ¢ MOMOLIBI0 CHMBOJA

[ f(x)dx
(dUTACTCH: «HEOMpeACAEHHBII HHTErPal OT 3t HKC 13 HKC»). CHM-

BOJT | HA3bIBAETCSl 3HAKOM HEONpedeaeHHo20 urmezpasa, CUMBOJ
F(x)dx HaswIBaeTCH nodunmezpaibhbim ebipaxcenuem, f(x) HasplBa-
eTCH HOOUHMEZPAALHOU (YRKHUE, A X — RePEeMeHHOU UHMeZpupo-
6aHUA.

Hcxoas us reopembl | mpeaplayulero naparpaga H JaHHOTO
olpeneJeHHA Mbl MOXEM 3anmucaTh (Ha 3a/laHHOM NMPOMEXYTKE)
Cneyolice paBeHCTBO:

Jrde=Fx)+C,

rae F(x) — mobaa A3 nepBoodpa3Hbix PyHKOMA a5 f(x) Ha pac-
CMATPHBAEMOM MpPOMeXYyTKe, a C — MPOU3BOJILHAS NMOCTOAHHAA,

HMTak, y1odnt HAWTH HCOTIPEACNICHHLIN UHTErPAnl OT HAHHOHN
¢GVHKINK f{x) HA 3aJaHHOM MPOMEXYTKE, JOCTATOYHO HAHWTH Ka-
KYI0-1H00 ee nepeoobpasHyio F(x) u cocTaBuTb cyMMy Fx) + C,
rae € — Mpou3BONbHAS MOCTOSIHHASL.
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Mpumep 1. a) J‘E»xz.a’.vaczx3 +C Ha (=00 +e0);
6) j-i«\l/?dsz;+C Ha (0; +os).

2. Mpocreiimne cBoCTBA HeonpeaeleHHbX HHTErpaToB. V3
ONpeaeTIcHHA HEeOTIPEIENIEHHOTO HHTETPANa BHITEKAIOT CNEIYIO-
LIWe ero MmpocTeiiline CBOHCTBA:

1) dff(x)dx = f{x)dx (1.e. suddeperHunan or Heonpene-
JICHHOTO MHTETPana PaBeH MOJUHTETPATLHOMY BHIPAXKEHHIO);

2) JdF(x) = F(x)+C, B YaCTHOCTH, jfix =x+C (T.e. HEOII-
peneseHHbI HHTErpan oT auddepeHunana HeKOTopoli MyHKUUH
paeeH 3TOH GYHKLWW ¢ TOYHOCTBIO 40 NOCTOAHHOLO CAraeMoro);

H IAf(x)dx = Ajf(x)dx , TIe A — HekoTopas MOCTOSHHASA,

A =0, a f(x) — PyHKUMSA, UMeIOMAaR TEPBOOOPAHYIO (T.€. TOCTO-
SHHBI MHOXMTEAD MOXHO BBIHOCHTE 33 3HAK HEONpPEeNeNeHHOro
HHTeIpana);

4) ecim pyHkunu f(x), £,(x), ..., f,(x) MMEIOT MepBo0G-
pasHbie, TO
JUAGY + A () + oo+ £ (x)]dx =
= JAodx+ [ f(odx+ .+ [ £,(x)dx

(T.e. HeonpeneeHHbIH UHTErpas OT CYMMbI HECKOABKAX (DYHKLMIT
PaBeH CyMMe HeOoNpeaeaeHHBIX MHTEIPaloB OT OTACAbHBIX ciara-
eMBIX).

Hoxaxem, Hampumep, cBodictio 3). Ilyers F(x) — oaHa M3
nepBoodpasHBIX Ans f(x) Ha 3agaHHOM npoMexyTKe. Toraa

j S{x)dx = F(x)+C, rae C — npouseoibHas nocrogHHas. [Tosromy
Af f(xydx = A(F(x)+C) = AF(x) + AC = AF(x) + C;, (1)

rne ¢, = AC — cHOBa NPOM3BOJILHAS MOCTOSHHAA (TaK Kak A = 0).

TMockobKy (AF(x)) = AF'(x) = Af(x), 10 AF(x) — onHa u3
1epBoOOpa3HbIX Wi PyHKUMH Af(X) H, CnegoBaTe/JbHO,

[ Af (x)dx = AF(x)+ C, . )
Cpasnusag (1) n (2), MBI noaydaeMm Tpebyemoe paBeHCTBO
JArGoydx = Af f(xyax .
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JloKa3aTeabCTBO OCTUTBHBIX CBOWCTB IIPEHOCTABIACM YNTATEMIO.

MpumMep 2. Boluncaurs _|'(3x2 +cosx—e* +5)dx.

Pewenue. [pumensas colicTea 2)—4), HaXOAMM

_[(3x2 +cosx—€* +5)dx = I3x2dx+jcosxdx+j(—ex ydx +J5dx =
=x’+C, +sinx+C, -je"dx+5jdx= X +C +sinx+C, — e -

~Cy +5x+5C, =x° +sinx—e* +5x+C,

e C=C, +C, -C; +5C,.

3. TaGnuua npocTelilinX HeompeAeNeHHbIX HuTerpanos. B Le-
AaX oBjeru¢HUd BEIYHCIICHHUS HEOMpeaeNeHHBIX HHTEIpaaoB Co-
CTABNAIOT TabNHLy BEIPAXEHHH I8 HEKOTOPBIX YacTo yHoTpes-
JsieMBIX MPOCTEMIIMX HHTerpaoB. OTMETHM, YTO HET CTPOrOro
KPUTEpHS B OTHOWIEHUH TOTO, KAKHE MHTEIPa/bl CYMTaTh Tab-
AUYHLIMH. MBI OTHeceM B 3Ty Tabmuuy ciaeAyioliue Heolpeae-
JICHHBIE MHTErpaibl:

e+l

1) Ix“dx = ”; 1 +C, rie o — a0boe AeUCTBHTEIbHOE YHCIIO,

az—l;
2) Jrdx=Inlxl+C (x0);
3) _[a"dx:-lfl—xa+C (>0, a=l)
4) Ie’dx:e”+C;
5) Icosxdx:sinx+C;
6) Jsinxdx:—cos;c +C;

7y [——dx=tgx+C (x;egmn, neZ);

0062 X

8)j ! dx =-ctgx+C (x=2mnn, ne Z);

sin x

—arcsinx+C (x| <1);

9) jﬁdx
10) |

+x?

dx = arctgx + C ;
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xX—4
xX+a

1 1
11) jmdp%ln

+C (a=0, x=2+q);

12) Iﬁdx:lnlx+x}x2+a|+c (az0, xati\/—_a),

4. TIpocreiimmne MeToab! HHTErpUpoBaRKa, B coppeMeHHO Ma-
TEMATHKE He CYLIECTBYET €AMHOTO, OOILETO M yAOGHOrO Ha mpak-
THKe METOJa MHTErpupoBaHus. [103ToMy NpUXOAMTCS CO3ABATH
YACTHBIE METOAbl HHTETPHPOBAHHMS, KOTOPHIE XOTS B OTAEABHOC-
TH W HEZOCTATOYHO 3(P(EeKTUBHEI, HO B COBOKYNHOCTH MO3BOMA-
IOT BEIYHCAHTL MHTETPATbl BO MHOTHX C/YYasix.

a) Memoo renocpedcmeennozo unme2pUposSaHus.

BryHCIEHHEe HeoNpeneaeHHbIX HHTETPAIOB ¢ MOMOLIBIO MPH-
MEHEeHHUSI OCHOBHHIX CBOMCTB HEONpPEACAeHHBIX HHTErpansoB U
TAOMMLBL! IPOCTEWIINX HHTETPANOB HA3BIBAIOT HENOCPEACTREHHBIM
MHTEIPUPOBaHHEM. PacCMOTPUM HECKOMBKO MPUMEPOB.

MMprumep 3. Boluvcaurs I{J;—%?+4x + 5)dx .
Pemwenue. UMeem

1 2
Jox =¥ + 4 4 5)ax = [(x7 =37 +4 + 5)dx =

i 2 3
= indx—jxgdx+j4"dx +j5dx =%x5 —%xé +;11—4+5x+C.

2
Ipumep 4. Beruueants ‘[Zhﬁ_%dx
X

PemeHnue. Umeem

|
G ! 1 3
di = [ gy = 2 x dx 4 xS+ [x0dx =
xs
2 7 8
- 6 - 3 -
- 3 = b 43
3x +7x +8x +C.

J‘2+J§+x2
x

Mpumep 5. BerumcanTe jtgzxdx :

1

COS1 X

Pemenue. Tak Kak tg’x =
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I'JOS2 X 0082 X

thzxdxzj[ l —l]dxzj L dx—jdx:tgx—x+C.

6) Memod nodcmanosky (MU Memod 3aMeHbl NEPEMEHHBIX).

JIaHHEBIH METON OCHORAH HA OIHOM TEOPCME, KOTOPYIO MBI H3-
noxuM Huxe. Tlyers Fu) — HekoTopasa mepoolpasHag ans HyHK-
MK f(i) Ha 3agaHHOM mpoMexyTke D. Toraa

[ fGwydu = Fuy+C. (3

[Mycth Teneps # = @(x) — Kakag-n1ubo PyHKLMUA, UMEIOIIAA Ha
HEKOTOPOM NPOMEXYTKe D MpOM3BOAHYIO, NPUYEM 3HAYECHHA
gapHoi dyukunu npurasiexat D, Torga cylIecTBYIOT CITOXHEIE
byukunu f(o(x)) u Fo(x)). Ilpn stoM auddeperuman

dF(e(x)) = dF (1) = F'(w)du = f(u}du = f(e(x))9'(x)dx .

Ha ocHoBaHuM omnpeacieHusi HEONPeAeJeHHOIO HHTerpala U
CBOHCTBA 2) HMeeM

[ Fle(x) @' (x)dx = [dF (0(x)) = Fo(x)) +C. @

PaBeHCTBO (4) BBIpAXKAET CACAYIOLIYIO TEOPEMY.

Teopema (0 NOACTAHOBKE MOA 3JRAKOM HEOUPEACICHHOIO HHTEr-
pana). CooTHouleHUe (3) COXpaHSETCA, eCNH B 00€ €ro 4actH
BHECTH BMECTO i HEKOTODYIO QPYHKUMIO ¢(X), HMEIOLIYIO HA MpO-
MeXyTKe D, NMpoU3BOAHYI0 H MPHHWMAIOLIYI0 3HAYCHHSA, HE BbI-
xooAUIHe W3 NMpoMeXyTka D.

®opMyny (4) MOXHO Nepenucath CAeaylolHM 06pasoM:

[ £ (@9 (x)dx = [ flotxde(x) = | flndu = Fuy+C . ()

Cxema npumMeHeHus GopMyibl (5) (MeToaa NOACTAHOBKH WIH
METOA 3aMeHbl [epeMeHHBIX ¢ MOMOLIbI0 GYHKUMH # = (X)) Ha
NpPakTUKe COCTOMT B cienywiueM. [TycTh Hago BEIUYMCIMTHL

Jg(x)dx, KOTOPHIH He BRIYHCIAETCA METOOOM HETIOCPEACTBEHHO-

TO MHTerpHpoBaHnud. Torna, Xenas NpUMEHHUTh METOA TOACTAHOB-
KH, JAHHBI MHTErpal npeicTaRnIIoT (eCAH 3TO BO3MOXHO) B BUIE

Jg(x)x = [ Fp(x)9'(x)dx = [ £ (o(x))de(x),
T.€. B BUIE If(u)du , e u = ¢(x). 3aTeM BHIYHCASACTCS jf(u)du
KaK (PYHKLMSA OT #, a 1nocne npuMeHsercs: ¢popmyna (5). I1pH 31oM

$HYHKUHA ¢(x) ToAGHpaeTCA ¢ TAKUM DACUYETOM, YTOOE I fluw)ydu
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BEIMHCIIANCA JIeTYE, Y€M HHTETpan jg(x)dx » PacCMATpHBaeMBbIi
KaK (YHKIHA OT X, .

Mpvmep 6. Boruncauts jcos 3xdx .
JlaHHBIH MHTErpaN moxox Ha TadauuHbsiid. Ho B TaGiuuyHOM

HHTEeTpane Jcos Xdx TiepeMeHHAas MHTEIPUPOBAHHS X U APIYMEHT

(DYHKIHH COSX COBNANAIOT. B HauleM ciyyae mepemeHHasg UHTEr-
PHPOBAaHHS — 3TC X, a apTYMEHT IOAWHTErPpabHON DYHKUMH pa-
BeH 3x. [MocTynum Tak, uyTo6HI B NOAMHTETPAAIBHOM BBHIPAXKEHHU
AupdepeHunan 6bu1 3amucan ot 3x. ViMeHHo,

jcos 3xdx = %J‘cos Ixd(3x).
Ilonaras teneps # = o(x) = 3x, GyaeM cormacHo {5) uMeTh

1 1. 1.
cos =_ == =-
j 3xdx 3jcosudu 3smw+C = 3’51113x+C.

x2dx

Mpumep 7. Boryncaute _[ =

1+x

3amernM, uro d(x’)=3x’dx, x* = (x*)?. Monoxum, x° =
=u =g¢(x). Torma u3 (5) HaxoouM

X 1e3xlde ¢ dx®) M du ) 1
i =_ =_ =2arc -1 3
l-;-x‘5 3-[ 1+x6 3 l+(x3)2 3J‘l+h‘2 3 tgu+C— 3aFCtgx +C.

Hpumep 8. Beluucnutsp jctg xdx .

coS x .
Hmeem Ictgx dx = Is‘ dx . Tak xak dsinx =cosxdx , to
in x

nojgoxuM sinx = y. Torma

cosx dsinx du
ct = = = | — = = i
[etgxdr =[S ax = [ — = Inlul+ C = Inlsin x| + C .

[Mpumep 9. BeMueauts J——dx—Q

xl-a
CripaBeTBO PABEHCTBO 21 :l(_l_——lh). [TosTomy
x2-gt  2a\x-a x+a
J‘ dx IJ' i 1 1 ¢ odx o odx
72 allya e TR ==
xi—g 2at x~a x+a 2aJ x-g 2a x+a
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1 rdix-ay | pdix+ay 1 t 1
L | A —agl-—Inlx+a+C.
24 -[ x-a 2a J x+a 2a Inlx - al 2a lx +dl

Mpumep 10. BHIYHCINTE j.cos2 xdx .

Tak Kax cos’ x =%+%0052x . TO

Jcoszxdx = %de+%]c052xdx = %x +C, + %Icos2xd(2x) =

1 1. ] I,
—§x+C| +Zsm2x+C2 —3x+zsm2x+C.

3ameuanue. Crnocod MOICTAHOBKH, OCHOBAHHBIH HA HCYIOND-
30BaHHK GopMysH (5}, COCTOUT B MPHUMEHEHHH TEOPEMB O MO~

CTAHOBKE K HEKOTOPOMY BCTIOMOTATEABHOMY HHTErpany _[ flu)du .
OQIHAKO 4aCTO 3TY TeOpeMy NPHUMEHSIIOT K caMOMY HWHTErpany

jg(x)dx, KOTOPHI HYXHO BRIYMCAWTE. [Ipy 2TOM nojaraimor

x = y(u), rae y(u) yIOBACTBOPAET BCEM TPeGOBAHUAM TEOPEMBI O
MOACTAHOBKE M, KPOME TOTO, HMeeT oGpaTHYIO (DYHKLUMIO & = ¢(x).
3areM MOYYAlOT (10 TeopeMe O MOACTAHOBKE) PABEHCTBO

[g(x)ax = [ g(wiu)w (w)du,
BEIYMCAAIOT MOCTEAHHIT MHTErpan H B NMOAYYEHHOM pPE3YIbTaTe
MOACTABILIOT BMECTO 4 PYUKIHIO @{Xx).

dx
fMpumep 11. Beruucauts Im

Monoxum, x = y(u) = u, rme mokasarenb 6 BHIGpPAH KakK Hau-

MeHbliee 06Ilee KPaTHOE MoKasaTeneli palMKanoB vx u Yx.
fIpu sroM cuntaem, uto # > 0, Toraa x = u® GyaeT MOHOTOHHOM
pyHKUHeH OT #, a e¢ obpaTHasA ¢yHKUUA OyIeT HMETh BUA:

u=%x . Umeem

dx _ du’) -6 wdu -6 wdu —6lf1- 1 }1 _
I\/}-(H%/;) IR J.u3(l+az) Jl+u2 J 1+4?
= 6u ~ barctgu + C = 6Yx - 6arctg ¥x + C.

B) Memoo unmezpupoeanus no 4acmam.
DTOT METOI OCHOBAH HA TOXAECCTBE

d(uvy = udv + vdu wiu xe vdu = d(uv)— udv,
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rae #= f{x), v=_g(x) — OBe GDyHKUHH, UMEIONME Ha FAHHOM
NPOMEXYTKE MPOH3BOAHBIE, MPUYEM TaKHE, YTO CYIEeCTBYET WH-

Terpan I fi(x)g’(x)dx, Te. judv. H3 atoro ycnoeus cneayer, 4to

CYLIECTBYET TaKxe jvdu " jvdu = j[d(uv) —udv]= Jd(uv) - judv .

Torna Iudv = ja‘(uv) —Ivdu. Tak Kak Jd(uv) =uv+C, TO OKOH-
4aTeJBHO MOAYYUM

Judv = uv - jvdu. (6)

(mocrosinHaa  BKIOUEHA B 3HAK I vdu ).

®opmyna (6) HOCUT Ha3BAHUE GOPMYab UHMEZPUPOCAHUA RO
yacmam. MeTod UHTErpUpOBAHHA, OCHOBAHHBEIH Ha €¢ NpUMeHe-
HHAH, Ha3bIBAETCH MemoooM unmeepuposanus no yacmsam. OH CBO-

AMT BbIMMCIEGHHE UHTErpaaa judv K BLIYMCACHHMIO HHTErpana jvdu
{0ObIYHO DONee nmpocToro).

[Mpumep 12. Beranenurs jxexdx

[TpeacraBuM MOAWHTErpadbHOE BHIDAXEHHE Xedx B BHIE udv,
TAE 4, v — HEKOTOpbie PYHKUMH OT X (MpHueM 3TH QYHKLHMH BbI-

6upaeM Tak, YTOGHI Ivdu ObIA npolue AN BBIMUCACHUA, YeM He-
XOAHBIA UHTErpan Judv). ITomoxwuM, u = x, v = ¢, Toraa

xe*dx = xde™ = udv. Cornacso (6) Haxoaum

jxe“dx = jxa’e" = judv = uv—fvdu = xe* - je“dx =xe* - +C.

Npumep 13. Bpiuvcants jln xdx .

30ech B NOJUHTErPABHOM BBIPAXEHUM SIBHO 3aMHCaHA TOJb-
KO oOHA (GYHKUMA — 3T0 Inx. OOQHAKO MBI yKE€ MMEeM WHTErpal

BHAA jadv, rae 4 = Inx, v = x. [losToMy MoXeM cpaszy npume-
HUTE dopMmyy (6). OTkyaa

_[lnxdxzjudvz uv—jvdu: xlnx—jxdlnx: xIn x-jx(lnx}’dxz
=xlnx—jx£dx=xlnx—de=xlnx—x+C.

MeToin uHTErpUpOBaBUsA TIO YACTAM HE BCerma yaoGeH fiA NpH-
MEHEHUA. YMEeHHe MONb30BATLCA 3TUM METOAOM 3aBHCUT OT Ha-
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AMYUA OmeTa. OTMETHM TAKXKE, 4TO B HEKOTOPBIX C/AYHadXx MNpH
BEIYMCIICHHN ONHOTO ¥ TOTO X€ MHTerpala BOIHMKAET HEOOXOAK-
MOCTBH HECKONBKO pa3 NMPHMEHSTH METOH MHTEIrpUpOBaHHA Mo Ya-
CTSM, YTOBH B Pe3yNbTaTe MONYIHTH OoNee MPOCTON AN BRIMMC-

JIeHHA HHTerpal.

(?T_f Bomnpocs! d 3aRxaHs

1. YTo HA3LIBACTCA HEONPENENeHHEIM UHTETPAIOM OT 3aJaHHOMH
dynxkumun?
2. CchopMyIMpOBATH MPOCTENIIME CBOHCTBA HEOTIDEASIEHHBIX NHTET-

PAJIoB.

3. Hanucatb TaGAMLUy MPOCTEHWWX HEOTIPEIENEHHBIX UHTEPANOB.

4. Kakne npocreiiline METOAB MHTEIPHPOBAHKS IIPHMEHAIOTCA IIpH
BbIMMC/ICHUM HEOTPEACICHHBIX HHTEMPanos?

5. TpuBECTH MO OAHOMY TIPYMEPY HA MPMMEHEHHME KAOXIOTO U3 Npo-
CTEeHILMX METOAOB HHTEIPHPOBAH LA,

YnpaxueHun

1. BEIYHMCTHTL HEONpEAeReHHbIE HHTETPAIbL

; . dy | .
a) Ism xdx ; T} Iﬁ’ X) jcos(Bx—4)dx,
4. . dx | _gx_
0) JSx dx ; o) Ix_2’ 3) -[cos%x'
B) I% e) Jcosta’x:
2. BRIMUCANTD CAEAYIOUINE UHTETPaIhi:
a) j(x—sin x)dx:  B) j”' dx ; ) J(’YZ +1Ydx;

B) j(\/;~%)dx; r) j( —cos—)a’x; e) j:; dax

3. BBIYMCIHTD HHTErpasbl
2

X +x+2 . dx SN X e
a) j T X B) -[xz(x2+l) > 1} I+cosxdx’
cos2x . dx
n ICOsx qu > 9 x(x+1)
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4. I[Tonp3yack MeTOOOM MOACTAHOBKM, BHIYMCAHMTD HHTETPaIbl:
a) I(x + D% gy B) I\/3x +4dx ; a) dx ;
XInx
dx
6) jl—Zx’ F) _[23“[’ }jl+x
5. IMoap3ysach NpocTeHIIHMH METONAMH HHTETPUPOBAHHS, Bbi-
YUCIMTb UHTETPANBI:
a) jsinxcosxdx; B) Ixcosxdx;
&) [etgxds; ) [x1nxdy.
6. BoIYMCIUTE HeONpedeNeHHbIE HHTETPANbL:
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a) j(\/;+§/;+l)dx; T) Ie"‘dx
6) j‘/i”dx

B) _[(x + 2015 gx

xK) Icos x+3 dx ;

1,3
3) ji; dx

+1

. X .
1) _[sm de :

e) Jcos(Sx — Tydx ;

. Boruncnure CACAYIOMIAC HHTETPATBI OT TPHTOHOMETPHYECKHAX

dbyHKIHI:
2
a) _[tgxdr; r) J‘COS:‘ xdx ) I(sin%—cos%) dx;
.2
6) jcoszxdx; 1) Isin3xdx; 3) Is'n fdx,
COs ' X

B) Isinz xdx;  e) I(sin x+cosx)dx;

. HOJ]]:BYHCI: METOAOM UHTCTPHPOBAHHUA TO YACTSIM, BBIYHCAWTDL

WHTETPAJIbL:
a) Jxarctgxaix; 8) Ix sin xdx ;
6) szexdx; r) Ixz Inxdx .

§ 3. IousaTHe onpeseaeHHOro HHTErpaa

1. Ilnomans Kpusoauueiinos Tpaneunu. [1ycTs Ha oTpeske
|a; b} 3amana HenpepblBHAA H HeoTpHLATebHaA GyHKUuA f(x)
(T.e. f(x) 20, x € [a; b]). PUrypy, orpaHUYECHHYIO I'padUuKoM
GyHKUHY f(x), oTpe3koM [a; b] ocu OX U NpSIMBIMA X = & H
x=b (puc. 74, 4, 6, 6, 2), HA3HIBAIOT KPUGOAURCUHOU mpaneyued.

Ya Ya
y=f{x) =
y=/x
AN
/]
. L s
a b T x la b X
a 7]
Vi Ya
Y=/
BRY bl x a
g 2

Pre. 74

PaccMOTpHM BOMPOC O BBIYKMCAEHMH TUIOINAAU KPUBOJIHHEN-
Hol Tpamenuu. Jus BHYNCAEHHA TAOWIAAEH KPHMBOIUHEHHBIX
Tpanenxii MPHMEHAETCH CACAYIoNas TeopeMa:

Teopema 1. IlycTb f{x) — HenpephBHAA U HeOTpHLATEILHAsA
Ha otpe3ke [a; b] dbyHkuMA, a F(X) — ee mepBoolGpa3zHan Ha 3TOM
otpe3ke. Toroa miomane .§ COOTBETCTBYIOUICH KPHBOAUHEHHOH
TpanellHy paBHAa MpHUpalleHW0 NepBoolGpa3Hoil F(x) Ha oTpe3ke
la; b], 1.e.

S = Kb — Ka). ()

Hdoka3aTelbCTBO. BBeeM B pacCMOTPEHHKE CIEAYIOWIYIO

¢dyHKLHIO apryMmenTa x. ITycth S(x) — miomans Tol 4acTH KpHMBO-
NuHeHHOM TpanmeLH, KOTopas paclojioXeHa JieBee BEePTUKATBHOMH
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YA Y4 N oy =1 ()
vl =f) M,
‘ 5 x o /
a x b;x a x Xt+Ax b ;x
Y4 p N _y=/®

2

a X z xHAx b ’x Pue. 75

Npamo#, npoxoasauied Yyepes Touxy M ¢ abcunccoi x (puc. 75, a).
Acno, yto hyHKiIMa S(x) onpesencHa Ha orpe3ke [a; b), Npudem
Say = 0, a S(h) = §— wiomans camoil KPMBOJIUHEHHOH Tpanelnn.

Hoxaxem, yto dhyHKIMS S(X) uMeeT NPoU3BOAHYIO Ha [a; b,
NpuveM S’(x) = f(x), xe[a; b] (Ha KoHuax ¢ 0 b oTpe3Ka noa
§7(x) MOHNMAETCA OAHOCTOPOHHASA TIPOU3BOAHAN).

Hmeem AS(x)=S(x+Ax)- S(x) — npupaueHue PyHKIIHH
S(x}. Ilycts Ax > 0. Torpa reoMeTpuuecku AS(x) 03HayaeT mwio-
liags TOH YacTH KPHBOIUHEIHON Tpariellui, KOoTopas HaXOogUTCH
MeXAY BEePTUKANBHBIMU MPAMBIMH, MPOXOAAIIUMH Yepe3 TOYKH
M ¢ aGennccoit x m N ¢ aBeumccoit x + Ax (puc. 75, 6). Bo3pMem
TeTeph MPAMOYTOJBHHK TOH Xe TowagH AS(x), omupamoiuiics
Ha oTpesok [x; x + Ax| (puc. 75, ¢)). B cuny HenpepeEBHOCTH
Gyukuuu f(x) BepXHIs CTOPOHA TIPIMOYTOJMbHUKA §yHeT mepece-
KaTh rpathux 3700 HyHKIIMM B HEKOTOPOH TOUKe P ¢ abcuuccodi
Z, ze Ix; x + Ax]. Tak kak BeicOTa TAKOTO MPIMOYTOABHHKA PaB-
Ha f(7), a mmuHa paBHa Ax, To AS(x) = f(Ax. Otclona
é‘% = f(z) (nomygenHas dopMyia ocTaercst BepHOl M npH Ax < ().

TMockonbky z€ [x; x + Ax], T0 7 —» x 1ipu Ax — 0. Toraa u3
HenpepbBHOCTH GYHKUIMHM f(x) ciaenyeT, yTO f(2) — f{(x) npH
Ax — 0. CrnepopaTenbHo, TIpH Ax — () CyllecTByeT npeaen

. §
i B0 )
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KOTOPBI M O3HavaeT 0O ONpeleNeHHIO MPOU3BOAHOH, YTO
S(x) = f(x).

Takum obpasoM, QyHKUMA S(x) ABAICTCH NIEPBOOOPA3HON IS
f(x) Ha [a; b]. Tak kak F(x) ToXe ABIAsSETCA NMepBOOOPa3HON WIg
F(x) Ha [a; b], To S(x) = Fx) + C, rae C — HeKoTOpasA MOCTOSHHASL
Hdna HaxoxneHua C nmoactasuMm x = g. Umeem S(q) = Fa) + C
wia O = Fa) + C. Otkyaa C = —Fa), a S(x) = Fx) — Fa).

Hanee, maowaab § KpUBOAMHEHHOMK Tpameuuu pasHa S(b).
ITosTomy, TIOACTABNASL X = b B NOCNEAHIOW GOPMYY, MONYUUM
S(b) = Rb) — Ka), unu

S = Kby — Ka).

Mpumep 1. Buyncanre miowas S Ya
KPUBOAWHENHHON Tpaneuuy, orpaHiuer- y=x!
HOI rpadukoM GYHKIHH f(x) = X!, npg-
MbIMH X = |, x = 2 1 y = 0 {(puc. 76).

Anas GyHKUMK f(X) = x* OAHOW U3
NepBooBpa3HbIX  ABAdgeTCd (PYHKLHA

3
F(x) =2 Mostom _ >
(x) = y IR

8 1 7
§=FQ)-Fh=3-3=7. Puc. 76

3amevanue 1. B § | HacTosmed rnaBel GrINO NMOKa3aHo, 4YTO
He BCsKadg (pyHKLMA MUMEET MnepBoodpasnyio. OAHAKO eclaH PyHK-
UMA gBAgeTCHa HempepbBHOH Ha OTpe3Ke, TO OHAa 0043aTeawbHO
oGnagaet neppoodbpasHoi. PasbicHeHWe 3TOro thakTa JaeT TOJIb-
KO 4TO JoKa3zaHHadg Teopema |, B KOTOpPOH A8 HEeNpepbiBHOMH
(HeoTpHUaTenpHOI) dyHKUMY f(x) Ha oTpe3Ke [a; b] Bbuta Hailze-
Ha €¢ TepBoodpasHast $(x).

2. Houarue onpedenennore unterpana. Popmyaa Huworona—
Jelduuna. PaccMoTpuM Teneps Apyroli MOAXoA K 3aJauYe BBIYHC-
ACHHS TUTOHIAAM KPHBOAWHEeHHOH Tpaneuun. CHopa Gyaem cyu-
TaTh, 4TO f(x) HelpepbIBHAA, HEOTPULATENbHAs (PYHKIUHS Ha OT-
peske |a, b). Toraa maow@ay § COOTBETCTBYIOMIEH KPHBONHHE -
HOWl Tpamenuy MOXHO TPHOJHKEHHO TOACYUTATL CAEAVIOLEHM
obpazom.

Pa3zoGbemM otpe3oK [a; #] Ha # OTPEIKOB OFUHAKOBOI ATHHEI € THO-

MOHIBIO TOMEK Xg, Xi, X34 vy Xuop, X,, THE @ =X, < X, < x, < .. <

-
<x_, < x = b uTycTh Ax:T‘I:xk_xk_“ k=1,2, ..., 1 Ha

KAXIOM M3 OTPE3KOB [x,_; x,] KaK HA OCHOBAHUHU MOCTPOUM MIpsi-
I8 = Anrebpa, yacte [ 273



\ y=fx)

A

N

Z

a=ux,

Kot X x,=b x

H

-
b

Puc. 77

MOYIOJIBHUMK ¢ BBICOTOH f(x,_,). [Inowans 3toro NpsAMoyroibHUKa
Oyaer pagHa

b—
S Ge)Ax = 2 f (),
a CyMMa TUToLIafe BCEX TAKHX MPSIMOYrOXBHMKOB (puc, 77) Oyner

paBHa

Su = L8 F () + FO0) + ot (3,0) .

B cuny HenpepHBHOCTH HYHKUHUH f{x) oObeAUHEHHE BCeX
IPAMOVIOJIBHMKOB TIPH AOCTATOMHO OONbILOM # (T.€. TIPH MANoM
Ax) mpeacTaBifaeT CoOOH (QHIYPY, «IIOYTH COBNAJAIOWIYIO» C AaH-
HOM KpHBOJMHEHHON Tpaneuueid. MoXHO goKa3aTh, 4TO IIO-
1wange S, 3ToH GUryphl NPH i — o CTPEMUTCA K YHCITY S (T.e.
MAOIIAAH KpHBOMHHEeiHOW TpaneUWu). bonee toro, md jo6oi
HeNnpepLIBHOM Ha [a; b] dpyHKUMH f(x) (HeoOA3aTEABHO HEOTPH-
laTeIbHOM) BBIPaXEHME BHIA S, NIPU i — = BCETAa CTPEMHTCS K
HEKOTOPOMY UHMCHY. OTO YHCIO MO ONMPEACNEHWIO HA3bIBAETCA O~
pedenennbim urmezparom oT GYHKUMH f(X) HA OTpe3ke [a; b] m

b
o0o3HavaeTcq J Sf(x)ydx, Te.

a

[
lim$, = j F(x)ax

(UMTACTCA: «MHTETPaA OT @ 10 b 3 OT UKC I3 UKC»).
Yucia g v b Ha3BIBAIOTCS COOTBETCTBCHHO HUMCHUM U BEPXHUM

&
npedeaamu unmezpupoganus. 3HaK j Ha3BIBAIOT 3HAKOM onpedeien-

a

K020 URMeZpasd, byHKIMA f(x) HasbIBACTCA HOOUHMEZPAALHOU Pyi-
Kiliel, a X — RepeMEHHOU UHMEezpUPOSAHUR.

HUrak, ecnu f(x) — HenpepbiBHas, f(x) > 0 Ha [a; b], To wiO-
b § COOTBETCTBYIOLIEH KPUBOJMHEHHOMN Tpaneniy MOXHO BbI-
pasuTe (OPMYICcH

b
S = j F(x)dx . (2)

Cpapnubas dopmyasl (1) u (2) aaa mIOWANH KPHBOTUHEHHOLM
TpaneluMu, 3aKiiouaeM, 4To ecau F(x) — neppoobpasHas nad f(x)
Ha [a; b], TO

b
J7(x)ax = F(b) - Fla). ©

@opmyna (3) HazviBaeTes gopmyaoii Hsromona—Jeiibnuya. Oua
OCTAeTCA CnpaBelNIMBOH 1A N1000H HenmpeprIBHON (He 06s3a-
TeNBHO HeOTPHUATEIbHOH) (yHKUMH /(X)) Ha orpeske {a; b).

Hns yao6¢TBa 3anucu pasHocTs F(H) — F(a) IpHHATO coKpa-

IIeHHO 0003HayaTh B Bume F (x)]ﬁ ,Te. (b)) — Kay= F (x)|i.

2
I[TpuMep 2. Borukcaurs J xdx .
-2
Pewenue. Ina opyHKUMU x° OAHON U3 MepBOOBPAIHBIX AB-

4
nsgercs HYHKIHA xT' [ToatoMy

Pemwenue. |cosxdx =sinx

S ST

T =sinf-sin0=1-0=1
0 2

[Ipumep 4. BoluucnuTe maomwans GUrypsl, orpaHUIe HHOM
MHHUAMH Yy = 4 — 2xH y = 4 — x 2.

Pemenue. Haitnem aGcUHCCH TOYEK MepeceueHus rpagu-
KOB 3a1adHBIX OYHKUHMH {pUC. 78) H3 ypaBHEHHA 4 — 2x = 4 — x 2,
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Pewas ero, Haxomum x = 0 u x = 2.
UckoMmas miromazs MOXET 6blTh AO-
JAy4eHa Kayk pa3HOCTh MAoLlajeH
KPHUBOJHHEEHONH Tpaneiut ¢ Bepllu-
HaMH B Toukax A, B, C ¥ Tpeyroib-
Huka ABC. Umeem

Iy2

4y _ .{_] =
3

1]

{5, 2 0y o 8 1
Pic. 78 _(42 '?)_H'Oniy*g—i'ﬁ”

2
S’rnancuuu = I(4 - x2 ylx =
i)

—

STDeVrcl,rlbmma = j(4 - 2x)dx = {4x - x° )I; =
0

=(4-2-2)-(4-0-0)=8-4=-4.

16_4-4

CreaoBateibHO, UCKOMasT MAQIMAADL paBHA S = 5 3

®opmyna Helotona—JlciBHNUA BblpaxaeT CIeAYIOMNI BaX-
HelH QakT: onpedesennviii unmeepan na [a; bl om nenpepwenoii na
amom ompeske yuxyuu f(x) pasen pazrocmu snavenuii 4000l nep-
8000pa3HO GyHKUUU 013t [(X), BHHUCACHHOIX NPU GEPXHEM U HUICHEM
Hpedenax b u a uamezpana. CnepoparesbHo, dhopmyna HeioroHa-
JleiibHMUa CBOAUT BBIYUCTEHHE ONPEAENEHHOrO MHTErpana K Ha-
XOAKACHKIO OZHOH H3 HepBoolpa3HbiXx GYHKUME A1 HoauHTer-

panbHOH QYHKUOHH.
[}

Belwe MBI onpefenuin mHTerpan jf(x)dx Kak npenen He-

i
KOTOPOW MOC/eAOBATEILHOCTH S (CYMM MIOWAACH MPAMOYLONb-
HHKOB). BriynciieHue onpeiencHHOTO HHTETPATA HEHOCPEACTRCH-

HO ¢ fIOMOIUBIO 3ITOrO onpeacieHus (r.e. kKak 1im S, ) obuuHO
Hem

CBA3AHO ¢ QoAbIUMMU 3aTpynHeHUaMu. Popmyna Heiorona—Ileii-
OHKIA OCBODOXKAAET HAC OT BHIOAHEHHS CAOKHEIX OMEpaLuii
THIA: 06PA30BaHUS CYMMBbE S, BBIYHC/ICHUs ee npedena. Dopmy-
Aa (3) naer Gonee yAOGHSBIN COCOO BEIMUCAEHUA ONPEASACHHOIO
HHTerpana (Yepe3 OThICKAHHE MePBOOOPA3HON OT NOAMHTErpalb-
HOH GOYHKUHN).
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3aMeuanne 2, YIo6HO Takxke pacuUlMpUTh TIOHATHE olipee-
JIEHHOTr0 MHTErpajia, nofaras Mo OnpejencHKIo NPU a = b, yTo

b a
jf(x)dx = -jf(x)dx.
a b

ITpn takom cornaweHnn dopmyna HrrotoHa—JIeiibHulla oKa3bl-
BacTCA CTpaBelIMBON npu J0ObX 3HAaYeHHWAX @ u b. B vacTHo-

&
CTH, OyneM MMETb jf(x)dx =0,
o

3. TIpulauKennoe BpMHCACHHE ONpeleAeHHBIX HHTErpatos. B
MpeAbLAYLIEM TIYHKTE Mbl BHAEAH, YTO €CAW HM3BECTHA Kakaa-Iudo
nepBooGpa3Has Add HelnpepsBHON Ha [a; 8] dyHKuMM f(x), TO
onpefeneHHblt MHTerpan oT 3Toil yHKUHKH MOXET ObiTh BRIYHMC-
ney no dbopmyne Hoiotona—JIeitonniia, OnHako B paje Cly4yaes
HEBO3MOXKHO BHIPA3HTh NepsoobpasHylo (Iaxe ecAy OHa cylle-
CTBYeT) WA (PpyHKUMH f{x) Yepe3 U3BECTHBIE 1EMEHTapHbe (PyH-
KUMH B KOHEUHOM BuIe. B 3Tux caydaax ¢opmyia HeoToHa—
JlefibHuLa okassiBaeTcs MaNonoAc3HoA. Bridncienue XKe onpese-
JICHHOTO HMHTErpana HemoCcPeACTBECHHO 10 ONPeAeIcHHNIO (dYepes
Npenen) CBA3aHO ¢ OOIBIIAMH TPYIHOCTAMU. B Taknmx cayuasx
HpﬂﬁCFaIOT K H]JHGJ]H}KCHHOMY BBIMHCIACHHIO ONpeleJIeHHBIX HH-
TErpaloB.

CylLeCTBYET MHOTO Pa3TU4HBIX CNOCODOB NPUOINXKEHHOIO
BEIYHCIIEHHA ONpeleJeHHBIX HHTeTpaioB. 34ech Mbl paCCMOTPHM
JBa U3 HHX. CITOCOD MPAMOYroJbHUKOB U Crocod Tpaleuuii.

B nyHKTe 1 Mbl pacCMOTDPESH OJMH CNOCO0 BBIMHCASHKA NMNO-
HIafd KPUBONWHEHHOI Tpaneunu. C 3Toi Lenbl oTpesokK [a; b

b-a
ObL1 pa3OUT HA A OTPE3KOB OJWHAKOBOH MIMHBI AX = =~ TouKa-
MH X5, X, ...y X,_;, X,. Ha KaxaoMm u3 otpeskos [x,.; xI, & = 1,
2, ..., # KaK Ha OCHOBAHHM OBbLIH NOCTPOEHBI IPAMOYIrOJIbHHKH
BbICOTOH f(x, ;). CymMa ronageit Bcex MpAMOYIOIbHUKOB MMe-
Ja BAA

Sy = ZEf ()4 L0+t (%))

Tax Kak mo ornpefaejeHUIo
b
jf(x)dx =lim §, = lim S,,,
n—son Ax-50
[
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TO B KA4eCcTBE MpUOGINKEeHHOro 3HAYeHUd HHTCIpana ¢CTeCTBCHHO

B34Tb CYMMY S,, T.¢. NOJIOXHTh If(x)dx = §, (4eM Bonpuie »,

a

TeM MPUOIHKEHHOE PAaBeHCTBO ToYHee), TakuM 0o0pasoM,

j Fdx = Z2(F0a)+ FO)+ ot fOo))e @)

970 NPUGTHKEHHOE PABEHCTBO HA3BIBACTCS (POpMyaoH npamo-
yeoasutixoe. Criocod MpUOGIMKEHHOrO BBIMMCIEHHS ONpEacTeHHO-
ro HHTErpana ¢ moMowbio dbopMynbl (4) HOCUT Ha3sBaHUE cROCO6A
RPAMOY20AbRUKOG.

PaccMoTpuM Temephb Npyryio cymmy:

§, = LGt 6) bra T ICy) b )+ ) boa
2 n 2 n 2 n

C reoMeTpuyecKoit TOUKH 3peHMA HTA CyMMA O3Ha4aeT WAOINAAb
GUIypsl, cocTaBIeHHON H3 A OGBIMHBIX TpaneUuil ¢ BHCOTOI

Ax = Eif ¥ OCHOBaHWAMH f(x} 1 f(x)), f(x) u f(x,), e Sx, )

u f{x) (pnc. 79).

FeoMeTpHYeCKH OYEBUAHO, HTO IJIOWANL TAKOH (DUTYPB! Jaxe
TOYHEe BBIpaxXaeT IUIOMAagbh KPHBOMHHEHHON Tpamellnn, HeXenu
maowans GHrypsl paHee MOCTPOSHHOW ¢ NOMOHIBIO Crocoba npd-
MOYTOJBHUKOB. [ToaTomMy 1momiagb KpUBONHHENRHON Tpaneunm (a

b
JHAYMT, W ONpeleIeHHBIN MHTerpan _[f(x)a’x) MOXHOQ TIPUHSTE

a8

.,

. y=fx

a=x, x x X, X x =b x
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IPUOAKEHHO paBHOH (mpy GosibmioM #) TIowWagn GUTypsl, co-
CTaBJICHHOH M3 VKa3aHHBIX A Tpameluii, T.c.

S = If(x)dx S, _b a(f(xo)zf(xl f(x]);f(xz)_!_m_'_ f(xﬂ_l);f(x,,)]:

=—;—-(Ef(xo)+f(xl)+f(x2)+..‘+f(xn_1)+%f(xn))_

TIpuGIMKEHHOS PABEHCTRO

b
1o )m—{ SGo)+ F)+ [0g) ot [y )43 3, )] 5

Ha3bIBASTCA hopmyaoid mpaneyuti. Coocod npHOIMKEHHOTO BHI-
YRCJAEHHMA OTIpeAe/IeHHOTO HHTErpana ¢ noMmoueio hopMynsl (5)
HOCUT HaaBaHue crocoba mpaneiuii.

B kayecTee MmpuMepa MPHUMEHEHUS CNOCOba NPAMOYTONbHU-

KOB M crniocofa Tpaneuni pacCMOTPHM BRIYHCICHUE HHTErpaia
12

szdx (g yooBcTea Gepem MHTerpas, TOYHOE 3HAYCHHE KOTO-
i

12 12
24 X _1727 a2
poTo X ax --3*- = T = 3 WM3BECTHO, YTO JaeT BO3IMOX-
|

HOCTh OLEHHTH aOCOMIOTHYIO MOTPEIMHOCTh NPUOIMIKEHHOTO BbI-
YUCTIEHUS NaHHOTO HHTerpana).

HTak, paszaenum otpesok [1; 12] Ha » = 11 paBHBIX YacTel.
Toraa

Ax_‘—f_l_‘_l =kt k=0, 1,

Tenepb cocTaBuM TabIvuy 3HaueHMW# GYHKUMY X 2 anst BHO-
PAHHBIX TOYEK IelNeHHS OTPe3Ka:

x|t]2 3 4 | 5 6 71819 10]11]12
y1 V14 ] 916253 45 )64]81(100]121] 144

To dopMyne NpAMOYroTbHUKOB (4) HAXOTUM:

12
szdx=-—l-(]+4+9+l6+25+36+49+64+8]+100+12l)=506.
1
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ABCONMIOTHAS MOTPEMIHOCTb NPHOIHXKEHHOIO 3HAYEHUA HHTET-
para paska 5753 - 506 = 693 .

Kakx BuaHO, opmyiaa (4) mana 34ech JHIHL OMeHb Ipybyio
OLICHKY abconoTHOH norpeinHocTH. Ytobbl abcomoTHan norpell-
HOCTb OBlJIA Mafa, HAKO B3ATb 4MCIO MesieHUl n orpeska [a; b)
o4eHb GONMBILIMM.

TakumM o6pasoM, cnocod NMpAMOYroabHHKOB — 3TO Hanbosee
MpOCTOH U BMecTe ¢ TeM Haubosree rpyGulil cmocos mpubaHXeH-
HOTO BBHIMHCIEGHHA HHTErpajia.

Beimie Mbl OTMETUIIH, YTO APYro# crnocod — cnocod Tpamne-
LU 2aeT BO3IMOXKHOCTb GoJiee TOYHO BEIYMCNHTL 3HA4YEHHE OIIpe-
JeJJeHHOTO HHTerpaia. JlecTBHTEeAbHO, MOJaras, Kak W paHbliie,
n = 11, ¢ moMouiblo popMyIL Tpaneuuil (5) HaxoIuM:

12
Ixzdxz1‘(%-1+4+9+16+25+36+49+64+81+100+121+%-l44):

_Uss 1
_7*5?72.

AOCOmOTHAaA MNOorpellHOCTL HpHGﬂH)KeHHOI"O JHa4YCHHA HHTErpajla

2 1 5
31eCk PaBHA |575§ - 577 §| =1 e

Takum o6pa3zoM, npuOGIUXKEHHBIH pe3y.b1aT, MOJYYEHHBIA
12
2 .
ang Jx dx no dopMyie Tpameumii, OKA3KEACTCS 3HAYMTEAbHO
1

TOYHEE pe3y/bTata, MOJYYEHHOTO i 3TOTO HHTErpana mo ¢op-
Mynie NpAMOYTONbHUKOB.

B obuieM ciayyae TOUHOCTH TPHOJIHKEHHOTO BEIYUCICHH OI-
peneeHHBIX MHTETPAJIOB, AOCTUIaeMas NPU Cnocobe TpaneuHi,
Kak TMpaBUNO, TAKXKEe 3HAMUTEIBHO BhIlE, YeM MPH Cltocobe mps-
MOYTOJIbHHKOB.

Bompochi H 3a31ahua

1. Kakyio ¢urypy Ha KoopauHaTHO# maockoctd QXY HasbipaloT
KPHBOJIMHEHHOH TpanenMei?

2. CdopmynpoBaTh TeopeMy O TUIOLIAAH KPHBOIHHENHON TpaneuuH.

3. Uto moHuMaeTcd MOA ONpeNencHHBIM HHTETPATOM OT (PYHKLHH
HENpepBIRHOMH Ha OTpeske?
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4. Hamucate ¢opmyny Helorona—JIeiGnuna. Y10 BHIpaxaer 3Ta

dbopmyna?

5. Pacckasathb 0 crocofe MpsMOYTONBHHMKOB B 0 crocobe Tpaneuui
JUIS] TIPUO/TIGKEHHOTO BBIYMCIEHUS ONPSAC/IEHHBIX MHTETPAIOB.
[Tpu KakoM crioco0e TOYHOCTb MPUOAHKEHHOTO BEMHCNCHHA BBIILE?

Ynpaxuenua

[ = B N 8§ |
1. BHIUKCIUTD MIOIALD QUIYDPHI, OMpaHUYSHHOH THHUAMH:
aAyy=x,x=3y=0

)yy=cosx,x=0, x=—,y=0;

b
49
B)y.—.%,x=l,x=2,y=0;
X
Dy=x'+1,x=0,x=2,y=0 my=9—x%Ly=10
ey y=(x+2Lx=0y=0; K)yy=2x—x%Ly=0
= - "——E :E = .
y=1-cosx, x= 3:X=3. ¥ 0

2. BulunCAWTD TMAOCMAAL (HPUIYPHI, OTPAaHHYCHHON napabonon
y= 8x — 2x?, KacaTenbHOIl K 3Toit mapadose B e¢ BEPIIMHE U
mpsiMoit x = 0.

3. BuiMMCAHTS MHTETPAAbL:

2 x 10
d
2) Ix“dx; ) I3cos%dx; x) J—z,
0 0 t
: -, :
: X 3) |sin2xdx.
6) Icosxa’x, 1) !1”2 ; ) ;[
__g, 1

“x e) _[d—x;

»
cos? x T

8)

0 e, B | A

4. Bo1uMCANTL HHTETPANEL: i
3 2

B) J(sinx +cosx)dx;
]

2
a)I dx
5 J2x+5°

4
6) J-(x+-\lﬁ]dx; I}
|

xcosxdx .

[ T——
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[}
‘5, HaiiTi nmpudiuxeHHoe 3HaUe¢HME MHTErpaja jx3dx:
i

a) moAL3ysACh GOpMYIIOi NPpAMOYrONbHUKOB; 6) MOJB3YACH
gopmMysIo Tpaneuuii. B kaXooM K3 cjiyyaes HailTH abCcosiioT-
HYI0 NOTPELUHOCTD NPUOIMAKEHHOIO 3HAYEHHS HMHTErpaja.

6. BRIYHCTIHTS WHTErPaibL:

n

n 12 e
a) feosTde; D [Aecos2ndy;  x) [xInxdx
a ) |
2 2 n
dx 3 .
6) ; I ) (1+2x) dx; 3) | xsin xdx .
-][(2x+1)2 -! 'c,:
g {xl
x " _ -
B)i\&ﬁ’ e)i!xﬂdx‘

7. BbIYMCAUTD TIAOIIAAL QUIYPE, OrPAHMHEHHON JTUHHIMMH:
ayy=xx=1p=8§;
B)y=x?—2x+4, x=2,y=3
B)y=4x—xY y=4-x
Ny=6+x—x%y=6-2x
ny=x3y=x?
e)y=x% y=2x— x2

8. BoiuncauTh NpuGIMXeHHOE IHAYEHHME YUCAA T, NPUMEHIS
|

dx

V1-x? '

§ 4. HekoTtophle npaMeHeHds onpeieeHAOTo HHTEIpAIA

2
hopMyTy TpameuMit K BHUHCICHIIO WHTETPaNa I
il

1. [Tromans nnockoii urypei. Boillle MBI paccMOTpPeNH BOMPOC
O BbIUUCIEHUH MAOLIAAH KPHBOIHHEWHON Tpaneluu, 1.e. Gury-
PH, OTPAHHYEHHOH NpaMBIMH y = 0, x = @, X = b ¥ KpHUBOH
y=f(x), rae f{x) — HempeprIBHas, HEOTPHUATEIbHAS HA OTPEIKE
la; ] pynkuud. Beulo ycraHoBACHO, YTO MAOWIAL S TaKol hu-
Typhl BHIYUCHAETCS 10 (popMyie
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F 3
2 x =2y =)
d x =gy
c L T
O =x o' 1 x
Puc. 80 Puc. 81
b
S = [ f(x)dx = F(8)~ Flay, (1)

rae Fx) — onda u3 nepsoobpasubix Lnd GyHkumHu f{x} Ha (a, b].

®urypy, orpaHHdeHnyo npsmbimMa x = 0, y = ¢, y = d u Kpu-
BOM X = @(y), rae ¢(¥) — HENPEPBIBHAA, HEOTPHULIATENBHAS HA OT-
pe3ke [¢; d] dyHKLUaA (puc. 80), TakKe HA3HIBAIOT KPUGOAUHEUHOU
mpaneyuei (oTHocUTENBHO ocH OY). AcHo, 4yTo A1 TIomanu hY
tTakoi GUrypsi cripapeanusa dbopmyna

d
§ = [o(r)dy = o(d) - @(c), @

ae &(y) — omHa n3 neppoebpaszubix WA GyHKUMM @(y) Ha [¢; d].
Mpumep 1. Haitty nioomwans GUrypbi, OrpaHu4eHHON OCbIO

OY u napabosoit x = 2y — .
PemieHue. BelyKCIUM OpAMHATEL TOUCK NepecedeHNd JaH-

Hol mapaGonst (puc. 81) ¢ ocrlo OF
y—y:=0,y=0,y=2

CraenoparenbHo, 110 dopMwie (2) MckoMad MI0LIaib paBHa

| =

< 2 i ’ 8
S=I(2y—y2)dy=[y Y =4*'§=
0 0
PaccMOTpUM TeTieph KPUBOJIHHEHHYIO QUIypY, OrPAHAYCHHYIO
npaMbIMM ¥ = 0, x = a, x = b u kpusoit y = f(x), rae f(x) — He-
npepriBHAad M HenoloxurteabHan (f(x) < 0) Ha oTpeske [a; b]
dyHkuus (puc. 82).
Jlasg Toro 4toObl BRIYHCAHTL MIONIaAb S Tako# ¢Mrypsl, pac-

cMOTpHM bYHXIUI ¥y = —f(x). SlcHo, uTo —f(x) 2 0 Ha [a; b].

b
CnenoBaTessHO, J(— f{x)dx mnpencraBngeT co0oil MWIOWEAAbL KpU-

a
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Y y
A
a b %\ @\ »
0 I: v : 1 X a p q r“db x
y=f(x

Puc. 82 Puc, 83

BOJTHHEHHOM TpanmeuHy, orpaHUYeHHOH npaMbiMu y = O, x = a,
x = b w KpuBoit y = —f(x). Ho »Ta kpyBoauHeliHasd Tpaneuus
ecTh OTpaxeHHe (OTHOCHTeAbHO ocH X)) 3amaHHOH (UrYpH, MO-
9TOMY HX MJIOINAIM PaBHBI APYr Apyry. CremzoBaTeabHO, IJIOIAAL
HCKOMO# GHryphl

] b b
S = J(~f(x))dx - —Jf(x)dx umu S = jf(x)dx

Ecan HenpepriBHadg Ha [¢; b] dbyHkund f{x) MeHAET Ha HeM
(KOHe4uHOE YHCNO pa3) 3HaK, o0paillafch B HYJIb, HATNPHMEp, TIPH
x=p,x=q,x=r,rae a<p<gqg<r<bh, 10 Aid TOro y100Hl Bbi-
YUCIUTE TUTOlaAb S QUIyphl, orpaHHYEeHHOM ocblo OX, NpAMbI-
MU X = a, X = b U KpUBoO# y = f(x), MOXHO oTpe3oK [a; b] pa3-
OHTH Ha 4acTH TOYKAMH, B KOoTopeix f(x) obpaulaeTcd B HYIb
(prc. 83). 3aTeM OTAEABHO BBIYMCAWTE MHTErpan or f(x) Ha Kax-
JoR JacTH (rae f(x) He MeHseT 3HaK) U B3SITh CYMMY aDCOJIOTHBIX
BENIHYMH BCeX MOJYYEHHBIX HHTerpaiaob. Ilnowanes § duryps,
n300paXeHHOH Ha pucyHKe 83, 6yaeT paBHa

S = + + +

3}

jf (x)dx

jif(x)dx

jf(X)dx jf(X)dx

HnY (B JAHHOM C/ydae)

$= [ Fo0ds - [ rod+ [ ro0de- | sinnas.

Mpumep 2. BolyHCAUTE nAoLaAs (GUFYPHl, OrpaHHYEeHHOR
ocblo OX M KpUBOH y = sinx Ha [0; 2x} (puc. 84).

Pewenue. @yukuua y = sinx Ha (0; 2r) olpailaercsa B HyAb
TONIBKO B TOYKe X = 7. PazoObem orpesox [0; 2n] Ha ABe YacTu:
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J

Puc. 84 Puc. 85

[0; =] u [r; 2r]. Ha [0; nt] umeem sinx 2 0, a Ha [n; 2r] nMeem
siny < 0. CnenoBatenibHo, No $opmyne (3) CKOMas TUIoliakb PaBHA

n
J sin xdx|

R

n 2n
= jsin xdx - _[ sin xdx =
s

n

T

S= Isin xdxi +
0

= —cosx[;r - (—cos;r)[i’t =l+1-(-1-1=4.

Hanee paccMOTPUM TUTOCKYIO QHTYPY, cOaepKallyIOC MeXIy
IPAMBIMH X = g, X = b W IBYMS HenpepuiBHBIMUA Ha [a; b] KpH-
BHMH y = f, (x) u y = fi{x)}, npuyeM 0 < f,(x) < £,(x} Ha [a; 8] (puc.
85). Torna nomane S faHHON GuUryps GyaeT NMpeacTaBaATb CO-
00¥i pa3sHOCTh MoWanel KPUBONHHEHHBIX Tpanenuii gABb u

b 5
ad B)b. Iostomy § = sz(x)dx - jf, (x)dx uAM, 4TO TOXE ca-

b
Moe, S = I(fl(x) — fi(x))dx.

HetpyaHo gokaszaTh, YTo Iji0- ¥y

A
mags GUTYPHI, H306paxeHHOH Ha Y =)
puc. 86, Takke BHIMMCASETCH TIO
GopMyie
S:j(f;(x)—f,(x))dx @ 7 N X
a
{9TOT chay4aill MOXHO CBeCTH K
npeaAbayeMy. /1okasaTeabcTBO y =71,
NPpenocTapnaeTcs YNTATEINIO). Puc. 86
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y 3} y =fi») /B y =J§(x)c
Af d
y=fx |P ¥ = fi{x)
a d b ¢ %
Puc. 87 Puc. 88

MycTs Teneps durypa orpaHHYeHa TAKOA 3aMKHYTON M He ne-
pecekafollei cebsa KpUBOH JUHHEN, HTO Ml0basg NpaMas, napai-
nenpHasa ocH (Y, mepecekaeT KpUByK He Gonee yeM B ABYX TOY-
kax (puc. 87). Toraa mMbl MOXEM pacCMaTPHBATL 3TY PUIYPY Kak
durypy, orpaHHYeHHYy0 OyraMu AnB U AmB. Ecnu ypapHeHus
3TUX Iyr U3BECTHBL ¥ = f(x) 1 y = f{x), rne f (x), £,(x) — Hempe-
puiBHBE Ha [a; ] dyHKuMH, TO IOWANL 3a0aHHONH QUIYPHl TAK-
Ke MoXer ObITh BLIYHCIEHa 1o dopMyie {4).

B cayuae, Koraa mnockas ¢urypa orpaHayeHa AyraM He-
CKOJbKMX KPUBBIX, ANS BHIYMCIEHUS TIOWANM Takod GUTyphl ee
pa3bUBAIOT HA YACTH MPAMBIMM, NapajlieJbHbIMK ocH OV (Mnu
OX), Tak, uTOOB K BHIMHCAEHKIO TAOWAIH KaXIOH MOJIY4eHHOH
YacTH MOXHO Obito 6bf MpHMeHHTh 0AHY U3 dopmyn (1)—(4). Ha-
IpUMep, IUVIOHIAAL (PUIYPEL, orpaHudeHHOH ayraMu AB, BC, CD n
DA (ypaBHEHHS KOTOPHIX COOTBETCTBEHHO: y = f(x), ¥ = f(X),
y=£x) 1y = f(x), mae fi(x), £;(x), ;(x) 1 f(x} — HempepsIBHBIE
dyuxkuuu), OyaeT paBHa

d b I
S=J’(f.(x)-ﬁ,(x))dx»fj(ﬁ(x)-ﬁ(x))d“j(fz(x)-mx))dx
a o h

(a, b, ¢ 1 d — aBcLnCChl COOTBETCTBEHHO Touek A, B, U n D
{puc. 88}).
MpuMep 3. Bpruvcnutes niouwaib GUrypsl, orpaHHYEHHOH

2

napabonaMu y = x2, y = %x W npaMoit y = 3x (puc. 89).

Peurenue. Haitnem abcumcen ToyeK nepeceueHnsa O, A u 8

%xz. 1o yucna x = 0,

x =3 H x = 6 coorseTcTBeHHO. Pa3obbeM JaHHYIO (PUTYPY HA ABe
yacTd npamoit x = 3. Toraa naowansb § ¢urypsl Oyaet paeHa
CYMMe IIOLIae dTHX YacTe:
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opaMoit y = 3x ¢ napaGonaMH y = x> K y =

e
=Y

o8
=
Pac. 89 | Pc. 90

3 6 3 :
S= (x2 - -l—xz)dx + (3)(_ ._l_xz)dx = Xi +[_3 x2 - fi] =
L N M |

3

.9 e 279
—2+54 36 7+5-13,5.

2. Briancaenne o6vemos ten. Ilycte 3agano HEKOTOPOE TEIO ¢
obveMom V. Tlpeanonoxum, yTo uMeeTcd Takas nNpaMas, 4ro,
Kakylo 05l NNOCKOCTh, MIEPAEHIMKYIIPHYIO 3TOH TIPAMO, MBI HH
OpasiH, HAM M3BECTHA ILIOLIAaAR S CeYeHMs Tela JAHHOM TUIOCKO-
cTbio {puc. 90). ITpuMeM 3ty npsmyio B kauecTbe oci OX. Torma
IUIOCKOCTD, TNIEPNIEHAMKYAspHAsS OCU OX, MepecekaeT ec B HEKO-
TOPO# TOUKe X M3 oTpe3Ka [a; b] ocn OX (au b — Toukn ocn OX,
4epE3 KOTOPHIE MPOXOIAT MIOCKOCTH, OrpaHUYMBAKOLINE TEJ0).
IMosToMy kaxaoMy xe{a; b] MOXHO NMOCTABHTH B COOTBETCTBUE
CIWHCTBEHHOE YUCNO S(X) — nnomaibh HOMEPEYHOro ceveHUud
TENa TUIOCKOCTBIO, COOTBETCIBYIOUISH TOUKe x. TeM caMBIM Ha oT-
peske [a; b] Oymet 3amaHa dyHKuMa S(x). OKa3biBaeTca, ecay
GyHKUMA $(x) ABISETCA HenpepuiBHOW Ha [a; b], To ans ofbeMa
V aaHRoro Tena cnpaseinHBa QopMyna

b
V= [ S(x)dx (5)

(BOKa3aTeNLCTBO HTOro (akTa NPUBOAMTCS B Kypce aHannsa).
Boruucnenne 00beMa Teaa ¢ TOMOILBIO ONPERCNHEHHOTO KHTEI-
pana no gopmyne (5) CBA3AHO ¢ NpeABAPHTENLHBIM HAXOXISHHEM
GbyHKUHE S(x), BHIpaXanLIed MIOUAns MOMEPEYHOrO CeqeHUS
Tes1a. O0bI4HO 3Ta (DYHKUMS TaKXKe HaXOAHTCH MyTeM HHTETPUPO-
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y f(x) 1

A

Puc. 91 Puc. 92

H“

TN
1
\..______6_,./%

Bauuda. Ho B OMHOM BaXHOM YaCcTHOM C/Y4Yd€ BBEIpaXKEHHE AT
S(x) MOXHO HAaHTH HEMOCPEACTBEHHO. PacCMOTpUM 2TOT cayyaid.

Ttycts Bokpyr ocH OX Bpawaercd KpUBOJHHEHHAd TpaneLus,
orpaHMYeHHas ocbhlo OX, NMPAMBIMU X = 4, X = b U KPHBOH
y= f(x), rie f(x) — HenpepblBHag, HeOTpHLATENAbHAA Ha [a, b
¢dyHkunA. Toraa 3Ta Tpaneiusd ONHLIET TEJIO, HA3BIBACMOE Mesom
apaenus (puc. 91).

Ilpy BpallleHMH KPHBOJWHEIHOH TpaneLuu Kaxiaa TOYKa
M(x; £{x)) KpuBoil ¥y = f(x) ONUCHIBAET OKPYXKHOCTE, LEHTP KOTO-
PO IexXuT B TouKe x ocd OX, a paguyc paseH f(x). Cneaposarens-
HO, ceYeHMe JaHHOTO Tefa BpalleHHA MAOCKOCTHIO, MEPNEeHANKY-
JApHOH ocH OX W npoxoAdiueil 4epes TOYKY X, MpeAcCTaBIsieT Co-
Boit kpyr paamyca f(x). [Inowans ceYeHHS B 3TOM clydyae Oyaer
paBHa S(x) = nf2(x). TpumeHsas Gopmyay (5), NOAYIUM Creayio-
myo dbopMyny 11s BuYMCTeHHA 0ObeMa Tejla BpalueHUA:

f
V= njfz(x)dx‘ (6)

Npumep 4. Onpenenute 00bEM YCEUEHHOIO KOHYCa, paau-
YCBl OCHOBAHMIA KOTOPOIO paBHBl R W r, a BbICOTA paBHa /.

Pewenue. JJaHHBIH yCeYEHHBIH KOHYC MOXET OBLITL MONY-
yeH ppallicHHeM BOKpyr ocd OX tpaneuun OABC (puc. 92). Ypas-
HeHHe obpasyolieil AB KoHyca UMEEeT BHA:

y:f{x):n%-x,xe[o; hl.

[MosroMy 06beM ycedeHHOro KoHyca 1o Gopmyne (6) OyaeT papeH

ki
23

V= nj(r+w—x) dx-n[r x+2r%%+(%) %] =

0

= x| rh (R = r)+ T hOR - rf]: 2+ Re+ R).
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Takum o0Gpa3zoM, ¢ NOMOIILI0 ONpeleJeHHOTO HHTerpasia
MOXHO OIpeNe/INTh 00beM yCedeHHOTO KOoHyca mo dopmyie

V:’;_”(ﬂ +Rr+ R,

HU3BECTHOM HaM M3 KypCa BAEMEHTAPHOMH reoOMETpHH.

3ameuanme, Tak Kak mpaBasi yacTh Gopmynsl (6) He 3aBHCHT
OT 3HaKa f(x), To 3Ta dopMyna OCTaeTCs CNPABeLIMBOH U B Chy-
yae f(x) < 0 Ha oTpeske [a; b].

3. Pabora nepemennoii cuim. PaccmMorpuM oaHO M3 MpHMeHe-
HHUH onpencneHHOre uHrerpaaa B ¢usuke. Ilycts MarepuanbHas
TOYKa TOA AcHCTBUEM CWIH P aBuxetrcs mo npamoil. Ecan neii-
CTBYIOWIAA cUia P IMOCTOAHHA U HaNpaBleHKE CHJIBI COBHAMACT C
HallpaBjJeHHeM ABHXEHHUs (T.c. HanpapjJeHa BIOJIb MPSAMoii), a
MepEeMENIEHKe TOYKH PaBHO .5, TO, KaK U3BECTHO U3 (HH3NKH, pa-
6o1a A 3TOM MOCTOSAHHOW CWiIbl paBHA NMpPOM3BeAeHHUIO P - §.

BreiBeneM Temepb GopMyay ANA BHIYMCICHUS paGoThl A, co-
BeplIaeMoi nepeMeHHo# cunoii. [IycTe MaTepranbHag TOUYKA
ABMXeTcd Mo ocH OX mod ACHCTBHEM CHJIBI, IIPOEKIHA KOTOPOiA
Ha ocb OX ecTh hyHKkuMA f oT apryMeHTa x. [IpeanonaraeM, 4To
f(x) ects HenpepriBHaA ¢yHKUMA. IToA meiicTBUEM TaKOi CHIBI
MatepHanlbHag TOoYKa nepeMenaeTcs H3 TOUYKH M(a) ocu OX B
TOuKy M(b) (puc. 93, a). TlokaxeMm, 4yTo B 3TOM Ccaydae pabora A
BHIYHCAsIETCA TG (hOpMYIe

b
A= [fl)dx.
HelcTBUTeIBHO, pa3o0beM oTpe3oK [a; b] ocu OX Ha n yactei

.. b-a
OMUHAKOBOH JTHHBEl Ax = — (puc. 93, 6). PaboTa, coBepluaeMas

CHJIOH Ha BceM OTpesxe [4; b], paBHA cyMMe paGoT 310l CHJIBI Ha

noxydeHHsIx yactax la; x /1, [x;; x,), ..., [x,_;; 8]. Tak KaKk f(x)
M) M(b)
‘ M(a) . . M)
T v
6
Puc. 93.

19 — Anreﬁpa. yacts 11 289



€CTb HEeNpepbiBHAsA MYHKIMA OT X, TO MPH JOCTATOYHO MaJIOM
oTpeske [a; X} 3HayeHmna f(X), x € [a; x,] BMA3KN K 3HAYCHHIO
f{a}). TTosToMy paBota CHAE Ha 3TOM OTPe3Ke NpUOAHIUTENBHO
papHa f(a) - (x, — 4).

AHanoruyHo, pabora cuipl Ha oTpeske [x; x,] npnbanau-
TeJIbHO paBHa f(x,) - {x, — x;) ¥ T. A., paboTa CHUNBI HA MOCICIHEM
oTpeske [x,_; 5] npubansutenvHo pasna f(x,_) - (b — x_ ). Cre-
AOBAaTENbHO, paboTa A CHUabl HA BCeM oTpeske [a; b npHOAM3U-
TENLHO pPaBHA

4, = (@00 - )+ F) (8 = 31) 4t SO W= X, 1) =
=L@+ )+ et L),

IIPH 3TOM TOYHOCTH MPHUONMXKEHHOIO PAaBEHCTBA TEM BBIIIE, YEM
MeHBbII¢ ITMHB OTPE3KOB, HA KOTOpBIE pa3sOUT oTpe3oK [a; b]. Ec-
TECTBEHHO, YTO 3TO NPUONHXKEHHOE PABEHCTBO NMEPEXOAHT B TOY-
HOE PABEHCTBO IIPH # — oo, T.C.

4, = lE):g(f(a:)+f(x.)+m+f(x,,_1))*">As B oo

b
Ho 4, » jf(x)dx, n — o (cM. § 3, n. 2 3100 T1aBe). Crie-

AOBATCNbHO,

b
A= I S(x)dx — paGora mepeMeHHOM CWIEHL.

a

MpuMep 5. Cuna ynpyrocTH NMpyXHHH, pacTAHYTOH Ha
5 ¢M, pasHa 3 H. Kakyio paGoTy cneayeT NMpoOU3BECTH, YTOOB! pa-
CTAHYTb NMPYXUHY Ha 5 cM?

Pemenue. Jlo sakony I'vka cuna f, pactArusaioniag npyxu-
HY Ha BEJHYMHY X, BHUMCHsAeTCA Mo dopMyne f = kx, rae k —
MOCTOSAHHBIN KOGQGHUHERT TPONOPLUHOHAABHOCTH (pHUC. 94, a, 0),
TOYKa O COOTBETCTBYET CBOGOAHOMY MONOXEHUIO TIPYKUHBL. W3
YCJOBHA 3agauu uMeeM 3 = k - 0,05. Otkvaa k = 60, a cuia

7R AN f

L
T

0

H“
=
-
R"

Pnc. 94
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f(x) = 60x, xe[0; 0,05]. CnegoBaTenpHO, coBepliacMas pabora
[P pacTsSKEHRH MpyXHHBE Ha 5 cM (= 0,05 M) paBHa

0,05
A= | 60xdx =307, re. 4= 0,075 Ix.
0
B 3akawveHHe OTMETHM, YTO NPHMEHEHHS OIpeAeIeHHOro
HHTETpaja He HCYEPNBIBAIOTCS PACCMOTPEHHBIMM BBILIE Ciyvasd-
MH. OnpeneneHHBlil HHTerpan MMeer pasHoobpasHbe NMpUMeHe-
HHA B reOMeTpUH (BRIUMCNEHKE IUoNIaged IIoCcKuX GUryp, mio-
maneit MoBepxXHOCTel, 06bEMOB TEJ, NMUH KPUBBIX JUHHH), (u-
3MKe W MEXaHHKe (BBIYHCACHHE paboThl MEPEMEHHON CUIBI, LIEeH~-
Tpa TAXECTH, MOMEHTAa MHEPLMY H Ip.).

Bonpocel H 3aaaHHg

1. Pacckazath 0 IpHMCHEHMAX ONPEACNICHHOIO MHTEIpana.

2. Hanncarb dopMyTy 5AS BBIYHCASHMSA [UIOMIAAN TIOCKO# (BUrypsi,
coNiepXAIIedcs MEXIY JBYMS BEPTHUKATBHBIMU MPAMBIMU X = &,
x= b ¥ ABYMA HeENpepbIBHLIMK Ha OTpe3ke [a,; #] KpUBHIMHE
Yy =40 1 y=f(x) (tne 0<£,(x) < /(%))

3. Hanucath opMyy VT BHIMUCICHHA 00bEMA TeJa BPALCHHS.

Yupaxknenus

1. BolukcauTs, wiou@ab Gurypsl, OrpaHHYeHHOA TpAMBIMU X = 1,

x =3, y =0 1 KpHBOil y=%x2.

2. Buryvenurs niomanes GUIypeE, OrpaHUYeHHOM Oocblo OX U
3n

KPHBOH y = COSX IIpH —ngST.

3. Boiuucnure nnowanb GUrypsl, orpaHUuYeHHOH KpUBOH
y = 1 — X%, ocblo aBCUHCC B MPSIMOHA x = 2.

4. Haiitu nmomanb GUrypel, orpaHMueHHOM KpuBol 3> = x + 4
H OChbl0 ODAHMHAT.

5. Haiitu nhowaik GHrypbl, OrPAaHHYEHHON JHHUIMHA y = X,
y=3xux+y=4

6. BUMHCIHTE ouans GUryphl, OorpaHHYEHHOH KPHBOI {21-

2 2

X
JHIICOM) S+ =1.
a b
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7. Beraucauthk 06beM Tesa, 00pa30BAaHHOTO BpalleHHEM BOKPYT
ocH OX KpHBONUHEHHOH TpameilHH, OTpaHHYEHHON OChIO

OX, KpHBoit y? = 2x U IpAMOH X = 242.

8. OnpenenuTsh 06beM Tesa, 06pa30BAHHOTO BPALUEHUEM BOKDYT
oci OX GUIypHl, orpaHHYeHHON TUHISIMH Yy = 4 — XX U y = (),

9. Haiiti o6neM Tesa, MONYIEHHOTO IIPH BpAlIEHHN BOKPYT OCH
OX ¢urypel, orpaHHMYeHHOM THHUAMHE y = X, y = x 2,

10. Beruuciuth 06neM Wapa pagdyca R, T.e. Teja, MOBEPXHOCTh
KOTOPOTC BHIPaXacTcd YpaBHEHHEM

x2+y2+z =R2.

11. Cuna B 4 H pacraruBaer npyxuHy Ha 8§ ¢M. Kakyio paGoty
Halo MPOHU3BECTH, YTOOH PACTAHYTh NPYXHHY Ha 8 cM?

12. OnpegenuTs niowagbk ¢$HCYPE, OrpaHHYCHHOH KpPHBOI
y=x+ 2x — 3 u ocpo abeuuce.

13. BeMHCIMTL TIOIAAL HUTYPHI, OTpAaHUYEHHON KPUBOH x 2y = |
U IpAMBIMH y = 1, y = 4.

14. Boiuvcante naowanb ¢Urypbl, OTPAHHYEHHOU KPHBOH

= Inx, ochi0 abCIHCC H MPAMBIMH X = 2, x = 4,

15. Haiiti nnouiage Gpurypsl, orpaHudeHHON TUHUAMH y = x5,
xt+ty=2uy=40

16. HaktH obGpeM Teia, MOMYYEHHOTO NPH BpallleHUH BOKPYT OCH
abcice KpHBOIMHEHHOM Tpaneluy, OrpaHu4eHHOH AHHUIMH:

y=\/§,x= I, x=4uy=0.

17. Hafiti ofbeM Tena, MONYYSHHOTO NMPH BpalleHHH BOKPYT OCH

OX Gurypel, orpaHH4YeHHON NHHUAMMU!
y=2x,y=x+3 x=0ux=1

18*. Boiuucaurs 00beM TPeXOCHOro 3MMUINCOMAA, T.e. Tejaa, Io-
BEPXHOCTh KOTOPOTQ BBIPAXAETCA YpaBHEHHEM
2 2 2
xt vtz
-“2— + -—2- + —T = l .
a b c
19. Kakyio paGoTy Hafio 3aTpaTHTh Ha cXKaTHe NPYXHHH Ha 4 cM,
€CiM H3BeCTHO, YTO ciia B 2 H ciamMaer 31y npy:xuHYy HA 1 cM?
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a) f(x)=+x+1g2;

6) /(x )—“‘r

Vnpaxnenus 1A NOBTOPeHHS

. Hajitn of1uuit B NepBooOpasHbIX M GYHKIMH f(x), eCaH:

B) f(x)=cos(5-3x);

T f(x)=¢
. Haiitu nepnooﬁpaaﬂylo Fx) ong pyskuuu f(x), ecnu:

a) f(x)=3x>+2x+1, RO) = 3;

B f)=—+5 A =m

a) f(x)=—_, M(4; 0);

2Ix

6) f(x)=5cos(5x—1), M (% 5);

B) f(x)=

1
vl—x2
0 fl) = 272, M(o;

1

22
Touka ABUXKETCS MPAMONMHEHHO ¢ YcKopeHueM a(f) = £ + 34

+32‘-, M(1; );

)

=2x+3

6) f(x)=x+=, R =2

) f{x) =0, A5) =

. Jdng f(x) naiity nepsooSpasHylo, rpadUK KOTOPOH NMPOXOXHUT
yepe3 TOYKY M, ecnH:

HaiiT 3aK0H MBIXEHHA TOUKHM, eCTM B MOMEHT BpeMeHU [ = 6
ee cKopocTh paBHa 130, a koopanHara paBHa 250.

a) J(l —cosx)dx ;

6) jx3+ic2+l dx;
B [(x-1)dx;

r) Iﬁdx;

x2-7

a) -[x+ﬁdx

) ICOSX

X) j\}41—3xdx;

3 |

510 x

3dx

]

x(x+1)’

HaiiTu cienyiolllie HeOIpeleicHHbBIE UHTETPANbL:

In? x

)J‘ cos2x
1+J_smx

J'l) ICOS "X

1+sin x
M) Joos(%x—S)dx;
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H) _[x3 In xdx ; 1) I\fsinx oS xdx :

0) jﬁdx; p) Ixe*xdx.

6*. Hoka3saTh, uto mwbad nepBoobpazHast HEYETHON PYHKUHH
ABAACTCS YeTHO#H GbyHKIMEH.

7. Haiitu cienyoiue onpeaeseHHbie HHTETPabl:

27 1 2
Yrds; T I - xld;
a) ‘1[ xdx r) -[[(x+3)2 x) ‘! xldx ;
1
V3 3 e
Sdx_, 3% gy
6) !x2+1, ) le dx ; 3) Jlnxdx.
g ]
B) Icos3xdx; e) J|cosx|¢‘bc;
L] 0

8. BoiuMcnute npubanxeHHOe 3HAYEHUE YUCTA &, IPHMEHAs
[
dopMyny Tparneumii K BHIUUCJCHHIO MHTETpana j e*dx .
0
9. Haiiti mwomwaay GHUIryp, OrPaHHYCHHBIX CIEIYIOIHMH KPHUBBIMH:
aAyy=xLx+y=2; B)y=2—-xLx+y=0
B)y=25y=2x=0; Nny=x*+1,y=9-x2

10. Haiitu mnoiiaas ¢dhurypsi, orpannueHHOI KpHUBo# y2 = x + 1
H OCBIO OPAMHAT,

11. Haiitu nnomaae ¢hburypel, orpaHHYeHHOH KPUBBIMH y = X,
y=5%uy=6-—x

12. Haiitu oGvem Tena, nmoiydyeHHOTo MpPH BPALUEHHH BOKPYL OCH
abcuuce KPUBOJIMHEHHON Tpaneurnu, oTpaHHYEHHON! JIMHHA-
MEY=2x—x2uy=0.

13. Haiith of6beM Tena, MOAYUYEHHOTO MPH BPAalleHHH BOKPYT OCH
OX durypnl, orpaHd4eHHON NuHMAMH v = 3x, p = x + 2 H
x=40.

14°. Kakyio paboTy Hamo 3aTpaTHTL, YTOOHl TeJI0 Macchl 1 MOMI-
HATH ¢ MOBEPXHOCTH 3eMITH, paAuyc KOTOpoH paBeH R, Ha

BoicoTy A? UeMy paBHa 3Ta paboTra, eClH TeJO VIaadeTcs B
GeCKOHEUHOCTD?
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I'TABA XV

NMOOEPEHIMATLHBIE
YPABHEHWA

§ 1. Hexoropsie 321241, NPUBOJALIHE
k mu(depeHuHaNbLHbIM ypaBHEHUAM

Tpexie YeM AaBaTh onpedesienue MMbHEPCHUMANEHOTO ypas-
HeHUd W CBA3aHHBIX C HUM MOHATUH, PaCCMOTPHM caeayrimue
jaJa4M, KOTOpble NMPHBOAITCA K HaxXOXKICHHIO (YHKLIMY, ABJIAIO-
wieiics peureHrem AuddepeHuMaIbHOI0 YPABHEHHA. ‘

3anaua 1. Haiiti KpuBylo, Mpox0OAdilyto Hepes TOUKY M(0; 1)
K 0GaNAIOUIYK> TeM CBOICTBOM, 4TO B KaX/OH ee TOUKE YLIOBOM
k0abGHUIHENT KACATeIbHOl paBeH YABOCHHOM abeumcce TOUKH
KacaHuA.

Peweunue. Myctb y = y(x) y‘
eCTh yPABHEHHE HCKOMOH KpnBOH
(puc. 95). OGo3HAYMM uepe3 o yroda, T
oBpasoBaHHbIil KacaTensnol NT ¢
MOJOXKUTENBHBIM HAMpPaB/IcHHEM
och OX (N(x, y) — TOUKa KacaHus}.
Kax u3BecTHO, yraoeoil koadduun-
eHT KacaTelnbHo# NT ecTb tgo, H OH

ok——(
. B

paBeH NPON3BOLHOA y ' =y'(x), T. €. X x
y' =iga.

C Apyroit cTOpOHbLI, COTAACHO
ycIoBHIO 3amaql tgo = 2x. Crego- Puc. 95
BaTE/NLHO,

V= 2x. (M

B ypapueHnn (1) HeussecTHas PyHKuUMA y = ¥(X) CTOHT fI0A
3HAKOM MPOM3BOAHOM WIH, 4TO TO XK€, ITO ypaBHCHUE COOCPAKUT
[IPOM3BOAHYIO OT HEH3BECTHOM ¢yHKLHH. Takue ypaBHeHHA Ha-
3BIBAIOT OUhPepeHitabHUMU YPAGHERUAMY.

DOyHKIMIO Y(X), KOTOpas yAoB1eTBOPACT yPaBHEHUIO (1), . e
0GpaILAeT 3TO ypaBHEHHe B TOXAeCTBO, HABIBAIOT peiieHue auqﬁ:
deperyuarvhozo ypasrenus, a MpOUECC HAXOKACHUA peuweHnin
aubdepeHIHATBHOTO YPABHEHUA — WHMEZPUPOSAHUEM duppepen-
UUANBHOZ0 YDABHEHUSR,
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flcHo, 4To peleHHeM AnddepeHUNATBHONO ypaBHeHud (1)
ABNAETCA 110628 nepBoobpasHas a8 GyHKUHM 2x. Hanpumep,
y= x? 6yzer pemenueM anddepeHUHATHHOIO ypaBHeHHs (1). Bee
pelueHMs ypasHeHus (1) maiored dopmynoit y = 2 + C, rae C —
MPOM3BONLHOE MOCTOSHHOE YHMCNO. B mrore Mul noayyaem Gecko-
HEYHOE MHOXKECTBO pelicHUi IHbdepeHUHANBHOIO YPaBHEHUS
(1) (kaxgomy sHayeHmo C COOTBETCTBYET CBOC PCLUEHHE).

Kpusyw, seasiomyiocs rpagukoM pelnedus abdepeHUnanD-
HOTO YPaBHEHHA (1) Ha3RIBAIOT uHINEZPAALHOL KPUGOU ITOTO ypaB-
HEHHS.
yl TakuM o6pa3om, MHTErpanbHEIMK

KPUBBIMU ypaBHeHHA (1) aBasiotca ma-
pabonsl (puc. 96)

y=x*+C (2)

OHU nonyuaTcs U3 mapaGosl y=x?

\ CABUroM Ha C eIMHHI BAONbL ocu (Y.

Bce 3Tr napaGonnl of6nafaioT ogHUM

\ OOLIMM CBOHCTBOM, BHIPAXKECHHBIM AHG-

(pepeHLMATbHBIM ypaBHEHUeM (1): Y10~

Pue. 96 BO#l KO3 bUIUMEHT KacaTenbHOM paBeH
YOBOCHHOH aGcuMcce TOUKH KacaHHS.

Hama uckomas uHrerpaneHas KXpusas Y = ¥{x), MO YCIOBHIO

3alaqM, TOAXHA NMPOXOIUTL Yepes Touky M(0; 1). Aar toro uro-

OBl BELAENUTL U3 BCErO CEMENHCTBA MHTErPATBHBIX KPHBEIX (2) Mc-

KOMYIO KPUBYIO, 3AMEHHM B YPABHEHHH (2) x MU Yy KOOPAMHATAMHU

Toukn M. Toraa nonyyum 1 = 0> + C wmu C = 1. CrenoBatein-
HO, HCKOMOH KPHBOIi sIBJISETCa Mapabona y = x2 + 1 (puc. 95).

Beiiie MBI paccMoTpenu muddepeHunansHoE ypaBHeHne (1),

B NIPABOH 4aCTH KOTOPOro CTOHMT GyHKLMA 2x, Boobiue xe, ypaB-
HEHHUE BHIA

Y

wr\\\.

y' =rf(x),
Iae f{x) — u3BecTHaa PpyHKUNA Ha HEKOTOPOM NMPOMEXYTKE, a
¥= y(x) — HEH3BECTHAsA PYHKUNA HEe3aBHCHMOM nepeMeHHON X,
ABMAICTCSL NPOCTEHIIIMM TPUMEPOM AHbDepEHITHATEHEIX YpaBHe-
Hu#l. UHTerpHpoBaHue 3TOro ypaBHeHHS COCTOHT B HAXOXACHHUU
BCEX TIEPBOOBPA3IHMIX (€CH OHM CYWECTBYIOT) (BPYHKIIUM f{x), xo-
TOPBIE, KK M3BECTHO, MOTYT OBITH 3aMHCAHL B BUIE

y=[fdc+c,

e C — MPOU3BOJILHOE MOCTOAHHOE.
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XapakrepHoe cBOUCTBO AU PEepeHUNAJbHEIX VPAaBHEHHH —
HMeTh GecKOoHeYHOe MHOXECTBO pelleHHil. B sToM cMBbIche npH-
BeJdeHHBIH NpUMEp SBASCTCS THMHYHBIM, [TosToMYy, peluus gud-
depeHIMaNnbHOE YPAaBHEHUE, OMMCHIBAKOLIEE HEKOTOPBIN Mmpollece,
HEBO3MOXHO OJHORPEMEHHO HANTH 3aBUCHMOCTh MEXIY BCEMH
BeIHYMHAMH, XapaKTEPH3YIOIHMH JaHHBIH npouecc. UToObl BbI-
IeNUTh M3 GeCKOHEUHOTO MHOXeCTBAa 3aBHCHMOCTEH Ty, KoTopas
OITHCBHIBAET HMEHHO 3TOT Mpollece, HalO HMETH AOMOMHHTENBHYIO
HH}pOPMAIIHIO, HATPHMEP, 3HATh HAYaJbHOE COCTOAHHE MpPoLiec-
ca (B paccmoTpeHHOl 3agade 1 nomonHuTeNbHOH MHpOpMaUUei
ABJSUIOCH TO, YTO HCKOMas KPHBAs MPOXOAMT Yyepes Touky M(0; 1)).

HpuxianHoe 3HaYeHUe I PepeHUHAIBHBIX YPaBHEHHH co-
CTOUT B TOM, YTO pelieHHE MHOTHX 33124 (PUIUKH U TEXHHUKH
NPHBOAAT K COCTABICHHIO H MOCAECAYIOLIeMY HHTETPHPOBAHHIO
nuddepeHIHATBHEIX YPAaBHEHUH CaMBbIX pa3HOOOpasHbIX BHIOB.

3anaua 2 (PagHoakTHBHBIH pacnan). DKCNepUMeHTAanbHO YC-
TAHOBMAEHO, YTO CKOPOCTh paclafa pagus nponoplHOHANBHA KO-
JMUYECTBY HepacnaBlHerocd pamus. M3BecTHO Takke, YTO MOJOBU-
Ha MepBOHAYAIBHOTO 3aMaca paaus pacnagaeTcs Mo UCTeUYSHHHU
1600 ner. Cumrtasi, 4T0 HaYaJbHOE KOJMYECTBO PAJUA PABHO Y,
HaWTH 3aBHCHMOCTE KOJIHUECTBA Hepacragerocsa pailoakKTHBHO-
ro BEeLICCTBa y OT BPEMEHH 1.

Pemenue. CxopocTh U3MEHEHUS GYHKUMH ¥ (T. €. CKO-
POCTh PAOHOAKTHBHOIO pacrajia) B 3aBUCHMOCTH OT BPEMEHH /
paBHa Mpou3BogHoH y (7). Tlo ycioBHIO 3aJavyu

Y0 = —ky(®), Q)

rae k > 0 — kordpUIMeHT NPONOpUHOHANBHOCTH, Y(f) — KOaAH-~
4eCcTBO HepacmaBlLIerocs paiaus, ¥ > 0. B ripaBoii 4acTH ypaBHe-
HHA (3) NOCTaB/JIEH 3HAK MUHYC, TIOTOMY YTO ¢ BO3PACTAHMEM BpE-
MEHHM / KONMYECTBO Padus ¥ B pe3vibTATe pachaga yMeHbWaeTed,
T. €. W(f) — yobiBawiuaa dyHkuus U y (£ < 0.

VpasHeHue (3) asngercs auddepeHunanpHbiM. OHO HMeeT
pelleHre, HampuMmep, GyHKUUS y(f) = €™ yHOBIETBOPSET TOMY
ypaBHeHuio. HaiileM Bce pellicHHA JaHHOTO ypaBHeHus. Mg sto-
ro pacCMOTPUM IIPOH3BOJIBHYIO (PYHKUHIO f{f), YAOBIETBOPAIOLLYIO
(3), T. . F/(&) = —kf (8. Tyt g(#) = f(9) - €. Tornma

FO=(f0)-e) = f/() ¥ + F(1)-e k=
=—kf ()" + k- f()- " =0.
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N3 paBeHCTBAa HYJIIO MPoW3BOAHON g(f) dyHKUUHU g(7) caedyer,
yro g(f) = C — nocrossHHOe YHCAo (NMpH Beex ¢ > 0). [TosToMmy
(- eM=C nm f() = C-e™

CreffloBaTeMbHO, pellieHHsT YPaBHEHU (3) UMET BUA

y@=C-e™*, 4)

rae C — MPOU3BOJIbHOE MOCTOSHHOE YMCIIO.

Mo ycnoBuio 3alayy B HAYaNbHBEIH MOMEHT f = 0 KOMHYECTBO
paaust 66010 paBHO y,. Ionaras ¢ = 0, (0) = y,, 13 (4) HaxomuM
C =y, Torma y () =y, - e*. Kpome TOro, U3 yCcHOBHS 3a1auH

Iy
caeayeT, uro npu ¢ = 1600 KonuuecTBO pagusa OyAeT y = Tﬂ . [Mo-

1 - In2
3TOMY 7“ = ype %y %% = 2. Otkyma & = Teog = 0,00043.
TakuM 06pa3oM, 3aBHCHMOCTb KOJWYECTBA HEPACTIABILETOCS
PAIHOAKTHBHOTO BEWIECTBA OT BPEMEHH BhIpaXaeTcs GOpMyoit
y(f) =¥ '9_0’0004“,
rae y, — HavaibHOE KOJIMYeCTBO pamms mpn = 0. Hampumep,
yepes ¢ = 300 neT mocje Hauada ONBITA GyaeM HMeTb

y=yy e Oreyna y = o701 - Vo MM y = 0,87y,
D10 MPUOMHKEHHOE PABEHCTBO IOKa3bIBAET, YTO TI0 HCTEYe-
auu 300 met coxpaHutes Beero 87% nepBOHAYAIBEHOTO 3aM1aca paaus.
3anava 3 (Tapmonnveckue Konebanus). B dusuxe 6oanwyio
poNib MTPaloT (HYHKUMH f(f), KOTOpbIE YIOBICTBOPAIOT YPABHEHHIO

== £, )

Tae ® — TOMOXUTEABHAA MOCTOAHHASA.

PaccMoTpuM creayiolylo 3agady, NPUBOASIIYIO K YPAaBHEHHIO
BHaa (5). TlycTh K WIApHKY MAcCOH m NMPHKPEIUNEHA TOPH30HTANb-
HO PACMOIOXEeHHAsA Mpy:XWHa, APYToil KOHEL KOTOPOil 3akpellieH
(puc. 97, a). B cocTognun paBHOBECHS KOOpAMHATA X LEHTpa 1ia-
puka cyMTaeTca papHoil Hymo. [Ipu nepeMelmenun UeHTpa lia-
PHAK4 B TOUYKY ¢ KOOpIMHATO! X # 0 Bo3HUKaer cuiaa F, ¢cTpeMs-

Puc. 97
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WasACA BEPHYTh WIAPHK B NojoxXeHHe paBHOBecHs. I1o 3akony
I'vka 3Ta cuina nponopuMoOHaTbHA TNEpEMELieHRIO X, T.¢.

F=—kx,

roe k > 0 (puc. 97, 6). C mpyroil CTOpoHbI, O BTOPOMY 3aKOHY
HploToHA

F = ma,

e ¢ — YCKOPEHHE TNpH ABHXEeHUH 1o npaMoi. Tak Kak yCKopeHuWe
€CTb BTOpad MPOM3BOAHAS OT KOOPAMHATHL, T. €. g(f) = x"(¢), TO

” - k
mx” (1) = —kx () wam x (t)=—;x(r)‘
TaknM obBpa3oM, ABHXCHHE WMAapUKa TIOA ACHCTBHEM CHJ YII-

PYroCTH NMOAYMHEHO YPAaBHEHHIO BHAA (5) mpu w = \/g

Bepremca cHoBa Kk ypasHeHMIo (3). TToxaxem, 4To NpU mo-
OBIX MOCTOAHHBIX A U ¢ QYHKUHA

f ()= Acos{ot + ¢), (6)

ABAAETCA €ro peuieHueM. JeicTBUTENBHO, HMeeM

/

F (@)= (Acos(wt + @) =-Awsin (of +¢),
£ = - Aw? cos(of + ) = —? £ ().

BepHo u oBpaTHoe yTBepXAcHuUE: N0GOE peLIEHHE YPABHEHMS
(5) ectb pyHKUMR BUga (6), rne A > 0, p< [0; 2n] (ZOKa3aTEABCTRBO
3TOrO YTBEPXKACHUS NPUBOAUTCA B KYpCe BhICUIEH MaTeMaTHKH).
[TpoH3BONBHBIE MOCTOAHHBIE A U @ MOXHO ONPENSNHTD, €CIH 3a-
JAaHbl HAvadbHble YCIOBUA:

S©O) =y, S0 =y,
Y3 cKa3aHHOro BHILIE 33K/II0YaEM, YTO KOODIMHATA LeHTpa
LIAPUKA MEHSIETCA 10 3aKOHY

x(t)= Acos(\j%t + {p).

T'oBOPAT, YTO LIAPUK COBEPLIAECT 2apmonuveckue Koaebanus.
Boob1ue, Beakas dpusHyeckas BeTHYHHA, H3MEHAIOIIAACA BO Bpe-
MEHH B COOTBETCTBHY ¢ ypaBHEHHEM (5), COBEPLIAET FrAPMOHHYEC-
koe konebanue. CaMo ypaBHeHHE (5) Ha3bIBAOT Juddepenyuais-
KbiM ypasHeHueM 2apmonuveckux Kosebanuy. Kak BUIHO U3 (bopMy-
nbt (6), TapMOHMYECKOe KOJeOAHHE ABIACTCA MePHOAMYCCKHUM JBH-
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2n - "
¥eHdeM ¢ nmepHonoM T = ~ Y Uacroroi KoneGauna o. Yucno A

HA3BIBACTCA amnaumyoold koaebanus, ¢ — rauarsholl Gazoil koreba-
HuAd,

PaccMOTpeHHBIe 3azadl AOKA3BIBAKOT, HACKOJBKO MOLIHEIM
anmnapaToM HCCIeNOBaHHA ABIIOTCS AMddepeHIIHATbHBIE YPAaBHE-
HiA. MHOrHe 3aKOHbI, yNpaBIsiolne KaKUM-IHO0 NPOLIECCOM, 3a-
THCBIBAlOTCA B BUIe AU depeHIMANBHEIX ypaBHeHHiA, s Toro 4to-
Obl 3HATH, KAK JAAHHBII MPOLIECC PAa3BEPTHIBACTCS BO BPEMEHH, HYXKHO
YMETh pPEIIaTh COOTBECTCTBYIOLIEE AU depeHUHATLHOES ypaBHEHHE.

Bonpocw 1 3aaanus

1. OGBACHHTD, KAKUE YPABHEHHS OTHOCATCH K Quddepe HIHANIBHEIM
YPaBHEHHSIM.

2, [Tpusecty npuMeps TudwbepeHUMATEHBIX YPABHEHHUI,

3. Chopmynuposarh Kakyoo-1H60 3amavy, NPHBOIALLYIO K Jndde-
PEHUMANEHOMY YPaBHEHHIO.

4. YpaBHeHHe KaKOTO BHIA Ha3bBAIOT AWt depeHIIHATLHBIM YPaBHe-
HHEM TApMOHHYCCKMX KoNeGanmii?

YupaxueHns

1. Hdoka3atb, 4T0 GYHKUHA y{(x)} YAOBAETBOPAET COOTBETCTBYIO-
meMy AHbdepeHINATBHOMY YPAaBHEHUIO!

ayy'=y, ylx)=2e; B) p'=-4y, y(x)=cos2x;

0) y'=-5y, y(x)=4¢; 1Py =4y, ypx)=e™* +e2*,
2. Haiitu xoTs 6B OAHO, OTAMYHOE OT HYNA, peiicHue Audde-

PEHUUANBHOTO YpaBHEHH:

Ay’ =9% 06y +y=0 By +36y=0 ndy”=-y

3. HaiiTH KpuBYI0, NpOXOASIIyo Yepe3 Touky M(0; 1) u obnana-
IOWYI0O TeM CBOWCTBOM, 4YTO B KaXITOM ee TOYKEe YIIOBOI KO-
> PHIHEHT KacaTeJbHOM paBeH OpAMHATe TOYKH KAacaHHA.

4. K Havany panuoakTUBHOro pacnaga umenu | r pagusa. Yepes
CKOJIBKO MMHYT ero octaHercs 0,125 r, ecnu ero nepuon no-
Jypacnaaa paseH 3 MUH?

5. Hanucatp anddepeHunaNbHOe ypaBHEHHE TAPMOHHYECKHX
KonebaHui:
a)x=3cos(2t+g); 6) x=2005(0,lr+$).
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6. Joxazats, uro pyHkuua y(x) = ¢* (1 + x) yZOBNeTBOpIeT M-
(hepeHIHATBHOMY YPAaBHEHHIO

y -2y +y=0.

7. Haitith xota 6b1 ONHO, OTIWYHOE OT HyNA, pemieHne audde-
pPeHLHAIBHOTO YPaBHEHUA:

a) y'=-3y; B) y'-25y=0;
6) ¥y =x? +1; r y +2y'+y=0.

8. Haiitn kpusylo, npoxonsiuyio uepe3 Touky M(1; 2) 1 obnana-
I0IIYIO TéM CBOMCTBOM, 4TO B KAXAOH €€ TOYKE YIJIOBOH KO-
>pbHUHEHT KacaTeIbHONH paBeH OTHOIUEGHHIO OPAHHATH H
aBCIHMCChl TOUKH KaCaHMs.

9*, Tlepuoa noaypacnana palHOAKTHBHOTO BELIECTBA paBeH 1 4.
Yepes CKONBKO YaCOB €10 KONWYECTBO YMeHbILUTCA B 10 pas?
BriuncnuTe, Kakas Jons paaus ocraHercsa 4depes 1000 nert,
eCJIM Tepuoj ero monypacnana paseH 1550 jer.

10. lokasaTh, YTO CyMMa ABYX FapMOHUYECKHX KoieOaHui
x ()= A cos(ayt +9,) U x, (t)= A, cos(m,f + ¢, ) Oyner me-
pHoANYecKoil dyHKuUMEH TOrAa ¥ TOJILKO TOrAa, KOIIa OTHO-
IlIEHHe YaCTOT €CTh PALlHOHANBHOE YHCIO £, T. €. % =r,

§ 2. MNousTre o auddepeHIHANLHBIX YPABHEHHAX

1. Ocropusie noHATHA. B npeariayiieM maparpage ObLIH pac-
CMOTPEHB! IIPHMEPHI 33134, KOTOPbie MPUBOIAT K AHddepeHLH-
aNbHBIM ypaBHeHusaM. Jagum Tenephb onpenencHus nuddepeH-
HMANLHOTO YpaBHEHHS M CBA3AHHBIX ¢ HUM OBLUUX NMOHATHH.

Ounpenenenue 1. Jupdepernyuarvhoim ypasrenuem Ha3BIBACTCA
TAKOE YpaBHEHHE (OTHOCHTEJNBHO HEH3BeCTHOH GYHKLHH), KOTO-
pPoOe CONEPXKUT XOTA Obl OOHY M3 TPOH3BOAHLIX HCKOMOW HEeH3Be-
CTHOH (PYHKILHH.

OTMeTHM, YTO KpPOME NMPOH3BOMHBIX HCKOMOH (DYHKIMMN DUd-
(bepeHUIHANBLHOE YPABHEHME MOXKET ABHO COAEPXAaTh TaKXke caMy
HEHM3BECTHYIC PYHKUHIO U HE3aBUCHMYIO TIEPEMEHHYIO X.

Mpumep 1. Vpasaenna y” =0,y = x2+ p2, y'—x =10,
y” + 2y’ +y=3,y" - y” -+ sinx = 0 ABNAOTCA NpUMepPaMH
o depeHIMaTEHEX ypaBHeHHH (30ech ¥ = J{X) — HEM3BECTHAS
GYHKLHA OT He3aBUCHMOM MepeMEHHON X).
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Kax MBl yXe 3HaeM, 3agava o6 onpeaedeHHH HEU3BECTHOIM
(YHKUMH y = @(X) O 3a0aHHON ee MPou3BOIHOH f(X) cBOmMTCS
K PeIUCHHIO YPABHEHMS

y' =7 (D

OTHOCHTEJIBHO HCH3BeCTHON (yHKuHU y. Takyw 3amayy jerko
060611MTh, HAPUMEP, PACCMOTPEB 3a1aYy O HAXOXIEHHH (YHK-
UMK y = (x), yOOBNETBOPAIONICH ypaBHEHMIO

y' = f(x, ) (2)
WM, B O0LIeM Ciydyae, YpaBHEHMIO
F(x,y,y})=0, (3)

CBASBIBAIOLIEMY aPTYMEHT X, HEU3BECTHYIO GYHKUMIO ¥ H €€ NIpo-
H3BOOHYIO ¥’ (CaMM BoIpaxeHus f(x, ¥) u F(x, y, y’) cuHTatoTCH
3aJaHHBIMH).

YpaBHeHHe BHUAA (2) pa3peiieHO OTHOCUTEBHO MPOU3BOLHOM
HEU3BECTHON (PYHKIKU. 'OBOPAT, YTO 3TO YpaBHCHHE 3aAaHO B
HOPMAAbHOUE (hopMe.

MoxHo paccMOTpeTh eille Gosiee o6lIyI0 3a7auy: HAHTH GyHK-
uMe y = @(x), yAOBIETBOPAIOLUYIO COOTHOLIEHUIO

F(x,y,y’,..., {"))=0, 4)

KOTOpO€ COREPXKHUT apryMeHT X, HEM3BECTHYI0O PYHKLHIO y U ee
HPOH3BOAHBIE N0 HEKOTOPOTQ MOPAIAKa A BKAIOYMTEIbHO (Bbi-
paxeHHe F MOXeT SIBHO He 3aBUCETh OT M0G0 U3 BeJHYHH

’ tn-11
X, ¥, ¥Y,...s ¥, HO HENMPEMEHHO JOJIKHO 3aBHCETBH OT y),
Ecnu auddepeHunansHoe ypaBHeHMe 3a]aHO B BHIE

Y= flx, oy, v, y) ©)
T.€. paspeLICHO OTHOCHTEAbHO CTapilieil mpoH3BOAHOMN, TO roso-
PAT, UTO 3TO YPaBHEHHE 3aJaHO B HopMmaibioli popme.
Hauspbiclinii U3 NOpsaakos NPOH3BOAHBIX, BXOMSAIIMX B JaHHOE
nuGdepeHIMaIbHOE YPABHEHHE, HA3BIBAETCA HOPAOKOM YPAGHEHUS.
Tak, ypaBHenua (1)—(3) sapasiorcs auddepeHInaNBHEIMA YpaB-
HEHHAMH NePBOTO MOpsidKa, a ypaBHeHUA (4), (5) — muddepen-
UHANLHBIMH YPABHEHHAMM n-TO nopsaka (r = 1), OueBHOHO, 4TO
ypaBHeHHSA (1), (2), (3) u (5) ABNAIOTCA YACTHBIMM CIy4asasMM ard-
¢depeHunancHoro ypasHeHus (4). Hanpumep, ypabHeHue (2)
MOXHO 3amycark B BUAE (4), ecH MepeHecTH f(x, ¥) B IEBYIO YacTh
paBeHcTBa. Toraa, nonoxue F(x, y, y') = y’ - f(x, ¥) moayuum
YpPaBHCHHE
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Fix, y,y) =0,
T. €. ypaBHeHHe BHAa (4) mpu » = 1.

Juddepenunansaoe ypaBHeHUE (4) HASLIBAIOT OObIKHOBEHHBIM.
OHO COIePKHT MPpOH3BOAHBIE OT GYHKIMH TOJILKO OJHON Heza-
BHUCHMOI MepeMeHHOH X, SBASAIOWIEHCA JeHCTBUTEIbHBIM YHCIIOM.
Boobuwe xe, B TeopHH nuddepeHIHaNbHBIX YPABHEHHI U3YYaKOT-
¢ W TaKHe YPaBHEHHS, KOTOPblE CONEPXKAT HECKOIBKO HE3aBHCH-
MBIX NMepeMEeHHBIX, HEH3BECTHYI0 (PYHKUMIO OT 3TUX MEPEeMEHHBIX
P MPOU3BOIHBIE (TAK HA3BIBAEMBIE HACHIHbIE NPOU3GOCGHbIE) HEU3BECT-
HOH GVHKIIMH MO HE3ABHCHMBIM MEPEMEHHBIM, HAMPHMED,

X7 -y- g =xty

3mech 7 = z(x, ¥y) — HeH3BecTHasA PYHKUUA ABYX HE3aBHCHMBIX
nepeMeHHbIX X U y. Takiie ypaBHEHHS (B OTIMYHE OT OOBIKHOBEH-
HBIX AU depeHUMATBHBIX YpaBHeHHIt (4)) HAa3LIBAIOT Qugppeperyu-
GABHBIMU YPAGHEHUSMIL ¢ HACHHBIMU BPOU3GOOHBMIU.

B nacTosieii rmase Mbl OyIeM PaccMaTpPUBATh TONABKO OObIK-
HoBeHHbIe IUPPepeHIHANBHBIE YPABHCHUA W NMPUTOM TOJBKO
abdepeHIHaANbHBE YPARHEHU EPBOro MOPANKA, paspelieH-
Hbl¢ OTHOCUTENBHO MPOM3BOAHOM, T. €. YpaBHeHHA BHIA (2)

y =fxp,
rae f(x, ¥} — BaHHOE¢ BHIPAXEHHE, CBA3BIBAIOLIEE HE3ABHCHMYIO
NEPEMEHHYIO X U HEU3BECTHYIO QYHKIMIO Y.

Onpenenerne 2. ®yHxkuua y = ¢(x), onpenejcHHasg BMECTE €O
CBOEH MPOM3BOJHON Ha MHTepBaie (a; b), HA3LIBACTCS pelteHiem
Oougppepenyuanrvioeo ypagnerua (2) Ha 3TOM HHTEPBAJE, €CIH 3TA
$byHKLMA, OyIyYH MOACTaBIeHA B (2), oOpallaeT ero B TOXAECTBO,
crpaBemInBoe A8 BeeX xe(q; b), T. €. ecnu

o (x)=f(x, ox)}, xe(a;b).

Mpumep 2. Oyakuua ¥y = ¢(x) =" ecTb pelreHue andde-
PEHLIMAABHOTO YPABHEHHS ¥ = y Ha HHTEPBANE (—o0; +o0),

HeitctButenbHo, y’ = ¢ (x) = (") = ¢* Ha (-} +o). OyHK-
DU @(x) ¥ ¢’(x) onpeNeAcHEl Ha (—co; +eo), [IpH MOACTAHOBKE
y=¢& U ¥y’ = ¢ B ganHoe AMbdepeHUNaNEHOe ypaBHEHHE TOTY-
YHM TOXIECTBO: €* = e
X
3
ABNAeTcs pelleHreM IMPpPepeHLIHANBHOTO YpaBHEHUL y = x? Ha
(=o0; o).

TMpumep 3. Jlerko npoBepuThb, uto GyHxIMa y = ¢(x) =
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HuddepeHunanbHoe ypaBHEHHE MOXET HMETh H He OLHO pe-
weHne, Hanpumep, GyHkiuy suna y = Ce*, rae C — moboe no-
CTOAHHOE YMCHOQ, ABAAITCH PEllcHUAMH AHddepedHiiuansHoro

3

YDAaBHEHHS U3 NpuMepa 2, a GyHKUHHU Buga y = %+ C aBndior-

¢ pelICHUAMH HHGb(GepEeHIHAABHOIO YpaBHEHHS M3 MpHMepa 3.

Takum o6pasoM, auddepeHUNANEHOMY YPaBHEHMIO MOXET
YAOBICTBOPATh HECKONBKO PAa3IMYHBIX DYHKUWIH, H MPUTOM AaxKe
OECKOHEYHO MHOTO (YHKIIHMIA.

OcHoBHoI1 3agaueil Teopun auddpepeHUHATEHEIX YPaBHECHHH
ABIACTCA OTBICKAHHME BceX pemieHuH auddepeHUHANBHOro ypas-
HEHNA H M3YYeHHE CBOWMCTB 3TUX pEILCHHIA.

Onepaluio OTHICKAHUS pellleHHH THbbepe HIHANBHOTO ypaB-
HCHWA HA3BIBAIOT UHMespupoeanuem ypasnenus (He TyT1ath ¢ Tep-
MUHOM «MHTETPUPOBAHHE (PYHKLNM»), TaK KaK 4acTo pellicHHe ayd-
dbepeHIMATHBIX YpaBHEHHI CBOOMTCA K MHTETPHPOBAHNIO (bYHKUMH,

2. HavanwHbie cBefeHHA ¢ MOHATHAX OOWEro W YACTHOIO penre-
uun, 3anaga Komn. ITpuMepsi, paccMoTpennbie B §1 u B myHKTe
I HacTogllero maparpad)a, ZalOT HAM OCHOBAHHE CYMTATH, YTO
Iudvpeperunanpioe ypapHeHHe (2) uMeeT, BooGiie TOBOPS, He
OfHO, a GeCKOHEYHO MHOTO pelleHvMil. UMeHHO, obiee pewenie
ITOTO YPABHEHHA 3afaeTcs dOopMynon

y=olx, O}, (6)

coAaepXaleHd, KpOMe apryMeHTa X, ¢ll¢ U NPOHU3BOAbBHOE [OCTO-
sitHHoe C. Ilpu o>ToM nocTosiHHOe C JOKHO BXOAUTL B DOpMYIY
(6) TakuM 06pa3oM, 4TOGH M3 3TOW (GOPMYJIBI IIPU PATHYHBIX
3HaYeHUAX C MOIIM OBITh MOJIYYEHBI BCE PEIUCHHS YpaBHEHHs (2).

3amenanne 1. B HeKOTOpHIX CAy4adx ypaBHeHHe (2) MOXeT
HMETh eli¢ U OTACABHbIE peilleHUs, He MonyYamluueca U3 GopMy-
AHl (6) HM npH KakoM 3HaueHu# C. TeM He MeHee, H B TAKHX cIy-
Yasfgx FOBOPAT, 4TO GopMyna (6) BHIpaxaeT ofuiee peutenue ypacne-
nug (2) (6onee TouHBIe GOPMYTHPOBKH, OTHOCSUIHECS K TOHS-
THIO O0LIero pemeHHd fJudepeHIMaNbHOTO YPaBHEHHA, AAOTCS
B Kypce BBICIUCH MaTeMAaTHKH),

Besikoe pelieHMe, KOTOpoe MOAYYAETCd M3 OBLIErO pelleHHs
(6), xorga mocrosiHHoMy C HalOT ONpeAcICHHOE YHCAOBOE 3Haye-
HHE, Ha3BIBACTCA HacmHuM peuteruem ypaeuerus (2).

2
[Mpumep 4. y= 52— +C ecTh ofllee pelieHHe ypaBHEHHS

2

+3, y:%—? — 4acT-

x2

y'=X Ha (-eo; +o0), 2 QYHKIHH y = 3

HBIE PCIICHHWA 3TOTO YpaBHEHUA.
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OGBIYHO AN NOAYYEHHSA YACTHOTO PEUIeHHs U3 o0uero rpe-
6y1oT, YTOOB UCKOMash GYHKLHA y NPU HEKOTOPOM 3HAYSHHUH X,
apryMeHTa x MPUHKMMANA 3aAaHHOE 3HAYEHHE Y, T. €. YTOOH
¥(x,) = y,. IIpH 3TOM YHCIO X, HA3BIBACTCS HAUAALHbIM 3HAYCHUEM
apzymerma, a MMCIO Y, — HG4QibHuM 3Hauenuenm gynxuuyu. B copo-
KYMHOCTH YHCHA X,, Y, HA3HIBAIOTCA HAYAAbHbMU OGHHbIMU. Y CIO-
BHE, YKa3BIBAIOWIEE, YTO OPH X = X, 3HaYeHHe HCKOMOH yHK-
LMW y JONMXHO PaBHATBCA WHCAY ¥,, HA3BIBACTCH HAYGAbHBIM YCAO-
guem. [IOBCTABUB HAYAMBHEIE MaHHBIE B (6), MBI TIONYYAM yYpaBHEHUE

Yo = @(xy, ©),

g onpeeneHus 3HaueHHA C (T. €. [ ONPeAcNeHHA YaCTHOro
pellcHAA)}.

3agaya 0 HaXOXIEHHH pelreHud auddepeHUNaIbHOTO Ypas-
HEHHA, VIOBIETBOPAIOWIETO 3aJaHHHM HAYATBHEIM YCIOBMAM, AB-
nseTcs oAHOM M3 OCHOBHBIX 3aJa4 TeopuM IudrdepeHUNANBHBIX
ypasHeHuil. Takasg 3ana4ya HaspiBaeTcA 3adaueid Kouwtu.

B ofmeM Buoe ang mudPepeHUNANBHOTO ypaBHEHHS AepBOro
nopaaka B HopManbHOM dopMe (2) 3apava KolM cTaBUTCA Tax:
TpebyeTcst HailTi pewieHue y = y(x) ypaBHeHus y' = f(x, y), yaoB-
JIeTBOpAIONIee HAYANBHOMY YCNOBHIO (ycrosuro Kouu)

Hx) = ¥,

Ipadux peimennsa muddepeHINaNbHOIO YpaBHEHUS HA3bIBa-
ETCA uHmeepasbHol Kpueoli 10r0 ypapHeHHUs. [losroMy reoMerpu-
yecki 3anauy Koy MoXHO chOopMyAUpoBaTH TaK: Cpelu Beex
HHTErpabHBIX KPHBLIX ypaBHeHHA (2) HAlTH Ty, KOTOpas IPOXo-
IDUT 4epe3 3aJaHHYI0 ToYKy M(x,, y,) KOOPAHHATHOW MIOCKOCTH.

3ameqanne 2, [Ipu onpezencHHLIX OrpaHHYEHHAX, Hajarae-
MBIX Ha TIPaBYIO 4YACTh yPaBHeHUd (2} , T. €. Ha dyHKIMIO (X, ¥),
pewrcHMe 3anauu KoM cywecTsyeT (yeaoBUud CYILECTBOBAHKA H
¢IMHCTBEHHOCTH peleHHa 3a7a4 Koy paccMaTpUBAKOTCH B
Kypce BBICLLCH MaTeMaTHKH).

HManee, 4acTO B TIpOIECCE OTBICKAHWA OOLIETO pelleHud Aud-
(epeHIIMAIBHOTO YPAaBHEHHS (2) MPHUXOAAT K YPABHEHHIO, HE pa3-
peLicHHOMY OTHOCHTENIbHO V, T. €. K COOTHOLIEHHIO BUIA

o(x, y, ()= 0. M

IIpu 3TOM BEIPA3UTh y U3 (7) ABHO uepe3 MIBECTHBIE IEMEHTApP-
Hbie GYHKIIMK He Beeria Bo3MOXHO. TeM He MeHee, M B TAKOM
cnydae ofllee pelleHHe YpaBHeHHs (2) cYMTAeTCAd HaliAEHHBIM (B
CMEBICTE CYHIECTBOBaHMA PYHKIUMMK ¥). B 3TOM cnvyae paBeHCTBO
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(7) HA3BIBAIOT ofwuM uHmMezpaIoM OuddhepenyuarbHoes ypagnenusa
(2). CooTHOIlIIEHHE

o(x, y, C) =0,

noayyaemoe u3 (7) mpu AOIMYCTHMOM YacTHOM 3Hadenuu C = C,
HA3LIBAIOT 4acMHLIM uHmezpaiom oudpepenuuansroeo ypaenenus (2).

Npumep 5. Ana nupdepeHnManbHOrO ypaBHeHHd y = .-%
cooTHolreHue x2 + y2 — C =0, rae C > 0, apasgercsa oOWUM HH-
TerpaioM (HOKA3aTeNbCTBO 3TOro (hakTa GyAeT JaHO B CIEAYIOLEM
naparpadge).

HaitneM 4acTHHIH MHTErpaj JAHHOTO YPaBHEHMS, YAOBIETBO-
pAIOIMI HayanbHOMY ycnoBuio y(3) = 4. UMeem 32 + 42 — C =0,
wnu C = 25, CnegosaTeabHo, x2 + y? — 25 = 0 — TpeGyeMuIit
YACTHRIA HHTETPAL.

Ob1ero MeToaa MIs OTBICKaHHA pelneHnil juddepeHUHaNb-
HOro ypaBHeHHs (2) He cyulecTByeT. [103TOMY MpUXOIUTCS pasie-
AATh YPaBHEHHUA 9TOT0 BHIA Ha KJACCH W MCKaTh METOHBI peille-
HHA AT KaOXKAOTo Kiacca ypaBHeHHI B oTAenbHOCTH. B crnemylo-
uMx naparpagax Mb PacCMOTPUM HECKOABKO KiaccoB audpde-
PEHIHANBHEIX YPaBHEHMIT MEPBOTO NOpAnKa, paspeileHHBX OTHO-
CHTENBHO NPOU3BOAHON ¥, pelUeHHd KOTOPEIX MOXHO BHIPAa3HTDb
B AEMEHTAPHBIX GYHKUMSIX (MO0 >TU pelleHns BBIPAXKAOTCA
yepe3 HeolpeaeJeHHbIe HHTETpanbl OT A¢MeHTapHBIX GYHKUHIA
HIH, KaK TOBOPAT B TAKHX CAYYasx, pelleHHe Bhrpaxaercd B
KBampaTypax).

Bonpocsl 4 3a3aHus

1. Jatr onpemenedne anddepeHHaTBHOTO YPABHEHUS.

2. Yro HazbiBaeTcs NOpAAKoM AudbepeHIHaNbHOTO YPaBHEHNS?

3. Jare onpelencHUe pelieHUsa AU(dEpeHIHANLHOTO YpaBHEHHS
Yy =f{xy).

4, YTO Ha3HIBAETCA MHIETPUPOBAHNEM MHGNpepeHIMATEHOTO YPABHEHA?

5. OOLACHHTD, YTO HA3KIBACTCS HAYAJBLHDBIM YCIOBUEM.

6. CihopMynupoBath 3agavy Kowy naa auddepeHIHATHHOTO ypaB-
HeHHA y¥’ = f(x, V).

7. Uto Ha3bIBacTCA MHTErpaibHON Kpupoi AuddbepeHIHANBHOTO
YPAaBHEHHA?

8. ChopMynupoBaTb reoMeTpudecKH 3agaqdy Kouin.

9. Yto nmoHHMaeTcs o oblMM HHTerpanoM middepeHIHATLHOIO
YpaBHEeHHUA?
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Ynpaxuoenus

L. ITposepuTs, YTO GYHKUUA WX) ABAAETCA PEIICHUEM COOTBET-
cTBYI0MIEro AuddepeHIIHANBHOTO YPABHEHHSL:

a) y(x)=2cosdx, y"+16y=0;
6) y(x)=3cos(2x+m), y"+4y=0;
B) y(x)= 4sin(%—§), y'+:11-y =0;
D ¥ =1sin(0,4x +1), »"+0,16y = 0.
2, Haiitn oblee pemweHne AugdepeHIMATLHOIO YPABHEHN!
a) y-2x=3; B} ¥ =cCOsSX;
6) vV =-x+1; 1y =xlnx.
3. Haiitu yacTHoe pemweHue nud¢pepeHIUaNbHOTO YPaBHEHHS
y - x* =1, yoosretBopaowmee HavanbHOMY YCnoBMioc y(0) = 3.
4. Cpenm BCex HHTETPAILHBIX KPUBBIX QuchdepeHIaIbHOrO Ypap-

HeHMsA Y’ = e* +1 HalTH Ty, KOTOpas NPOXOINT 4epe3 TOUKY
M1 1.

5. Hoka3zathk, 4T0 GYHKUMSA Y(Xx) SBAAETCA PELICHHUEM COOTBET-
CTByIOILErQ AUddepeHIHaNBEHOTO YPaBHEHUS:

a) y{x)=cosx+sinx, y"+y=0;
B) yix)=x+cosx, y'+y-x=0;
B) ¥(x}=xlnx-x, y'=Inx;
r) y(x)= %x“ +xP 2% £ x40,y =5,
6. Haiitu obuiee peuwiende nud@epeHINansHOrO ypaBHEHHS:
ayy"=x;, 6)y ' =Ihx; B y¥ =5 1)y = xcosx

7. Haiitn dacTHoe peieHne auddepeHUHATBEHOIO YpaBHEHHS
(1 +x?)p’ = 1, ynopreTBopAWOIIee HAYANBHOMY YCIOBHIO

y(1)=;.

8. HaiiTu AMHUIO, IPOXOASLIVIO Yepes Touky M(2; 0} 1 oGraga-
I0IYI0 TEM CBOWCTBOM, YTO OTPE30K KACATEIbHOH MexIy
TOYKOM KacaHHsi H OCBIO OPAMHAT MMEET TOCTOSHHYIO JUIUHY,
PABHYIO ABYM.
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§ 3. Ypasuenns ¢ pa3zeasioliMMBCa nepeMeHHBIMR

AuddepeHUIHANBHOE YPABHCHHE
y' =fx p

HA3BIBACTCA YpasHeHleM ¢ pasdemmmumuca RepeMennbimMit, ¢CJIH €TI0
MOXHO 33aTTHCaTb B BUIE

¥’ = o(x)y(y), (1)

T. €. €CJIM €0 MPAaBYIO YacTb MOXHO TPENCTABUTh B BHIE TIPOH3-
BeldeHHUS ABYX GYHKUMNA, OAHA U3 KOTOPBIX ABAAECTCS (PYHKIIHEH
NepeMeHHoM x, a Apyras — ¢GyHKUHUeil nepeMeHHoH y (B YacTHO-
CTH, MOXET ObITh ¢(x) = C,, w(y) = C,, tme C,, C, — IOCTOSIHHLIE).

IMpeanonaraerca, yro GyHKuHH ¢(x) H W(y) HENMpPepbIBHE B
COOTBETCTBYIOILIUX TIPOMeXYTKaX {(a; b) W (c; d), npuueM y(y) =0,
ye{cd),

YpasHeHue (1) pelraercs cieaylomuM oGpaszomM. Kak ussecr-
HO, AudrpepeHuHan GYHKUHUH B TOYKE PaBEeH NMPOU3BEIEHHIO
MPOH3BOOIHON GYHKIIMH B BTOH Touke Ha AUdpepeHLIHAT HE3aBH-
cHMoOI nepeMeHHol (cM. § 4, rmasa XIII), 1. e. dy = y’dx. Duo-
depeHumnan dx HezaBUCHMOH NepeMeHHOI X paBeH €ro MpHpalle-
HHIO Ax, npuueM Ax = 0. [ToaToMy MpoOU3BOAHYK ¥y’  MOXHO

.,y
NpeACTaBUTE Kak 4acTHOe J' = — InGdepeHnaios dv U dx.

Torna ypapHeHue (1) MOXeT OBITH 3aIIMCAHO B BUAE

=o(x)-y(y). Q)
¥MHOXad obe yacTu paBeHCTBa (2) Ha dx U dens obe 4yacTH Ha

y(y), 3allMIUEM ero B BHJE

&
()

B MONYYEHHOM YPABHEHHMH B OJHOM €ro 4YacTH HaXOOUTCS BbIpa-

= (x)dx, (3)

1 o
XeHHe Wdy OT TIepeMeHHOM ¥, a B OpYroil yacTH — BbIpaxe-

HHe @(x)dx OT mepeMeHHOl x. B TakoM cliyyae ropopsr, 4ro xe-
pemerHbie pazdeaenut.

DyHKIMK ¥ @{X) HENPePHIBHEI B COOTBETCTBYIONIMX TIPO-

L
w(v)
MeXYTKax {c¢; d) u (a; b), cnenoBaTesbHO, OHU 06NANAIOT MEPBO-
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1
obpasubpIMHU. Tlycts ®(y) — ogHa M3 NepBOOOPAIHBIX LIS v Ha

(¢; d), a Kx) — oaHa W3 nepBoobpa3HEIX 41 ¢{x) Ha (a; b). Torma

dy _ .
Im—tb(yHC., J¢(x)dx—F(x)+C2, 4
rae C,, C, — npousBoAbHbIE TMocTosHHBIE. Ecin Teneps B (3) He-
KoTopasa PyHKLMA y = y(x)} o60o3HavyaeT pelieHHe ypaBHeHHS (1)
Ha (a; b), TO COOTHOIUeHHE (3) ABASETCA TOXICCTBOM TNMpPH BCEX
xe(a; b), 1 MOTOMY HMEEM
1

—dy = ¢(x)dx  rme y = y(x), x=(a; b).

viy)
Orcioga ' (y)dy = F'(x)dx unu d®(y) = dF(x}. 3 nocneadero
TOXAECTBA MOXHO 3aKJNIOYHTh, YT0 GyHKUUM F(x) u O(y), rae

= P(X), OTIMYAKOTCI TOIBKO MOCTOSHHbIM CNATAGMBIM, T. €.

®(y)=F{x)+C;-
Orciona, ucnonssys (4), moayyaem j%—C, = j{p(x)aix-Cz +Cy,
HIH

J'W) Jotux +c, )
e C =C, +C; —-C, — Npou3BOJbHOE MOCTOAHHOE.

CooTHomeHUe (5) cBA3BIBaeT pelleHHe y(x) ypaBHeHus (1),
HE3aBHCHMYIO MTepeMeHHYI0 X H NpOH3BOABHOE MocTofsHHOe C.
DTO COOTHOIICHME MPEACTaBsieT OO0l OOLIUH WHTErpan ypas-
HeHud (1).

Ecay AOMOAHUTENBHO YAACTCA Pa3pellinTbh COOTHOWEHHE (5)
OTHOCHTEJIBHO MCKOMOH QYHKUHM y(X), TO TIONYYUM YXe pelle-
HHe ypaBHeHHd (1) B ABHOM BHOe (7. . 00lliee pellleHHE YpaBHe-
HHA).

3ameuanue . B HeKoTOpBIX cAyyasx COOTHOLIEHHE (5) ompe-
JleasieT pelicHHe ypaBHeHUA (1), OBITD MOXeT, He IpH nwbom
JeMCTBHTEIBHOM 3HaUeHUH MOCTOAHHOTO C, a IMINL B HEKOTOPOH
NONMYCTHMOI1 007aCTH €ro N3MeHEHM.

IIpumep 1. PaccMOTpUM cHoba auddepenunalbHoe ypaB-
HEHMe U3 MpHUMepa 5 TIpeRbaylero naparpaga, T. €. ypaBHeHHe

y_ X
¥’
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DOT0 ypaBHEHUe ABIAETCHA YPABHEHHEM € PA3EISIONIMUCH Tepe-

1
MEHHHIMHM (3mech ¢(x) = —x, y(y) = =) DyHkuHA ¢(x) Hempe-
PBIBHA Ha UHTEpBANE (—oo; +e), a HyHKUUSA W(y) HenmpephIBHA Ha
MHOXECTBE (—oo; 0)(0; +eo), mpuyeM yw(y) = 0. Pasnenas nepe-

MeHHBIE, HONYYUM ydy = —xdx. IHTerpupys, Haxoaum
jydy =—jxafx+C.

Orkyna i——ﬁ+C wmn x? +y? =2C =C,. Utak, o
> =-5 , - , TIOJYMIIH

obmuit uHTerpan x° + y? - C) =0 ang 3amanHoro andepeHUN-
QIbHOTO YpaBHeHHA. SICHO, YTO MOJIyYeHHHIA OOIUMII MHTerpan
ONpeNesseT y Kak GyHKLUNIO NepeMEeHHON X JIHIUb NpH YCIOBUHU
C, > 0 (r.e. nocrosHHOE C| He MoXeT GHTh B NAHHOM CJIy4ae
TIPOM3BONBHBIM ACHCTBHTEABLHBIM YHCIIOM).

CornacHo ckasaHHOMy paHee (cM. § 2, dopmyna (7)), 3amady o

X
HaXOXIeHHMHU pellieHUs ypaBHeHUs Y = —= VXe MOXHO CYUTaTh

paspelleHHOM, TaK KaK HaijeH ollMi HHTEerpan 3Toro ypasHe-

HUsl (MOXHO, KOHEYHO, HARTH U ofllee pelleHHe 3TOro Indde-

PEHUHMANIBHOTO YPABHEHUA, BLIPAZHE ¥ Yepes X B COOTHOWEHHH
IIpumMep 2. Pelwuts ypaBHeHMe ¥ = (y2 + I)-cosx.

Peunrenwme. [JaHHOE ypaBHeHMe ABAAETCA YPABHEHUEM C pas-
ACIA0IUNMHCA NePeMEHHEIMH. 3aech @{x) = cosx, w(y) = ¥ + 1,
DyHKUMH ¢(x) U W(¥) HEMPEPBIBHE BCOAY M W(y) = 0. Paznenss

Fe )
NEPEMEHHBIE, TOIYIHM — [ = cos x dx . MHTerpupysa, HaxoIuMm
¥

+
dav
v2

i Icosxdx Wi arcigy = sinx + C — o0uiuit uHTErpan

AudpepeHIMATIBHOTO YPABHEHHS.

Pewad nocnennee ypaBHEHNE OTHOCHTENBHO y, MOJYUAEM YXKe
obluee pelieHne y = tg(sinx + C) zamaHHoro auddeperHaIbHO-
I'0 ypaBHEHHS.

3amevanne 2. MoXeT CAyUUTBCA, YTO MPH PELUIEHHHM HEKOTO-
PBIX AU depeHIHANBHBIX YPAaBHEHHH HEONpeAeNeHHbIE HHTETPa-

dy
JIB J.W‘) WIn j ¢{x)dx Heness BEIPA3HTh B KOHEYHOM BHJIE Ue-

Pe3 U3BECTHHIE 2JE¢MEHTapHEE (QYHKUHHN H, CIEAOBATCNBHO,
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HeNb3s OyAeT Bblpa3sHTh obliee peleHHe TH@P(EpeHUHaIbHOTO
ypaBHeHHS B BHIE, He COACPXAIIEM ONEPalii UHTerPHPOBAHHA.
TeM He MeHee, H B 3TOM CAydae 3amaya HHTCTPHPOBAHHWS YpaBHeE-
HUA CUMTAETCHA pellleHHON (MOCKONBKY OHA yXe CBeAEHA K HM3y-
YeHHOM paHee 3aJayue BBIYUCISHHUA HEONPEACNCHHBIX HHTEIPATOB

OT 33/IaHHBIX MYHKIMA, T. €. CBeASHA K KBanparypam).
, 2
Mpumep 3. Pewuty ypaBHeHME Yy = " |

.2
Pewenune. Paznensa mepeMeHHble, MoAyuuM ¢ dy = dx .
2
OTtkyaa je‘ dy = de +C, wim

J.e“zdyzx+C.

.2
H3BecTHO, YTO HHTEIPA Je‘ dy HeNb3sA BHIPA3MTH B 3IeMEHTap-

HbIX dyHKIMax, QOQHAKO 3a7avy WHTErpUPOBAHUA AAHHOTO AMd-
(bepeHUMaNBHOTO YPABHEHHS MOXHO CUHTATh pelleHHOH (Mo-
CKOJIBKY 3aJa4a CBelleHa K KBaaparypaM).

3ameuanue 3. [Ipu oTeicKaHuM O0WIErO MHTerpana (5) mpea-
nojaranock, 4ro w(y) # 0 mua secex ye(c; d). Ecnn xe npu Heko-
TOpoM y = y,e(c; d) mMeeM y(y,) = 0, T0 cOOTHOWIEHUE (3) YXKE HE
ByAeT UMeTh CMBICNA (MMOCKOALKY MPH ¥ = J, B 3HAMEHaTeJIe OKa-
xetca uuciao 0). B TakoM cnydae pyHkuua y(x) = y, TaKxe SBISI-
eTCd penieHveM guddepeHUHaTbHOrO ypaBHeHud (1), Tak Xak
cneBa B (1) umeem y’ = (y,) = 0, u cupaBa HMeeM ¢{x) - W(y) =
= @(x) - y(y,) = 0, T. . dynkuua p(x) = y, obpanraer (1) B TOXKIE-

Fril
cTBO. [ToCKOABKY B 2TOM cAy4yae HHTerpan me( ) IpH ¥ = y, HE

ONpEAcACH, TO NOAYYEHHOE pelieHHe y(x) = y,, BooDlLe ropop4,
HE BXOAUT B coctap obwero uHTerpana (5). ITostomy, pewmad ypas-
HeHHWe BHMIa (1) pazfencHUEM MEpeMEHHbBIX, OTACIBHO CIeayeT
TIPOBEPATD, €CTh K PEIIEHHS J(X) = ), ONpPeNeisaeMbie YCIOBUA-
MH y{(y,) = 0, y,e(c; d). Ecnm Takme pellieHHA HMEIOTCS, TO HX
Hago NMPHCOSTHUHHTE K HalOeHHOMY (METOIOM pa3feacHus Mepe-
MEHHBIX) OOIlEMY PELUEHHIO ypaBHeHHSA {1).

Mpumep 4. Perunuth ypaBHeHHe ¥y’ = y 2,

PemeHnue. Hpaay}o 4YacThk YpaBHEHHA MOXHO INpPeACTABUTE

B BUZE ¢(x) - w(y), THe @(x) = L, yw(y) =y Ilpu stom y(y) =0,
ecan y = (). [ToaroMy, CHavana mofaras, yro y = (), pasneanm Ine-

av 1
peMeHHBEe., UMeeM i dx . UHTerpupyd, HaXoOouM =X C,
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WIH y = -ﬁ — obuiee pellieHHe 3adaHHOTO AudpepeHUHANDb-
HOTO YpaBHCHHSL.

Tlpu aeneHuM obeunx vacredl pudPpepeHUHATEHOIO ypaBHeHUS
HA ¥? HaMu OuINO TIOTEPAHO elie OXHO erg PelieHHe, a MMEeHHO,
dyHKIHA ¥(x) = 0. BT0 pellleHHe He MOJYYaeTcd H3 00LISTO HU
NpH KakoM {KoHeuHoM) 3HauyeHHH C. CleaoBaTejJbHO, MHOXECTBO

BCEX pelieHuil 3aganHoro AMddepeHINANLHOIO YPaBHEHTA CO-

CTOUT W3 ero OOLIEro pelieHUud y = __I_C H pewweHus y(x) = 0.
X+

Boupoch M 3a5anns

1. B kakom crydac muddepeHunaTbHOE ypasHeHde ¥’ = f(x, y) Ha-
IBIBAKOT YPABHEHHEM C PAZACAAIOINMUCA NepeMeHHBIMU?

2. [Ipueectu npumMepr! aHdPepeHUHANIEHBIX YPaBHEHWUH ¢ pas3aers-
IOIMMHCS MEPeMEHHBIMH.

3. Kaxate tpeGoBaHist Haaaralores Ha QYHKURH ¢(x) 1K y()) B ypaB-
HeHHH ¥ = ¢(x) * w(3)? YTO TIPOUCXOIUT, €CAIH B HEKOTOPOH TOU-
Ke ¥, 3HaueHHe y(y,) = 0?

4. Hanmncars obnmi vHTerpan ypaeheHHsa ¥y = ¢(x) * w()),

Yanpaxnenus

1. OnpeaenuTs, KakKHe W3 HMXKECTEAYIOWHUX YPABHEHHI ABISIOT-
cA audpdepeHUHANEHBIMH YPaBHEHUAMH ¢ PasIeNTIOHMUCS

nepeMeHHBIMH:

Ay =x-y; N x-y'+1=0; X dy—(x+Dydx=90;
’ . N . d]’ ¥

0)y'=x+y; my+y=0; 3) 530

B) x-y' =0; e)%—sinx-cosy:();

2. Pewiuts gugdepeHUHANBHOS YpABHEHHE:

X :
a)y':?; B) ¥y =e cosx;

6y =(y <1} s D (D=1
3. PeminTh ypaBHeHHe:
a) (x2+Ddy+2x(y-1dx=0; B) ¥ - xty=0;

6) dy~y'dx=0; r) J1-y?dx + yy1 - x2dy = 0.
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4. Haittn JacTHoe pelueHue audpdepeHIHANBHOTO YpaBHEHHS
siny - cosx dy = cos y - sin x dx, YIOBNETBOpsIOLee Ha4YaJLHO-

My yenouio  y(0) = %.

5. PelruTh ypaBHEHMeE:

a) y =(x+D(y+1); B) e"z-y’=x+l;
drv _ cosx ot
6 &= )y y=e".

6. PelinTh ypapHeHMe:
a)y'tgx—-y=1;
6) y' =10™";

B) xdy=%;

NDx-yy=1-x.
7. Haiitn yacTHoe peweHue aAudpepeHINaTbPHOTO YpaBHeHHS
y-sinx =y Iny, yiopaeTBopaIOLiee HAYAIBHOMY YCJIOBHIO

-

§ 4. Juneiinbie ndppepeHnnaTLHLIC YPABRCHAS
NepBoro NopanKa

AnddepeHunanbHoe ypapHeHHe BHAA
Y +plx)y=q(x), M
rae p(x) U ¢(x) — 3a0aHHBle HA HEKOTOPOM HHTEepBaie {a, b) GyHK-
UMy, a y = y(x) — Heu3pecTHad GYHKUMA, HASLIBACTCS AuHelHbIM
Ouhpepernuuarbivim Ypagrernuem nepeoco nopaoka.

Ecny ¢pyHkums g(x) =0 Ha (a; b), o ypaBHeHHe (1) Ha3bIBaAKOT
RUHETHWM 0OHOPOOHUM Outhihepenyuanbioim ypasnenuem (WA ypaB-
HeHHeM Oe3 npaBoil yactH). Ecnn xe ¢pyHKuma g(x) Z 0, ypapHe-
Hue (1) HA3BIBAIOT AUHEUHWM HEOOHOPOOHLIM OUPDepeHliiarbHbM
ypaerenuem (WIH ypaBHEHHEM C IPABOH YACThIO). '

IMycts yHKUMK p(X} U ¢(x) HEMPEPLIBHEL HAa UHTepBane (a; b).
[ToxaxeM, yt0 ypaBHeHHe (1) HHTErpHpyeTcd B KBaapaTypax Ha
3TOM HHTEpRANE.

PacemoTpiM cHadana nyHeilHOE OJHOPOZHOE YPaBHEHHUE

y+p(xyy=0. 2

9710 ypaBHEHHE HA3LIBAIOT €ll¢ YpaBHEHUEM, COOTBETCTBYIOUIUM
3afaHHOMY HEOAHOPOOHOMY ypaBHeHUIO (1). B ypaBHeHuu (2) ne-
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pEMEHHbIE JIETKO pa3nensioTcd (T.e. ONHOPOAHOE YpaBHEHHE sIB-
JACTCS YpAaBHEHUEM ¢ PaslessiclIMMUCs nepeMeHHBIMU). Jeil-

: di
CTBUTENBHO, ¥ = -p(X) y WM -jxl =-p(x)-y, 1.8, o =-pX)dx

(npu y = 0). UdTerpupysd, HaxonuM

In|y} = —j p(x)dx + C,.

Otciona |y| - e-lbfx)d.HC] PR R F E T , WIH y = +o51 . g folx)x

O6osHavas e uepes C, MOMYdM

y=C.el?% Caq. 3)

Paznensia mepeMeHHble, MBI noTepsyik pemeHue y(x) = . Econ

YCJIOBUTBCS MOCTOSHHOMY C B (3) MPUIMHCHIBATE TaKXKE 3HAYCHUE,

paBHOE HYJK, TO MOAYYUM OOLLee pelIcHWE OOHOPOJHOTO YpaB-
HeHHA (2) B BHC

y=C. gl 4
C — moBoe MOCTOAHHOE YHCAO, KOTOPOE CONEPXKUT PEIIeHHE

¥x)=0.

Tenepb nepefigeM K OTHICKAHHK O0WIETO pelLUCHWS AHHEHHO-
ro HeomHOpomHOro ypaBHeHHA (1). CylliecTByeT HECKOJIBLKO MeETO-
0B pelUeHHA 3TOTO ypaBHeHHA. 3[eCh MBI PACCMOTPHM TaK HA-
3bIBAEMbIil Memod gapuauuy npou3soabHoll nocmoskHold (WU memod
Hazpansca).

SicHo, uto ecu ¢(x) Z 0, To byHkuMS U3 GopMybl (4) He sB-
AAeTcd pelleHHeM HeogHopoaHoro ypapHeHuda (1). [MocraBum
CICOYVIOUTMI BOTIPOC: HeNB3s M B 001eM perieHuH (4) MUHelHo-
ro OZHOPOIHOTO YPaBHEHHA 3aMEHHTL TIOCTOAHHOE ( HEKOTOPOi
¢dyHKHHEH 0T x TAaKMM 00pa3oM, YTOGH BBIpAXKEHHE

C(x) . e—jp(x)dx

cTajo pellieHHeM HeOTHOPOTHOTo ypaeHeHuA (1)

HUrak, B bopmyne (4) Oyaem cuutath C He MOCTOAHHBIM YHC-
noM, a Hekotopoll ¢yHkumeit ¢ = ((x) (3HAUUT, NMOCTOAHHAA Be-
AHYHHE 3aMeHATCA MNepeMeHHOM, T.e. BapbHpyercd). [Ipu sToM
monaraeM, uto C(x) obaagaeT HenpepbIBHOKH NMPoHM3BOAHON Ha (a;
b). Onpenenum 31y GYHKUMIO TaK, ¥TOOBI

y = C(x). g0t (5)

yIOBNETBOPSAAA HEOJHOPOAHOMY YpaBHeHHIO (1), T.e. pelleHHe
ypaBHeHus (1) vmieM B BuAE {5).
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IToacrasum Beipaxenue (5) 1uis y B ypasuenne (1) ¥ npeoGpa-
3yeM ypaBHeHue. Torga HMeeM

(C(x) el o(x)a ), +p(x)-C(x) /79 = 4 (x),
C'(x)- €% _Cx) 1% p(x) + p(x)- C(x)- €179% = g(x),
Cr(x) i e-—[p(x)dx = q(x) ,

C'(x) = g(x) - el "™,
OT1Kyaa

Cx) = [g(x)- e ax 1.y,

rae €, — TIpOH3BOJNBHOE MOCTOSHHOE (HEMOCPeACTBEHHO MpPOBe-
pdercd, 4ro npu TakoM ((x) dynxumsa uz dbopmyan (5) yaosier-
BOpAET yYpaBHeHHIO (1)).

IloacraBasa HaliaeHHoe BhIpaxeHue st C(x) B GopMyny (5),
NOJIyYHM 001uee pellleHHe JIMHEHHOTO HEeOAHOPOIHOTO YpABHEHHS
(1) B BUIE

v = ([ a0 M s ). et
HIH
y=C, - PR PRSI IQ(X) LI ' ©

[Tonyyennaa ¢opmyna mng obliero peweHHs ypasHeHus (1)
ABASETCA TpoMo3aKoii. Ha mpakTHke HeT HeoGXOMMMOCTH 3aro-
MHHAaTh 3Ty $opmyny. BaxHO MOMHHUTE THLL ¢aM NPHBEACHHEBII
CIOCO0 pelleHHs ypaBHEHHA (1) U MPHUMEHNATD €TO CHOBA B KaX-
JAOM KOHKPETHOM CIydae.

Mpumep . Pewnrk ypaBHeHHe x -y +y = x7°.

PeweHue. [IpuseneM cHavana JaHHOE YpaBHEHUE K BUIY
(1}, UMmeem
’ l
y + TV x (7)

JIuneiiHOE OMHOPONHOE YpaBHEHHE, COOTBETCTBYIOLLES ypaB-
HeHUKO (7}, MMeeT BHA

sl
y+;-y_0.
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Pasmensas nepeMeHHbIe H HHTETPUPYA YPaBHEHHE, TTOJIYYHM

av voodry d:
a‘:—l;, ?:—?I, In|y|=-n|x+C

(yzo6Ho monoxute C, =In|C|, C = 0). Torma In|xy| = In|C| unm

C
xy = €. CaepgorateaAbao, QyHKUIAL YV = 3 ABaseTcs obmuM pe-

LIcHHeM JHHeHHOrc OMHOPOIHOTO YPaBHEHHA.
Tenepr HuieMm 061lee peuleHHe THPPEPpeHIIHATBHOTO YpaBHe-
Hu4 (7) B BUIE
Cix
y= ®)

X

rie C(x) — HEU3BECTHAA (PYHKLMR IEPEMEHHOH X, MPHYEM TaKasi,

yTo PYHKUMS y = 9_(;) VIOBIETROpAET ypaBHeHUWO (7).

IMonctasnsas pbipaxenue (8) ans y B ypaBHeHue (7), Monydum

[C(x)) + L™ Cl)x-Clx) 1 C(x)
X

) _ L0,y SOy O = 2
X x? x? ' x 7

3
Otkynsa C(x) = 53—+Cz, rae €, — IPOM3BONbHOE IOCTOAHHOE,

TMoacTaBasag Teneps MoAyYeHHOE BhIpaxeHHe 119 C(x) B GopMy-
ay (8), monyanm

CrneposarennHo, ofluee penieHue ypaBHeHUs (7) (a 3HAYUT, U UC-
XOIHOFO YpaBHEHHA) MMEET BUJ
x2 + Cz
r= 3 X
rae C, — NPOM3BOIBHOE MOCTOSHHOE.

Mpumep 2. Pemrurs ypapuenne (1+x2)dy-(xy+x+x )=
Pemrenue, ITpeobpasyeM 3T0 ypaBHEHHE:

x1’+x(l+x2)

@ _ ,
& e 0 YT

142 yEx
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= X,
y Lex? = (9)
IIpouHTETPHPYEM COOTBETCTBYIOUIES NHHEHHOE OJHOPOIHOE
YpaBHEHHC!
ar X
y —_—— y = O —_—=

y
Ly l+x

dx,

2

St

dr _ dli+x? _1 2
SR Inly|=3n(1+x*)+C,.

Honoxus C; =Inl|C|, C = 0 umeem

In[y|=Invl+x? +InfC|, y=CVl+x%.
Teneps nieM pelienue 3aaaHHoro audhepeHUMANEHOTO YpaB-

HeHus B Buie y = C(x)Vl +x? . MogcTaBisg 3To BEIpaxeHUe B
ypaBHeHMe (9), noayaum

C(x)W1 + x? +C(x)-—’-—— C(x)w!1+x

\.‘ x
C'OeWl+x? =x, Cl(x)= T%
l+x
Otkyna
de= L [2092) L1 2Y 7 404 00) =

1
(1ex2)2

1
=+x*)+C,
rae €, — NPOU3BOABHOE NOCTOAHHOE. CNEef0BATENBHO,
y=(V1+x? +¢,) J1+x* . T.e. obumee peurenne 3agaHHOro
YPABHEHUA MMEET BUI
y=1+x+CV1+x?,

rac Cz — NPOU3IBOABHOE MOCTOAHHOE,

@F Bonpocyt 4 3ananns

1. Kakoe ypasHeHMe Ha3bIBaeTCA THHEHHBIM TH(GhepeHIHATLHBIM
YPaBHEHHEM NEPBOro Nopamka?
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2. B kakoM <iiydae JuHeliHoe nuddepeHIMATLHOE YpaBHEHUE MEP-
BOTC NOPSIAKA HA3BIBAIOT OAHOPCOHBIM?

3. O6BsacHHTE Meton JlarpaHxka (MeTON BapHALMH MTPOU3BONBHOMN
MOCTOAHHOM).

YopaxHennsa

1. Onpenenuts, Kakie W3 HMKCSCASIYIOWUX YPABHCHUK ABNAIOT-
¢ NHHECHHBIMHA AudbdepeHITHANTBHEIMA YPaBHEHHSIMH NEPBO-

ro mopdaiKa:
8)y'-3y=0; 0yt =1;
6) y' —cosx = xy; a2,
x:y e) dx y_xs
B) ¥ + xp = 2x; X) Y +x0 Yy =Jx;

r) xIny +y=cosx;
2. Pewruth ypaBHeHHE:
a) y'+4y =10;

3) y' =x* +1.

B) y'+y=cCosx,
1-2x
XI
3. Haiitu yactHoe pelleHue AuddepeHUHATBEHOIO YpaBHEeHU
y-ygx=

w0y =0,

6) ¥ +2y = 4x; r) ¥+

y=l

cosx ’ YAOBJIETBOPAIOIlECE HAYATIPHOMY YCIIOBUIO

4. Pemruth ypaBHeHHe:

2) 2xdy +(x? —6y)dx =0; 6) = =2y-x,

5. Haiiti 4acTHoe petiieRre AHdPepeHUHAIBHOIO YPaBHEHHA

X-y' == = X, YIOBIETBOPAIOLIEE HAYATBHOMY YCIOBHIO wWl)= 0.

6. ITyctes y (x) n y{x) — ABa PasiIHYHBIX PELUCHUS YPABHEHHS
¥+ p(x)-y = q(x). Doxaszars, uto GyHKuus y=y +C (3 -»)

ABNAeTCA OGIUM pelneHHeM TaHHOro ypaBHeHHs (C— mpo-
U3BOJILHOE YHUCIIO).
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YopaxneHss A4 NOBTOPEHHA

1. HaiiTu KpHBYIO, TIPOXOISLIYIO Yepes TOUKY (2; 3) u oGnagamw-
Y0 TeéM CBOHCTBOM, YTO OTpE30K JI00oH ee KacaTeNbHOM,
3aKTI04eHHOI MeXdy KOOpOIUHATHHRIMH OCAMH, JENMUTCA T10-
nmonaM B TOYKe KacaHWd.

2. 3aKOH PACMAZA Pajusi COCTOMT B TOM, YTO CKOPOCTh pacniaga
POTIOPLUHOHATBHA HATHYHOMY KOMHYECTBY paausi. M3BecTHO,
uTO IONOBHHA TIEPBOHAYAJBHOTO 3aMaca Pamvs pacnalacTes
no uctedenun 1600 mer. Hasnrty, Kaxo# MPOUEHT OKaXeTCd
PACTIABLIMMCS [0 HCTEYCHUH 100 ner.

3. Halitu obulee peineHHe AnddepeHIIHATPHOTO ypaBHEHHA.
a) y = 4x° +3x7 +2x+1; oy -x=x°

x+]

6) ¥y =—; e) y -sin3x=0;
6 =1

X
B) y" =sin2x + x; X} y

T) ) = cos2x; 3) y -x-sinx=1.

4. Haiity peliedne AndbdepeHiinansHoro ypaBHECHKHA xty' =1,
yAOBNETBOPAIOWICE HATAIBHOMY yeaosmio (1) = 1.

5, CpeaB UHTErPANTBHBIX KPUBBIX ypaBHEHHUA y —~Inx =1 HaiTH
Ty, KOTOpas NMPOXOONUT Yepe3 TOUKY M(1; 3).

6. PeuluTe ypaBHCHUE!
B) y* +1dx =xydy;

6) y' =% Dy =33
7. Haiiti pelueHHe YpaBHEHUA, yaOBNETBOpAOLICe HATAIBHOMY
YCNOBHIO!

a) y’»ctgx+y=2,y(0)=—l; 6) y'—2xy2 =2x, W0)=1

a)y -y +x=0;

8. PeuiuTh ypaBHeHUE ty?dy +(1-y)dx=0.

9* JaMmelsIolLee OelicTBHE TPeHHA Ha AHCK, ppaiaouunics B
KMIKOCTH, TPOTIOPIHOHAIBHO YIN0BOM CKOPOCTH BpalLeHHs.
HaiiTH 3aBHCHMOCTb 3TOI YINOBOH CKOpOCTH OT BpPEMCHH,
ec/Ii M3BECTHO, UTO NKCK, HA4aBLIMi BPaaThCs €O CKOpoC-
1pi0 100 06/MHH, IO HCTCHEHHH | MMH BpalacTcsl CO CKOpO-
cTbio 60 06/MHH,
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10. Pewuntsh ypapHeHue;

dv 2
D ErFr=Y B) y'=2x(x? +p);
6) xy’ -2y =2x*; Nx-(y-yr=e.

11*. Haiith peuienne ypapHeHus (2x + Dy =4x+ 2y, ynosner-
BOpsiIollee Yeropuio Q) = 2,

12*, IycTs Yy B Y, — NBa PAasNMYMHHX PCIIeHWS YpaBHEHHA
Y +p(x)-y = q(x}. Tpx KakoM COOTHOIIEHMH MEXay HocTo-

AHHBIMH o M B nuHeliHad KoMOMHaNHA oy, +By; Oyaer pe-
LICHHEM NaHHOTO ypaBHeHMs?
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I''IABA XV1

SJIEMEHTLI
KOMBUHATOPHUKH

§ 1. Ocnosusie hopMy/Iht KOMORRATOPRKH

1. Beepenne, [Ipu pemieHUKH MHOTHX MPaKTUYECKHMX 3a7ay
TIPHXOAUTCA M3 3aAaHHOTO MHOXECTBa 00BLEKTOB BHIGUpATDh 3M¢-
MEHTBI, O0NaAaloNIe HEKOTOPEIM CBOMCTBOM H pacliofiaraTh 3TH
3/IEMEHTBL B OTIpeRe/ieHHOM NMopgnke. B Takux 3afavax oOBIYHO
pPeYb HOET O TEX WIM MHBIX KOMOUHALUAX OOBEKTOB K MOITOMY
HX HA3HIBAKT KoMOuramopHsiMu 3adaxamit, 3 oBJIaCTL MaTeMaTH-
KM, B KOTOPOH #3yualoTcd KOMOHHATOPHEBIE 3aJa4yH, Ha3bIBAIOT
KomOunamopurou.

HpupegeMm HeCKOALKO NMPUMEPOB KOMOWHATOPHEIX 337a4:

1. PacionoxuTe Ha npsgMoii 6 Touex W 3 OTpe3Ka Tak, YTOOHI
Ha KaXNoM OTpe3Ke OhINO Mo 3 TOuKH.

2. Pacnomoxuts uncia 1, 2, 3, 4, 5,6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16 TaK, YTOGH OHHM OOpPA3OBHIBATH «MATHYECKHH KBaApaT»,
T.6. KBafpatHylo TabOAuHy d3 4Hcel, B KOTOPOil CyMMBI YHcCeR Mo
BCEM CTPOKaM, BCeM CTONOHaM M obeHM AuaroHamsaM OBLIM OIH-
HaKOBHI.

3. OnpeaenuThb, CKOJbKHMH COCODaMH MOXHO H3 10 mManb-
YKHKOB 1 9 JeBoueK BEIOpaTh KOMAaHOY M1 MIPH B WaXMAaTH.

4. CKONbKC BapHaHTOB Haio BHIOpaTh MIA TOro, 4Tobel OT-
KPHITh AUTIOMAT ¢ 6-3Ha4HO# Lydpoii?

DTH npuMepbl MOKA3LIBAIOT, YTO KOMOMHATOPHLIE 33Ja4M pas-
JeJAITCA Ha 33Ja4d, B KOTOPHIX HYXHO: HaHTH XOTA OBl OZHO
pellieHHE TIOCTABJICHHON 3alaul; HAlTH Bee pelllcHUsA TOCTABJICH-
HOH 33aJa4K; HAHTH YHUCJIO BCEX peleHHH 3afadui; cpelH pas/iud-
HBIX CIIOCOGOB peIIcHMA 32Za9YH HalTH ONITHMaJbHBIH CIIOCO0;
JOKAa3aTh, YTO 3a4a4a HE MMEeT peliicHHA.

Mu 6yzeM paccMaTpUBATh JHIIb T¢ KOMOMHATOpHBIC 33a0a4H,
B KOTOPHIX TPpeOyeTCad HANTH YHCAO BCEX PeLleHMH.

2. PaaMemeHHA ¢ NOBTOPEHHAMH,

Onpeaenenne 1. Ilycts 3anaHpl Henycrhle MHOXecTBa X, X,
-wos X,. Kopmeacem Onunvi #, COCTABNEHHBIM U3 3JIEMEHTOB THX
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MHOXCCTB, Ha3biBaeTcd JM00asd KOHEYHAs MOCAeIOBaTeAbHOCTD
BUAA O = (X, X;, ..., X ), [HE xeX,l1<ksn
DINEMEHT X, Ha3HIBAETCA k- Koopdunamoii Kopmexca o.
fipnmep 1. U3 MHOXECTB {a, b, c} {1, 2} MOXMO coCTaBUTD
6 Koprexeil LIHEe 2:
(a, 1), (a, 2), (b, 1}, (b, 2}, (c, 1), (c, 2).

[Tpumep 2. Caoro «anreGpa» sieagerca KOpTeXeM IJIHHE! 7,
COCTABAEHHEBIM W3 OYKB.

Ilpamep 3. Yucao 13572 apnserca KODPTEXKEM ATHHBI 5
COCTaBACHHBIM U3 LHP. 1

Ipumep 4. Moboe ynopanouyeHHOE KOHEYHOE MHOXECTBO
ABAACTCS KOPTEXKEM, KOOPAUHATH KOTOPOTO pa3iH4yHbIL.

Onpeaenense 2. JBa KopTexa HA3LIBAIOTCS PABHBIMY, €CJIH
OHH UMEIOT OJMHAKOBYIO AIMHY M UX KOOPAHHATHI, CTOALIME HA
MECTAX C OAHOMMEHHBIMH HOMEPAMH, SBISIOTCA OXMHAKOBBIMMU.

Npumep 5. Koprexu (3, 4, 5) n (327, ¥Ye4, ¥125) pasubi,
MOCKOABLKY HMX ITMHEI OJMHAKOBH U

3=327, 4 =364, 5=34125.

[Tpumep 6. Koprexu (a, b, ¢) u (b, a, ¢) ne paBHBl (pa3nny-
HBL), XOTA UMEIOT OAWHAKOBYIO AAHHY M OJHO M TO K& MHOXe-
CTBO KOODAWHAT (3TH KOOPIMHATH CTOAT B Pa3HOM nopsake).
PaznnyHeiMp saBagioTes u KOpTeXH (a, b, ¢) u (a, b, ¢, d) — oum
MMEIOT pa3Hble MTHHEI.

Onpenenenne 3. KopTex, He comepxammii H1 oIHO#M KOOpIHN-
HATBl, HA3BIBAETCH MYCMbIM.

YTobbI pasnimMyaTh KOPTEX M MHOKECTBO B DanbHeHllleM AnA
0DO3HAYEHUs KOpTexXeil ByaeM MCMOIb3OBATH Kpyrable CKoOKH.

Onpegenenue 4. ITycts X» X, ..y X, — HemycTble MHOXeECTBa.
Heicapmoswim npoussedenuem 3TUX MHOXECTE HA3BIBACTCS MHOXE-
CTBO, COCTOANIEE M3 BCeX KOPTeXeil BHIA

(x,, Xy, ..., X,), £ xeX, 1 <k<n

HexapToBo mpon3BedeHHe MHOXECTR X, A, ..., X, ofo3Haua-
T X X X, %X .. x X

[lpumep 7. Myets A= {a, b, ¢}, B={d, e}, Torna
AxB={(a,d), (a,e), (b,d), (be), (c,d), (c,e)} u
BXA={(dsa)s (d’b)s (d,C), (e,a), (e,b), (G,C‘)}.

DTOT NPUMED MOKA3bIBAET, YTO, BOOBIUE TOBOPA, AEeKApTOBEI
MponsBeAcHNst A X B U B XA aBnsioTca pasTuuHBIMU.
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Mpumep 8 HaiiTh wKciI0 BCeX KOpTeXeH ANHHH K, KOTO-
pble MOXKHO COCTABUThH U3 3AEMEHTOB MHOXECTBA X, €CliH YUCRO
3MEMEHTOB TOI0 MHOXECTBA PABHO M.

Pewenue. TpebveTca HAHTU YUCHO BNEMEHTOB JAEKapTOBa
npousseneHust X x X x ... x X (k-pa3). Tak KaK MHOXeCTBO X
MMEET #1 PA3HBIX TEMEHTOB, TO YKasaHHOE¢ ACKApPTOBO MPOU3BE-
JAeHUE BYIET COCTOATL U3 m* 31EMEHTOB.

Onpeaenensie 5. KopTexy ANUHL &, COCTaBNCHHBIE W3 DJe-
MEHTOB M-3JEMEHTHOTO MHOXECTRA X, HA3bIBAKOTCSH pasmeienus-
Mi ¢ HOGHIOPEHUAMEU U3 M IAEMEHINOG HO k.

. —
Yucno TakMx KopTexei obo3HavyalT Ax . TakuM obpasom,
cripaBedniMBa opMyna

—k .
Am = mlﬁ.
Mpumep 9. CkoabKo 4- 3HAYHBIX YHCEN MOXKHO COCTABWTD

W3 AecaATH UMpp
0,1,2,3,4,5 6,7, 8,0

Pewenue. YeTbipexsHauHbie YUCAA ABAKIOTCA KOPTEKAMU
[UTHHDBI 4, COCTaBIEHHBIMH U3 3AeMeHTOB MHOXecTBa X = {0, I, 2,
3.4,5,6,7, 8, 9} Mo gokazaHHO QopMyne HX 4KHcao Oyaer paBHO

A = 10 = 10000

Mpumep 10. CKONBKUMU cnocobaMH MOXHO 3 Pa3aMYHBIX
KOH(IET PACTIPEALTHTE MEXAY TpeMa AeTbMU?

PeuwreHue. B 1anHoM npUMepe MOXKHO CUMTATh, YTO AETH
COCTABASIOT MHOXKECTBO W3 TPEX 2NEMEHTOB, a ATHHA KOpTeKa

pasHa 5. Torza A; = 3% =243 . CnenosateNbHo, 5 KOHDET MEXAY
TpeMs JETbMH MOXHO pacnpenents 243 crocodbamm.

3. Pazmemenua Ge3 nosropenHit. bynem reneps coctapnnte U3
MEMEHTOB M-3JeMEHTHOTO MHOXKECTBA Y yNnopaaoueHHble KopTe-
KW ONUHE k. JIpYriMH ciioBaMu, OylieM paccMatTpUBaTh KOPTEXKH
AJNUHB kK 6e3 NOBTOPAIOWHXCA 3TeMEHTOB,

Onpeneaenne 6. YIopsaoueHHble KOPTEXH ANHHBI K, COCTaB-
NeHHBIE U3 3MEMEHTOB M-31EMEHTHOTO MIIOXKECTBA X, HA3BIBAKOT-
C pazmeenusmu Ge3 ROBMOPEeHull U3 m 24€MeHmos no k.

Yucno Takux KopTexeid obo3HAYAIOT Yepes Ay

Mpumep 1i. HafiTn ynciao pasMelleruit 6e3 NOBTOPEHHUA M3
in 3MEeMEHTOB 10 X.

Pewenue. [IepBoit KOOPIHHATON KOPTEXKAa MOXKET OHTH
060 B3 3MeMeHTOB MHOXecTBa X. Tak Kak MUCIO 3TUX 3/eMeH~
TOB PABHO M, TO TMOJYYaeM BCETO m CIoCo0O0B.
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Ecnu nepewii s1emeHT X, YXe BHIOpaH, TO BTOPOH 3/MEeMEHT
MOXHO BEIODaTh TONBKO 1 — 1 cmocoBaMu. AHAIOTMYHO, eciu
BHOpaHbI NBa 9IEMEHTA X, U X,, TO TPETUH SMEMEHT X, MOXHO
BEIOpATh TOJIBKO M — 2 cmocoGaMu U T. 4.

TakuM obpasoM, uMeer MecTo GopMyra

Ay =mim-1)m=-2). . Am-k+1).
IoayyeHnylo GopMyy MOXHO 3aIHCaTh B YAPOWEHHOM BHIE KaK
Kk oml
" (m-k)!

MMpumep 12. OnpeaenanTs, CKOJBKHMH CIIOCOGAMH MOXKHO
BBIOpaTe U3 30 y4eHMKOB CTApPOCTY KJIACCA M OTBETCTBEHHOIO 34
peaKOoIerHIo.

Pewenne. Kaxaplii BriGop siBaserca pa3MenueHueM 6e3 ro-
BTOpeHH M3 30 snemenToB no 2. [Mo3ToMy YHCIO Cnoco6oB paB-
HO Aj =30.29=870.

4. ITepectanorku Ges nosropenmit. Ecin mimHa pasMelueHus
0e3 MOBTOpEHMIT paBHa YHMCAY M 3JeMEHTOB MHOXECTBA X, TO B
3TOM pa3sMEIUEHUH BCTPEYANOTCSA MO ONHOMY pa3dy BCE IEMEHTH
U3 X. JiBa TaKuX pasMelleHHs OTAMYAIOTCS APYT OT Ipyra JHIlb
NMOPAAKOM 3THX JEMEHTOB.

Onpenenense 7, [Tepecmanosxoii 6e3 NOBMOPEHULE U3 M INeMEHINO8
HA3bIBAIOT pa3MelIcHHE B¢3 NMOBTOPEHHUI U3 3THX 3JEMEHTOB MO M.

Yucno nepecraHoBOK §e3 NOBTOPEHHMIT M3 M 31EMEHTOB 060-
sHayator yepes P . Tak kak

Py=Ay =mGm-D(m-2)..(m-(m-1),
TO ClipaBeUInEa GopMyna
P, =m!

ITpumep 13. Cxonpkumu cnocodamu MEXAY 5 NWIbMH
MOXHO DACIPENETHTE § pasnuYHBIX JODKHCOCTei?

PemeHue. 3aHyMepyeM TOMKHOCTH aiomeil Kak 1,2, 3,4, 5
H nod x, 6yaeM MoApa3syMeBaTh UMS YeJOBEKa, HA3HAYEHHOTO Ha
AOJKHOCTB ¢ HoMepoM k. Torna (x,, Xy, X3, X4y Xs) — IEPECTAHOB-
Ka U3 MMEH 3TUX 5 JIofiei, npuyeM Kaxmaoil Takoil TepecTaHOBKE
COOTBETCTBYET OAUH M TONBKO OAHH CIOCO6 HA3HAYEHHUS Ha AOJ-
KHOCTb. [103TOMY YHCIO COCOB6OB GYIET paBHO

Po= 5= 120.
5. Coueramua Ge3 nosropennii. ByneM renepn CTPOUTb U3 3JIe-

MEHTOB MHOXecCTBa X He KOPTCXM, a pasNHYHbie NOIMHOXECTBA.
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Onpenenenue 8. k-37eMeHTHBIC IOAMHOXECTBA M-31CMEHTHO-
ro MHOXecTBa X HA3BIBAIOTCHA covemanuamu 06e3 nosmoperuu us

IICMEHINOE HNO20 MHONCECmaa no k. ) .
Ypcno coyeTaHMii 063 MOBTOPEHHI W3 m 3INEMEHTOB IO

k
o6osHayalot vepes C, .
MpennaraeM yuTaTemoe B Ka4ecTse YIMPaXHEHUA N0KA3aTe, UTO
YHCNO COUETAHMI Ge3 NMOBTOPeHMIt U3 M IEMEHTOB MO K BBIYHC-

nsercs Tio gopmyne
& '
k _ Am k _ __m— .
Co =7 . G, = K i(m—k)!

Mpumep 14. CKONBKUMH CIIOCOOaAMH MOXHO COCTaBHTH KO-
MaHIY U3 3 YenoBeX LIS COPEBHOBAHMSA T10 TUIABAHHMIO, €CITH HMeE-
©oTes § NAOBLOB,

Pewenune. Yuciao cnocoboB paBHO

3 == _..I =
G =35~ 133

6. [TepecTanoBKH ¢ noBTopeRHamMn. PaccMOTpUM cHavana cre-
ayomui npumep. TIpu nepectaHoBke OYKB B CIOBE «Opex» MONY-
yaercst Beero P, = 41 = 24 cnos. BosbMeM Ipyroe cloBo, COCTOs-
Wiee K3 ueThipex OYKB, Hanpumep, cJoBo «o3oH». Ilpu mepecrta-
HOBKe GYKB B PTOM C/IOBE MOJYYMTCHA MeHbpllUe pa3nHYHBIX cnm;i
MOCKONABKY MEPEecTAHOBKA ABYX OYKB «O» HE U3MEHACT CIOBA.
STOM CNyyae MBI HMeeM AeNO ¢ MepecTaHoOBKaMu ¢ nosropeHnerku.

Onpenencnie 9. Hepecmanoskoll ¢ ROSMOPEHUAMU cocTasa (k,,
k,, k., ..., k) n3 OYKB a,, @,, @;, ..., &, Ha3HIBAIOT moboil KopTex

, b

TuHb k. + k, + ... + k_= n, B KOTOPEIH GyKBa a, BXOOWT k|
ANHHB k| , o m , ol
pa3, GykBa @, BXOAWT &, pa3 W T. 1., OykBa g, BXOOMT K pas. .

Yuc10 TAKMX NePEecTaHOBOK 0Go3HaqaloT uepes P (&, Ky ooy )
HmMeeT MecTo popmyia

ik = otk
Pn(kl,kz,...,km):m,rﬂeﬂ k1+k2 "

Mpumep 15 CkonbKo CI0B MOXHO MOAYYHTD, MEPECTaBIASA

OYyKBBHI B COBE «O30H»? .

PemeHue. CIOBO «030H» SIBAACTCA KOPTEXKEM IUIMHBI 4,

UMelouIuM cocTas Buaa (2; 1; 1) (bykea «o» BXOAMT 2 pasa, Oyksa

«3» — | pa3, 6ykBa «H» — | pa3). I1o3TOoMy UHCIIO NEPECTAHOBOK
(CIOBR) PaBHO

4 1234

BB =5mn =10 =1
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fr‘.; Bonpoch u 3ananus

1. Yro Takoe xoprex?

2. Kak ofpefensaeTcs AeKapToBO IpOU3BeneHie A X B?
3. Jam» onpenenenne pa3merieHus ¢ MOBTOPEHUAMI.

4. llate onpeneneHue paMeweHns 6e3 NOBTOPEHHIA.

5. datb onpenenerue MEPECTAHOBKH 03 NOBTOPEHH .
6. Hatb onpeneneHye couetanus Ges MOBTOPEHHI,

7. Narb onpenesieHne mepecTaHOBKH ¢ HOBTOPEHHSIMHU.

Ynpaxuenns

1. CocTaBuTh Bce KopTexu (g, b) nnHb 2, ecin ae{l, 2, 3, 4},
be{, 1,2, 3, 4},

2. CocTaBUTb BCE KOpTexXH (a, b ¢} ANWHH 3, ecan aef{0, 1),
be {0, 1}, cc{0, 1},

3. Haiitu nexaprtoso mpousBenenye Ax B, ecnu A= {1, 2, 3, 4},
B=1{0,1, 2 3,4}

4. Haiitu nekaproso npoussegenne Ax A XA, ecnu A= {0, 1}.

5. CKOMBKHMM cNOCOGAMH MOXHO Pas’noKHTL 8 pasnuuHbIx ge-
TAJIeH N0 5 quInKkam?

6. UmeeTcs nabop u3 9 kaprouek. Ha TPeX M3 HUX HAMUCaHa
GykBa A, Ha Tpex Ipyrux — GykBa B U Ha TPeX OCTANBbHBIX —
Gykga €. CKONBKO pasaAMuHbIX KOMGHHALHI OYKB MOXHO TIO-

JY4MTb, BeIOMpasA 13 HaGopa 3 KAPTOYKH u pacrnoJ/aras ux B
onpedcteHHoOM Hopaake?

7. CKONBKUMH CIIOCOBAMY MOXHO COCTABHTD TPEeXUBETHHIH MO-
JIOCATHIA dhrmar, ecii HMEITCa TKAHU CeMHM PAINHYHBIX HBeTOB?

B uexe paGotaer 10 Tokapeit. CKONBKUMM cTIOCOBAMN MOXHO

NOPYYHTb YETBIPEM U3 HUX U3TOTOBIEHHME YETHIPEX PA3ANY-
HEIX BHOOB JeTaneif?

e

9. U3 12 pasmmyHeIx KHur BHIOupatoT 3 ansa nonapka. CKoAbKu-
MH CTOCOBaMU 3TO MOXHO CAENATH?

10. CkonbkuMy criocobaMi MOXHO 06UTh 5 CTYNbEB TKAHBIO,

€CAN MMCIOTCA TKAHM NSITU PA3AMYHBIX UBETOB W BCE CTY/Ibsl
JNOKHH GBITH PA3HOre LiBeTta?

I1. CkonbkUMHK ciocoBamu MOFYT pacno/araTbCa B TYPHUPHOF
Tabanue 12 byrGonbHBIX KOMAHA, ecnu H3BECTHO, YTO HMKZ-
KHE¢ 1Be€ KOMaHIbl HE Habpaak MOpoBHy 04KoB?
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12. CKONBKUMH crocoGaMy MOXKHO BbIOpaTh 5 AENCraToB U3 co;
cTaBa KOHMEPEHIHH, Ha KOTOPOH TPUCYTCTBYET 25 YeNOBEK:
13. V ogHoro YenoBeka ecth 10 pasIMYHBIX KHHI MO JIMTCPaTy-
pe, a y Apyroro - 12 pasnu4yHBIX XHHUT IO MaTeMa?THKC.
¥
CKONBKAMU CIOCOGAMH OHM MOTYT OOMEHATh 2 KHUTH?

14. CKOAPKUMU cHOco0aMH MOXHO 3alOJHHUTL KapTOHikKH
«Crnioptnoro» (6 w3 36)?

15. CocTaBuTh Bce KopTexkn (a, b ¢) amiuel 3, ecau aelx, )i,
belx, y}, celx, ¥l

16. Haijitu mekaproBo Tipou3BeacHue AXAXA, ecmu A = {x, y}.

17. CKOABKAMH ¢cTIOCcOBAMH MOXKHO DACTIPENCTHTDb 5 Pa3IvuHbIX
MOZAPKOB MEXITY TpeMs KeHIUHHaMu?

18. Umeerca Habop M3 16 KapToyek. Ha YeThipex M3 HUX Halhca-
Ho 1, Ha yeThIpex APYTHX — 2, elle Ha YeThpex — 3 W Ha ue-
toipex ocTaBwiuxca — 4. CKONbKO pasiHYHBIX KOoMOUHAIUIA
undp MOXKHO IMONYYUTH, BhIbUMpasd n3 Habopa 4 KapTouku H
pacionarag X B HEKOTOPOM nopsaxe?

19. CKONBKUMH CIOCOOaMH MOXHO COCTABUTb MATHLBETHBIM TO-
nocaThlil ¢uiar, eciM MMETCsS TKAHM BOCBMU Pa3iHUYHBIX
1BETOB? .

20. B Gpurane paGoraet 10 pasHopabounx. CKOILKHMH cm‘)?co a-
MM JIBYM K3 HMX MOXHO TIOPYYUTb ABE PasHble pabOTHI’

21. B Mara3uMHe MMéeeTCs 5 pa3HbIX pyvYeK W TPH pasHbIX KapaHia-
uia. CKOJBKO pa3fiHMHBIX KOMILIEKTOB, concpxamoux PYUKY H
KapaHaam, MOXHO MpHOOPECTH B 3TOM MarasHHe:

22. B MarasuHe umeeTcsi 6 copToB KoHbeT U 4 copra TeueHb.
CKOABKO PazTHYHBIX TIOKYNOK, COAEPXKALINX OAHH COPT KOH;
(eT W ONMH COPT MEUCHbA MOXHO CACNATE B 3TOM MarasuHe:

23. CKOABKO MOJHBIX pa3iHUYHBIX 00€10B MOXHO COCTaBUTD,
ecli B MEHIO MMEIOTCH 3 M3 MEPBEIX, 4 U3 BTOPHIX M 2 K3 Tpe-
Teux Garon?

24. Ha xuixHoil monke jexaT 20 kuur no anreGpe, 12 KHur no
reoMeTpun M 18 KHur mo usnke. CKOABKHMU criocoGaMi
MO3KHO BbIOGPATh TPH KHMIH TakK, YTOObI OAHA KHHTA GbU};a mo
anrebpe, Apyras — IO TEOMETPUH, TpeTbs — MO (pu3MKe!

25. CKOMBKO TPeX3HAYHHX 4Mcen MeHbux 400 MOXHO cOCTa-
BuTh ¥3 undp 1, 3, 5, 7, 9, ecnu aobas U3 3THX uungp Mo-
KeT MCTONB30BATLCA TOJBKO ONUH pa3?
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§ 2. Bunom Huiorona. Tpeyromsmux Iackans.
ChoiicTa SHHOMMABLHBIX Ko3drpunnenron

1. Tpeyroannux IMackans. Anist pasnoxeHus cremeHeidl Bra
(a+ by, ne N yno6Ho ucnone3osars dopmyry 6vHoMa HeloToHa
1 TaK HasbIBaeMBIH TpeyrombHuK ITackana (. rmasy IV yacru I,
HanoMmunM, uto mpeyeoastuxom Hackans HasblBaeTCA TaGNMHULA BUAA

1 1 n=1

I 2 1 n=2

I 3 3 1 n=73

1 4 6 4 | n=4

I 5 10 10 5 1 n=>5
1 6 15 20 15 6 1 n=6

3aech KO3 PUUMEHTHI O KpasgM TabAWUBI paBHH 1, a BHyT-
PEHHHE KO3QDMUHEHTD JI0G0i CTPOKH NOAYYAWTCSA KAK CyMMa
ABYX COCCOHUX KO3IPGHHUHMEHTOB U3 NpeablAyuIeii CTpokH. [Ipu

HOMOWMH TaKoH TaGaMUBl MOXHO HAXOMHUTDH Ko3hdUiIueHTH B
PasfioxeHuu (g + b)".

Hpumep 1. Paznoxurs (a + b)S,

Pemenue. Bocnonbsyemces KoabdulmeHTami CTPOKH, CO-
OTBETCTBYIOINEH n = 5. Torga umeem

(@+b5Y =@ +5a°b+ 100’ +10a%6° + 5ap* + 5

2. BunoM Hewrona. TIpn 601b0HX SHAYEHHUAX # NOJAb30OBATL-
¢4 TpeyronbHukoM [Mackana Heyno6Ho. Tak, HaMmpuMep, npu »# = 20
HEOOXONMMO TOCNeN0BaTEbHO 3aniHcaTs 19 NpeIbIAYIIHY CTPOK.
B ofwiem crnyyae yaoGHee vcrions3osarh dopmyry Guroma Heromona:

(@+b)y"=Cla" +Cla™'p + Cla"p + ..+ Crlab™ + Crpr ,

t
rae GHHOMManbHbie KodbduunenTh C* = fn_:)"k_* ,0<k<n,

k, ne Z (BbIBOA 3TOM bopMyne! NpuseseH B raase IV yacty I).
Hanpumep, npu » = 5 umeem
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(a+bY =C2d° +Cla*b+ C2a’B? + ClaPb® + Clab® + C3P° =
=a +5a*h+ 102’6 +10a°0° + 5ab* + .
IIpumep 2. PaznoxuTh K YIPOCTHTE BhIpaxkeHHe (x + 2)°.

Pewenue. [MpuMeHan dopmyry GuHoma HeiootoHna mpu » = 6,
HMEEM pasNoXeHHe

[3
(x+20 =28 +2C0%° +22CAx* + 22C3%° + 24 X2CH + 25 xCP + 28

Tak xak

61 ) _ 6! 56 3 6L 456,
C‘;:nszzﬁ’ Gogmi=z=15 G =3m~133

4 6l s_ 6 _

Cs =4!2!_15’ c = 5515_6’

TO, MOACTABIAAA 3TH 3HAYCHHS KOSCDCDHL[HCHTOB B PA3J0XKEHHC,
HOJTYYHM

(x+28 = x5 +12x° +60x* +160x° +240x% +192x + 64.

Mpumep 3. Haiitu ko3¢ puunenT npu x* B pasmoxeHUH
BbIpaKeHHMa (2 + x)',

Pemwenne. B paznoxennn (2 + x)' ectb craraeMoe Buja
Ciox* 2% Tak xak

_ 78910

10! 4 6 ] 4 _ 4

To koadduiment npu x* pasen 13440,
3. CeoiicTsa OunoMHaANBPHMX K03 Punuentor. MMeoT MecTo
CACAYIOUIME CBOICTBA:

a) Ck=C"* rae 0<sksn k, ne 7

6) C+Cl+C2 4. +Cr=2" tme0<ks<n k ne Z
HoxazatenbcTho. [IpuMeHan dopMmyry ana GHHOMHANb-
HBIX K0P DHULHEHTOB, HMeeM

i n! n! ZCk.

" )y k)R T
9T0 AOKA3BIBAaeT CMPaBelTUBOCTE CBOMcTBa a). CBOMCTBO a) O3Ha-
qaeT, 4To KoahbUIMeHTH Y/IeHOB, 0JHHAKOBO YOANEHHEBIX OT
KOHLIOB PA3NoOXKeHMs, PAaBHbLI MEXAY COGOI.
Teneps B dhopmyse GuHoMa HbloToHa monoxum a = b = |,
Torna neBas 4yacte GopMynnl 6yZeT paBHa 2%, a B MIPpaBOM YacTH
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noxydum cymmy Buma C° +Cl +C? +...+C!, uTo AoKa3bIBaeT

CNpaBeANHBOCTE CBOMcTBA 0). CRojicTBo 6) O3Ha4aeT, YTO cymMMa
BceX GHHOMHAJBHEIX KO3(h(PUIMEHTOB paBHa 27,

OTMETHM B 3aKNMIOUEHME, YTO CyMMa OGHMHOMUAILHEIX Xo3dhdu-
LHEHTOB, CTOSIIMX HA HEYETHBIX MECTaX, papHa CyMMe Koaddu-
LIHEHTOB, CTOSIIMX HA YETHBIX MecTax. Jnd Toro 4To0H yOenuTh-
¢l B CNPaBelJHBOCTH 3TOTO YTBepPXKAeHMA, B Popmyiie ONHOMA
HbloToHA ClAeayeT MONOKUTL @ = 1, b = 1.

Bonpochl M 3a3aHAA

1. TTo kaxoMy NpaBHIy Haxomarcs Ko3h@HIMeHTH B TPEYTOJIEHHKE
INackans?

2. B 4eM COCTOAT NOCTOMHCTBO M HEROCTATOK TpeyroibHMKa [lackana?

3. [pumenuth hopMyny 6urnoma HetoroHa mwist (@ + 6)°.

4, KakuMu cBoiicTBaMH 001a1210T BHHOMHANIbHBIE KO3(UUHEHTH?

Ynpaxuenus

1. Npumensaa TpeyronpHuk ITackans, Halty:
a)(x+ 2% 6)(x—2)% B Qx+ 3 ) (x+ 3P

2. Ipumenss dopmyty 6uHoMa HeloToHA, HaifTh!
a) (a + 5)", 6) (3 — a)y.

3. Yemy papeH KoabduiHeHT npyu a’b* B pasnoxkeHWH GMHOMA
(a + H®?

4. Yemy papen kosdduuueHT MpH a’h? B pa3ToxeHHH SHHOMA
(3a +2b)"?

5. Mpumensas tpevronbHHK [lackand, Hajitu:
ay(a—3p)%  6)(a+3b° B (x—2h 1) x+4P
6. Ipumenss bopmyny 6unoMa HeloToRA, HaliTH!
a) (2x — 3yy, 6) (3a + 4b)4.
7. Yemy ];;aBCH ko3 dUllueHT NPpH x° B PasMoOKeHHH OHHOMA
(x — 3)%?

§ 3. Pemenne xoMOMHATOPHBIX 32724

B sToM naparpacbe pacCMaTpHBAOTCA VPAaBHCHHUA H HEPAaBEH-
CTBa, B KOTOPBIX YHYACTBYIOT 3JCMCHTH KOM6HH3TODHKH.
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1. KoMOHHATODHBIE ypaBHEHHA.
{(n+2)

Al

1
MpumMep 1. Pemute ypaBHeHHE - =72, rae ne N.

Peuwrenue. Tak kax (n+2)!'=nl{n+1(n+2), To 3amaHHOE
YpaBHEHHE PABHOCHIBHO YPABHEHMIO

(n+D(r+2)=72 nwm #* +3n-70=0,
PeltnB mocinenHee ypaBHeHHe, monyduM », = —10, n, = 7. Uncno

H, = —10 JBINETCH NOCTOPOHHMM KOpHeM. [osTOMY peliicHHe 3ala-
HHOTO ypaBHeHMS COCTOMT W3 ofHOro KopHa n = 7. OtBeT: {7}

Mpumep 2. Peuruth ypaBuenue 5C; = C?

nel -

Pemwenne. [Ipumens bo_ " g<ck<
p A popmyns C) k!(n-k)!’o k<n,
31 (m2) n-220,
HMeeM 5- PrERTy oy roe {3—n 50, HIW 2<n<3.

ToxcraBum # = 2 B 3a5aHHOE ypaBHeHHE. TOTAa clieBa MMeeM

53! 41
5711 = 19, @ CTIPaBa TOMYYHM 70 = 1. 370 03HAYAeT, 4TO 11 = 2
He ABISETCA KOPHEM YPaBHEHMSI,
! '
Hanee noacraeuM n = 3 B ypasHenne. Torma MMeeM 3 '30l 4:5'“ \

w5 = 5. MoatoMy # = 3 gBINCTCA KOPHEM 3aLAHHOIO ypaBHe-
Hust. OTBeT: {3}

2. KoMOMHATOPHBIC HepaBEHCTBA.
(n-1)!
w3y

PeweHue. Tak kak (n-1)'=(n-3){(n-2)(n-1}, 1O fAaH-

[MMpyumep 3. PelniTh HepaBeHCTBO <72, rme n2z3, nelN.
HOE HepaBEeHCTBO PABHOCHILHO HepaBeHCTBY (n— 2 (n-1}<72.

PackphiBasg cKo6Ku, HMeeM HepaBeHCTBo 7° - 31— 70 < 0. Pemims

€ro ¢ NOMOIUBI0 METOAA MHTEPBAJIOB, MONYYHM, 4TO ## € (—7; 1().
Ho nockonbky n = 3, ne N, T0 pelleHHEM HUCXOTHOIO HEpaBeH-
CTBa SBASETCA MHOXecTBO {3; 4; 5, 6; 7; 8; 9.

IMpumMep 4. Pewnurs HepaBeHcTBO C) < C3, e v 25, ne N.

Pewenne. Mpumensas dopmyns CF = k'( k)" 0<k<
HMeeM HepaBeHCTBA
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Bonpocsl H 3a5anna

1.

2.

n! n!

1

STAo5)] 3 n=3)!’ 20(n-3) (3"

(n-3N"<20(n-3)!,

(n=—35)Nn-Dn-3<20n-5)", n* -Tn+12<20.

Otkyaa #* —7n — 8 < 0. PemlnB mocieaHee HEPABEHCTBO METOIOM
HHTEPBAJIOB, MOAYIUM ne (—1; 8§},

Tak Kak # 2 3, ne N, To nei{s; 6; 7}. CnenopateJbHO, pelleHH-
€M MCXOAHONO HEPABCHCTEA ARISAECTCA MHOXECTBO {5; 6; 7).

1. [IpuBecTH NpHMepbl KOMOHHATOPHBIX YPaBHEHNI.
2, IpuBecTH NpBMepbl KOMOHHATOPHBIX HEPABEHCTB.

PelIuTs ypaBHeHHE:!

a) (ﬂ'l‘l)l _ 30;

(n-1" "

2m! _ 20m!
0 Gt - ot

Pemnrs HEPABCHCTBO!

{n+2)!

R Py

< 1000 ;

(2n-1): _
6) o > 420,

3.

4.

Pewute ypaBHenUE!

) n! 12n!
A " o

Peuiutb HEpPABCHCTEO!

(n—-4¥n-3)

)

> 0,00002

Ynpaxnenna

B) I3C;:] = ?C;!Hl :
) 3¢ =503

B) C> > C};

n Ci,>C;,.

6) 17CY, , =9CH!.

6) Clt < Ck.

YhnpaxueHua A4S NOBTOPEHuUs

1. B rpynmne Becero 10 yuammxcsa. CKONBKUMH CIOCOBaMM MOX-
HO COCTABUTb CIIMCOK TPYIIIBI?
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2. B naccaxupckoM noesae 12 Baronos. CKOABKUMU criocoda-
MH MOXHO MOOKPEeNnHTh 12 MPOBOAHUKOR K 3THM BaroHam?

3. Ilyete A = {0, 1, 2, 3}. CKOABKO YETHIPEX3HAYHBIX YUCENT C
pasTUYHbBIMA UUPPaMH MOXHO COCTaBUTh ¢ MOMOINLI) 3a1aH-

HBIX HHdp?

4, B rpynme Bcero 25 yyamuxea. OHHM noMcHaAuUCh oToKap-
TOYKAMHE MexXay coOol. CKOMbKo BCETO GOTOKAPTOUEK MOMe-

HAIKW?
5. BHYHCIUTD:

a) C¢; 6) C;; B) Cs; r) Cs.

6. JokazaTk paBeHCTBO:
a) Cy +CL +C¢ =C3 +C¢ +C3,

6) CQ+CL+CE =C¢ +C3 +C§.
7. Bo3BeCTH B CTENEHb:

a) (x-2y); B (1+y2)";

3
6) Gx-1Y; 0 (5+2].

8. Pewrnth ypasHeHue A, = 1847 ,.

9. Pewruts HepaBeHcTBO Cl5? > C% .
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TJIABA XVII

SJEMEHTBI TEOPHH BEPOATHOCTEHA
U MATEMATMYECKON CTATHCTUKH

§ 1. Cayuaiinnie cofbrmaa. Knacemieckas BepostHocTs

1. Beeaenne. Painen MaTeMaTHKH, M3YYAIOUIMH 3aKOHOMEPHO-
CTH CAYyYaMHBIX COORITHH, Ha3bIBAIOT meopueti seposmuocmeli. D1a
TEOPHS HMEET NeA0 He ¢ OTACABHBIMH COOBITHAMM, a ¢ 3aKOHO-
MEPHOCTAMH CJAYYaHHBIX MACCOBBIX SBICHHH.

INoTpebHOCTH MPAaKTHKU NPHBETH MATEMATHKOB K M3YYEHUIO
cnyvaiHbix COOBTUH. HanpyMep, npyu opraunsauui teaedpoHHoN
CBSI3H B HEKOTOPOM paHOHE HYXHO 3HATh YHCJIO BBI3OBOB B KaX-
AR MOMEHT BPEMEHH. DTO YHUCJO «CIy4aiiHO» MEHAETCA ¢ Te-
YeHHEM BpeMeHH,

2. Cayvaiiame cobpiTHa, B Teopyy BeposiTHocTeH M3yyaoTcs
TPH BUIa COORITHIA:

1) AocToBepHEIe COGBITHS,

2} HeBO3IMOXHEIE COOBITHA;

3} cnayyaiiHeie COOBITHA.

CHauana onpeienuM TOHATHE COBBITHA.

Onpenenenne 1. HaGmoneHue Kakoro-mi6o ABICHHS, IPH Bbi-
MOJHeHUH HEKOTOPOTO KOMILIEKCAa YCAOBHIl, GyaeM Ha3bIBaTh
onsimom. JI1060H KOHKPETHRI Pe3yIbTaT ONBITA HA30BEM COOLIMUEM.

IpumepaMy coBBITHIT MOTYT CIYXKMTE: OTKA3 NMPHOOPa B JaH-
HHIH HHTEPBAN BPeMEHH, NMONMANaHWE B UENb HPH BHICTPEdE, TIO-
ABJIEHNE «Iepba» NpU GpocaHHe MOHETHI M T. A.

CoObiTg 06bIYHO 0Go3HavYal0TCA Yepe3 A, B, C, ... .

Omnpenenenne 2, CoGuiTHE HA3EIBAETCS JOCMIOBEPHBIM, ECH B
pe3yabpTaTe OMbITa 3T0 COOBITHE O0s3aTEABHO MPOMCXOLNT.

HoctosepHble co0pTus GyaeM o6o3Hayath Yepes /. Hanpu-
Mep, B Pe3yNbTaTe OpocaHus MOHETH 00A3aTeIbHO TPOH30MIACT
coBRITHE «BHTAN «Tepb» Wy «undpar». MosToMy 310 CoGBITHE
ABISIETCA AOCTOBEPHBIM.,

Onpeaenense 3, CobbITHE Ha3BIBAECTCH HEBO3MONCHHM, CCIH
OHO He MOXET IHMPOM30MTH B pe3ylbTaTe paccMaTPHBAEMOIO OIIBITA.

Heposmoxnble cobbptua Gynem oGo3HauaTh Yepe3 V. Hanpu-
Mep, «BbIMAT «Iepb» U «UUdpar> ~- HEBO3IMOXHOE COGLITHE TIPH
6pocaHUM OfHOMH MOHETHL
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Onpenenenne 4. CoObiTHE HA3BIBASTCA CAVHALiHbM, €CTH OHO
nubo mpouszoiaeT, TMO0 He MPOU30IZeT B pe3yIbTaTe paccMar-
PHUBAEMOTO OIIBITA,

CryqaiiHble cobbiTHs Takke obo3HavawTed uepes 4, B, C, ...

PaccMOTpMM ONBIT — OpocaHuMe UrpanbHOi KocTH. OH cocTo-
UT B TOM, YTO GpoCaioOT HrpadbHYI0 KOCTh {KyOMK, Ha CTOpPOHAax
KOTOpOro yKasaHbl uHciaa 1, 2, 3, 4, 5, 6) ¥ cMOTPAT, CKOJIBLKO
BBINAJMIO OYKOB (T. €. KaKOe YHCA0 VKAa3aHO HA TPAHM, OKa3aBLICH-
ca ceepxy). IIpu 3TOM, HanmpHMep, MOTYT HMEThH MECTO ClEdyIo-
e caydaiHBIe COQBITHS:

A, = «bInano 1 ouko», A, = «BBIMANO 2 OYKa»,
A, = «BHITIANIO 3 OYKa», A, = «BRINIANO 4 OYKa»,
A, = «BBIIIANO 5 OYKOB», A = «BHIIANIO 6 OYKOB»,
A, = «4MCNO BHMABIIHX OYKOB — TPOCTOE»,

A = «4HCNIO BBIMABLIMX OYKOB JAEAHTCH Ha 3»,

Ay = «4HCJI0 BBUMABLIMX OYKOB — YETHOE»,

A = «U¥CIO BHIIABIIHX OYKOB — HEUETHOE»,

10
Onpenenenne 5. [ABa COOBITHUSE HASBIBAIOTCS HECOGMECMHBIMU,
€cnH OHU He MOTYT IPOH3OHTH ONHOBPEMEHHO B pacCMaTpHBac-
MOM OTBITE,
CoBLITHA, KOTOpHE B PACCMATPHUBAEMOM OIBITE MOTYT IpPO-
M30MTH OTHOBPEMEHHO, HABLIBAIOTCS COBMECHIHBIMU,

NMpumep 1. Ilpu 6pocaHun MrpanbHOH KOCTH COOBITHA A, H
A, 0OIHOBpeMEHHO HE MOTYT Hpou3oiitd. [TosToMy 3TH cOORITHA
ABAAIOTCA HECOBMECTHBIMHU, @ COGHITUA A, U A; ~ COBMECTHEIE,
TaK Kak OHH OJHOBPEMEHHO MOIYT MPOH3OHTH.

Onpenenenne 6. FoBopat, 4to codmmue A 6aaeonpusmemeyem
cobwmuro B, ecnu U3 coOBITHA A cleoyeT, UTO OPOH30HOCT TaKke
cobeiTHe B. B 3TOM ciyyae nuuiyt A < B.

Mpumep 2. [Ipu 6pocaHuy MIPATLHOM KOCTH colbITHE A,
GIArONIPHATCTBYET COOBITHIO A, TaK KaK €CAM MPOH30izeT cobhi-
THE A,, TO NPON3OHIET U CobbITHE A, 3HAUMT, 4, < 4,

Onpenenenne 7. CoGpitus A, A,, ..., A, Ha3bIBAKTCA cobbimi-
AMU, OOPAZYIOWUMU ROANYIO ZPYRRY, €CIIH B PE3YJIbTaTe HEKOTOPO-
ro OMbITa BCErAa MPOUCXOMUT TONLKO OMHO M3 COOBTUH A, i = 1,
2, ..., # 1, KPOME TOTO, 3TH COOBITHS ABIAIOTCA B3aHMHO HECO-
BMECTHBIMHU.

IIpuMep 3. Ilpu ombiTe ¢ GpocaHMeM UTpajbHOH KOCTH CO-
OuTHA A, 4,, A;, A,, A;, A; 06pPasyOT MONHYWO TPYINy, TAK KaK
OHH B3aMMHO HECOBMECTHH H BCeria MPOHCXOOHUT TOJNBKO OJHO
H3 3THX COOBITHIA.
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[MpuMep 4. CobuThs A, H A, TakKe 00pPasyIOT MOTHYIO
rpyNny coOBITHI, Tak KaK MpH OpocaHUH MIPAIBHOH KOCTH BCe-
raa TPOUCXOMUT NUGO cobbiTHE Ay, MTHBO cobhITHE A, U ITH CO-
OBITHA ABAAICTCA B3AHMHO HECOBMECTHLIMH.

Oupenenenne 8. CoObiTHe A HA3BIBAETCA IAeMEHMAPHBIM, SCITH
eMy OJaronpHATCTBYET TOABKO €aMoO 3TO COOBITHE, T. €. eCJIM ANA
A HMeeT MecTo TONBKO A C A.

IMpumep 5. Ionuaa rpynna coSuituit A,, 4,, A, A,, A, A,
COCTOMT M3 MEMEHTAPHBIX COOBITHI, TaK KaK KaXIOMY U3 COBLI-
THIt GNArONPHATCTBYET TONBKO CaMO 3TO COBBITHE.

Npumep 6. dna coburuit A,, A,, A, A, cobriTHE A, HE 4B-
AAeTCS MeMEHTapHBIM, TaK KaK eMy ONaronpusaTCTBYIOT, KPOMe
A,, elwie u coboitust 4, A,, A;.

Onpenenenne 9. Ob6seduncnuenm (croxcenuem) cobvmuli A v B
HasbiBaeTcd COOBITHE C, KOTOpPOE MPOMCXOIUT ¢ MOSBICHHEM CO-
ORITHA A HIK ¢ MOABICHHUEM COOBITHA B.

B 31oM corydae numyt: C= A4 + B.

Ilpumep 7. O6peauHeHreM coObiTUil 4,, A,, A, ABIAETCA
cobbITHE A, TaK KaK eCAH HOABAACTCH OAHO M3 COBBITHH A,, A,
Wi A, 10 00A3ATENBLHO MPOUCKXOANT COORITHE A,.

Onpenenenne 10. Hepecewenuem (npouseedenuem) cobbimuiz A v
B wasbiBaetcq cobpitde €, XKOTOpOEe MPOUCXOAUT MpPU OJHOBpE-
MEHHOM MOABJCHHHA cOOBITHI A 1 B.

[ipumep 8. lNepeceyeHueM coObTHH A, n A aBasgeTCsa CO-
ObITHE A;, TaK KaK eCH MOSABNAIOTCA cOObITHA Ag U A, TO Mpo-
HCXOANT COBLITHE A,.

Onpeaenenne 1. CoGutus A 1 A HA3HBATCA HPOMUEONO-
AONCHBMU COOWMUAMY, SCNH TIPH TIOABJICHUH COOBITHA A HE Mpo-
HCXOOUT coObitHE A W, Ha0GOPOT, NPH NMOSBAEHHH cOOBITUS A
He NPOHCXOHHT COOHTHE A.

Hpumep 9. Cobrrrng Ay n A, ABNAETCA NPOTHBOIONOXKHbI-
MH, TaK KaK Koria mosBisieTca A,, COONTHE A,, He NMPOUCXOAUT
H, HA000pOT, Korda MOABIACTCA A ,, He MPOUCXOANT COObITHE A,.

3naunt, Aig = A, Ay = Ay,

10

3. Knacchueckas epoarnocts. [Iycts A, 4,, ..., A — 3aeMeH-
Tapubie COOHTHA, 00pa3yIoillie MOMHYIO TPYIINY U cobbiTie B
CBA3aHO ¢ HUMH.

Onpeneneume 12. Beposmuocmuio cofbinis B Ha3BIBAaeTCH 4uC~
N0, olpeleasgeMoe no (popmyne
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P(BY=Z, )

Ife m — 49UCH0 3eMEHTAPHBIX COOBITHH, GAaronpUATCTBYIOIIHX
COOBITUIC B,

BepodTHOCTE COOBITHSA, BIMHCASeMan o dopMyne (1}, Hassl-
BAETCH KAQCCUMECKOH 8€POAMHOCHIbIO.

IMpumep 10. Hailith BepoarHocte cobutuil 4, 4,, 4, A,,
A, A, A, 1 A, npu GpocaHMW WIPanbHOH KOCTH.

Pewenne. Tak Kak cobbitust 4,, 4,, 4, 4,, A, A, aBaA0T-
Cs 3NeMEHTApHBIMH, TO UM OJArONPHUATCTBYIOT AWILL CaMH 3TH
cOOBITHSA COOTBETCTRBeHHO. [l03TOMY 1A KaXXIOre H3 HHX MMEeM:

P(4)=¢. P(4)=5, P(4)=¢, P(4)=¢,
P(4)=¢. P(4)=7.

HManee, coGpITHIO A, OAarONPUATCTBYIOT 3NEMEHTAPHEIE COOBI-
HE A,, A;, A, 2 cOOBITHIO 4; BIATONMPHUATCTBYIOT NEMEHTApHBIE
cobmiths A, n A,. TlostoMy no popmyne (1) umeem:

3 | 2 1
P(A7)=g:5a P(As)=g=§-

[Tpumep 11. Bpocatorca ape urpanbHbie KocTH. Halitn Be-
POATHOCTH TOTO, YTC BHINIABIUEE ABYX3HAYHOE YHCIIO JelHTCH 63
ocTaTka Ha [3.

PemeHue. Korga 6pocaiorcs ABe UrpaibHbBIe KOCTH, MMEEM
36 3MeMEHTAPHBIX COOBITHIA:

11, 21, 31, 41, 51, 6l,
12, 22, 32, 42, 52, 62,
13, 23, 33, 43, 53, 63,
14, 24, 34, 44, 54, 64,
15, 25, 35, 45, 55, 65,
16, 26, 36, 46, 56, 66.

M3 nux toneko 13, 26, 52 u 65 nengarca 6e3 ocratka Ha 13. 3Ha-
YHT, BEPOATHOCTD BLIMIAACHUS OBYX3HAYHOTO uMCla, Jensierocd
6e3 ocraTka Ha 13 paBHa

4
36
22 ~ AnreGpa, vacte 11 337

P(4)=

N | -



[Tpumep 12. Ha neppoM xypce yuatca 25 CTYIEHTOB, 10 U3
HUX IeBOYKH. KakoBa BEpOATHOCTL TOTO, Y4TO cpeau IBYX OTNMHY-
HHKOB 0be JeBOYKH.

PeweHue. Oburee uncno 3JIEMEHTAPHEIX COOBITUII paBHO

n=Ck . Ilpu 310M 4uCT0 OIarONMpPUATCTBYIOLIUX COBBITUI PaBHO

m=C} -C%_,. Toraa mo cbopMyTe KnaccHM4eckoil BEpOATHOCTH
HCKOMasi BEPOATHOCTh GymeT paBHA

P Culs _ 101 15! ZBE_910 12 323 4 s
CaT T 82N ONSU T 12 2435 853w

B HeKOTOpHIX CHy4asix BBIYHCACHUE BEPOSTHOCTH HEKOTOPOTO
COBLITHA ¢ MOMOILBIO PopMynsl (1) oKa3blBaeTcs HEYAOOHBIM H3-
33 CJIOXKHOCTH ONMPEACNeHHST ITEMEHTAPHBIX COOBITHI, CBI3aHHBIX
C JaHHBIM COGHITHEM. B TakHX cityuasx MCIOAB3YIOT APYTHe cHo-
COGBI BBIYUCIIEHHA, OTJHYHEIE OT KIaCCUUYeCKOi BEPOATHOCTH.

PaccMOTpHM nipuMep, B KOTOPOM 1719 BEIMHCIEHUS BEPOATHOCTH
COOBITHS HCTIONBGYETCS Tak HA3BIBAEMAS 2e0Memplveckas BEPOAMHOCHD,

Ipumep 13. ITycTh 3amymMaHBl ABA HEOTPULATENbHBIX YHCIA
X Wy, mpHueM x < 2, y < 4, KakoBa BepOsSITHOCTB TOTO, 4TO X > y?

Penmienue. B npamoyroabHoii ge-
KapTOBOH CHCTEMe KOOPAHHAT pac-
CMOTPHM MNOpAMOYIrolbHUK QACD =
={M(x; y»):0<x<2, 0sy<4} u nps-
MYy ¥ = x (puc. 98). AcHo, YTo 33ay-
MaHHBIe YHCJIA FBASIIOTCA KOOPIMHATA-
MH ToueK M(x; y), Haxoosmxcsa B 35TOM
NPAMOYTOJIbHHKE, @ YHCAA, VAOBIECTRO-
PAIOILIME YCIIOBUIO X 2 ¥, ABASAIOTCH KO-
OpPAAHATAMY TOYEK, HAXOLSUIUXCH B
Tpeyroabhuke OAB. Torma us reomMer-
pUYECKHX cooOpaxeHUlt SICHO, 4TO HC-
KoMas BepOATHOCTb OyneT pasHa

|

Puc. 98

@) Bonpocs n 3ananus

1. Kakue coBGbITHS M3y4a10TCA B TEOPHM BePOSTHOCTEH?
2. Jars onpeneneHue JOCTOBEPHOTO COBBITHI.

3. Mats onpegenenne HEBO3MOXHOIO COOBITHAL
4. Jars onperneneHue CYYaHHOTO CODBITHA.
5. Kaxute coburmis HasbiBaores HECOBMECTHBIMM?
6. B xaxom CNyJae TOBOPAT, YTO cOOBITHE A ONaroNpPUATCTBYET CO-
GbITHIO B?
7. Jatb onpeaenenne COORITH, obpasyiowmx nonHyIo rpymy.
8. Hare onpenenenye MEMCHTADHOTO COBLITHS,
9. Mats onpeneneHne O00BeIHHEHNS COGBITHII.
10. Mats onpenenenue MePeCceYeHUA CODBITHIA.
11. Kakwe cobbrmHsi HaspiBaioTCs NPOTHBOTIONOKHBIMH?
12. Kak BoMucseTcs KIaCcCHYECKan BEPOSTHOCTD?
13. TpuBecTn puMep Henomb30Banus TCOMETPHUECKOH BEPOSITHOCTH.

Ynpaxkuenus

1. Bpocatorca npe HrpanbHbele KOCTH. ¥KaszaTe JOCTOBEPHBIE,
HEBOSMOXHBIE U CAyYaiiHble COBBITHS:

= «MOABMBILEECA ABYX3HAYHOE YUCNO GOIbILe 66>,
= «MOABMBILEECA NBYX3HAYHOE YHCIO MeHblite 665,
= <«MMOABHUBLICECH OBYX3HAYHOE YUCIO PaBHO 665,

~ <IIOABHBLUCECA NBYX3HAYHOE YHCIO MEHbILE HIM PaBHO 66»,
= «NOABUBIUEECS MUCIO AEAMTCs Ge3 ocTaTka Ha 19»,
= MOABHBLUEECH YHUCAO AEAHMTCA Ge3 0CTaTKa Ha T».
2. Bpocaiotcs Tpu MoHeTsr., Ykazare:
a) NONapHO HEeCOBMECTHLIE COBBITHA;
0) MPOTHBONOAOXHbIE CODBITHA, eciH

A, = «TosiBReHKe repba Ha Beex MOHETax»,
A, = «noaBneHme nudp Ha Bcex MOHeTax»,
A; = «roaBnenne xots 66 ogHOro repba Ha MoHeTax»,
A, = «10sBNeHUe XOTA GBI OAHO UHdPEL Ha MOHeTax».
3. Bpocaotes Tpu MOHeTh, YKazaTs BCE 3IECMCHTAPHLIE COOBLITIH.
4. BpocaioTes TpH MOHeTHI YKasath:
&) 8 cobbITHIL, ofpa3ylournx HOMHYIO TPYITY COGBITHI;
6) 4 cobrITHS, obpasylomux nonHyo TPYNNY coOBITUI.
5. Bpocawotes ase HrpafiibHble KoCcTH. Onpeneinrs BEPOATHOCTH
CNEOYIOMMX COGBITHIL:
a) OBYX3HAYHOE YHCHO SBASErcs YETHEIM;
6) CyMMa BRIABIIHX OYKOB paBHa §;
B) ABYX3HAYHOE YHCJIO AEAHTCS 0e3 ocratka Ha 7;
I} ABYX3HAYHOE YHCIO denntca 6e3 ocratka Ha 19,
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6. Ha sropoM Kypce yuatcd 24 cTyaeHTa, M3 HUX 20 — Manbuu-
KoB. KakoBa BEpPOATHOCTh TOTO, YTO Ha KOHMDEpPEeHUMH BbLII-
BHI'QJIM;

a) 1 Manburika n 1 gepouxy;
6) ABYX MallbYMKOE;

7. 3amyMaHbl ABa HEOTPUUATEIBHBIX YHCIA X M ¥, TIpUYeM X < 5,

¥ < 10. KaxoBa BepOATHOCTE TOTO, YTO:

a)y2x =y, ) x*+ y2<2.

B) ABYX JEeBOUCK.

8. BpocaioTcst AB€ MOHETH. YKa3aTe AOCTOBEpHBIE, HEBOIMOX -~
Hble M CAy4adHbIe COOBITHA:

= «niosiBiifierca 1 repb»,
«[OABNAKTCA 2 repba»,
«TIOABRNAIOTCE 3 repbas,
«rioABagercs | uudpar,
= «NOABAAKTCA 2 LHpPH»,
s = <I0ABAAIOTCA 3 LUDPHI».
9. BpocaioTcs ABe urpasibHuIE KOCTH. YKa3aTh:

a) NMOMapHO HECOBMECTHbBIE CODBITHS,
0) NPOTUBONOAOKHBIE CODBITHA, €CNH COOBITHE

 t =
nn

L T . 1

SO O0000
Il

| = «CYMMa QUYKOB Ha KOCTAX MeHbie 12»,

= «CYMMa OYKOB Ha KOCTSx Goabiue 12»,

= «CYMMa OYKOB HA KOCTAX papBHO 12»,

= «CyMMa OYKOB Ha KOCTSX MEHblie¢ WM PaBHO 12»,
5 = «CYMMa OUYKOB Ha KOCTAX OOMblle Wik paBHO [2».

10. BpocaloTca MOHETa U MIPAbHast KOCTh. YKAa3aTs BCE 3NeMeH-
TapHEIC COOBITHS.

11. BpocaloTcss MOHeTa M HTpadbHas KOCTh. YKasark 12 COOHITAIL,
00pAa3yIOLINX TOMHYIO TPYNITY COOBITHH.

12. BpocaoTca Tpu UrpansHble kocTH, ONpefeAnTh BEPOSITHOCTY
CIeayIOIIHX COOBITHH:
a) Tpex3HaYHOe YUCNO SIBASECTCS HEYSTHBIM;
6) cymMMa BhIMABIUIMX OYKOB paBHa 15;
B) TPEX3HAYHOE UMCIO feauTcs 0e3 ocTaTka Ha 11,

13. CtyaeHT DODKeH 3HATh OTBETHI Ha 20 BOMPOCOB 1O anredpe U
10 BompocoB no reoMeTpuH. OH roToBW/ICH TONLKO Ha 10

b

SRS RS
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BOTIPOCOB 110 aredpe U 5 BONpPOCOB Mo reoMeTpuu. B bunerax
HMelTCa 3 Bompoca no anrebpe M 1 BONpoC 1O FeOMETPHH.
Haiiti BeposdTHOCTE CACOYIOLWIMX CODLITHIL

a) CTYIEHT MPaBWIRHO OTBETHT Ha 3 BONpOca Mo aaretpe;
6) CTyHeHT HPAaBHJbBHO OTBETHT Ha 2 BOTipoOca Mo anredpe H
1 BOMIpOC MO reoMcTPHH;

B) CTYREHT HEe OTBETHUT MPABWILHO HU HA OJUH BOMPOC.

14. KakoBa BepOATHOCTE TOTO, YTO TOUKaA, OpollleHHAd B KPYr pa-
Auyca 2, moniageT BO BHYTPb KBaipaTa, BITHCAHHOTO B 3TOT KPyr?

§ 2. Teopemb 0 BePOSTHOCTH CYMMBS ¥ BEPOATHOCTH
npon3peneHns COObITHH. YCIOBHAA BEPOATHOCTD

1. Teopembl 0 BepOATHOCTH cymMbE cobbiTnit. TIpuBeneM Teope-
MBI, ¢ TTOMOLIBI KOTOPBHIX MOXHO MO BEPOATHOCTSAM OSHHX CAY-
YafHbIX COBBITHH BHYMUCIAATL BEPOATHOCTH JAPYTHX cAydyaliHBIX
CODMTHH, KaKUM-aub0o obpa3oM CBA3AHHLIX € NEPBBIMU,

Teopema 1. Ecin coObiTUss A 1 B HECOBMECTHBI, TO

P(A+B)Y= P(A)+ P(B).

Hoxkazarenwctio. Illyete C,, C,, C,, ..., C, — 3neMeHTap-
Hble CODBLITHA, 0OpasywiIliie MOAHYIO Tpynny. [1ycTs Takke cobbi-
THIO A OAArOAPUATCTRYIOT K BACMEHTAPHBIX COOBITHA, & COOHITHIO
B GraronpuaTcTBYIOT m 3neMeHTapHbiX coObITHI. Tak Kak coObl-
THI A U B HecOBMecCTHRI, TO ANa cobuTHA A + B Gnaronpuar-
CTRYIOIIKE DJCMEHTAPHBIC COOMTUR SBASIOTCS PASTUYHBIMKU U HX
yHcao paeHo m + k. [loatoMy K3 QopMynB KlaccHYECKOH Bepo-
ATHOCTH CNEIYET, YTO

P(A+B)= ””:" :-:3+%:P(A)+ P(B).

Mpumep . Crpenok cTpensier 8 MUnicHb. BeposSTHOCTL BLI-

|
6uts 10 0uUKOB paBHa 5> @ BEPOSTHOCTH BEIOMTb 9 OUKOB paBHA

3
5 Yemy paBHa BEPOATHOCTh BHIOMBAHKA H¢ MeHee 9 oykoB?

Pemenne. CobbiTe { — «BHIOHBAHHE HE MeHee 9 OYKOB»
ABJsIETCa ODBEAMHEeHHeM cOOBITHI A — «BHOHBaHHE 9 OUKOB» W
B — «spiouBanne 10 oukoss. Tlpu 3TOoM cobBITHA 4 M B HecoBMe-
CTHBI, TAK K4aK OHHM HE MOTYT MPOH30HTH omAHOBpeMeHHO. [1o3To-
My IO TeopeMe 1 HMeeM:

1
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Teopema 2. TIycTb coBbiTHs 4 B A ABIAIOTCA NPOTHBOMOMIOXK-
HeiMH, Torza

P(C)=P(4+B)= P(A)+P(B)=§+

P(4)=1-P(A).
Hokasarenpctso. Ilyets C, G, C,, ..., C, — 3neMeHTap-
HBle COOBITUA, O6PA3YIOLIMe OONHYIO IPYIny, U coOmTHIO A Oa-
TOTIPUATCTBYIOT k 3eMeHTapHbix cobbiths. Toraa cobuitrio A

OyayTt 6naronpHATCTBOBATE # — K MEMEHTApHBIX cobbITHY. Tlo-
3TOMY M3 (HOPMYIB KJACCHYECKOH BEPOSTHOCTH MMEEM:

P(A)=--;—=--_=1—f=1-P(A).

H L] 1

Mpusmep 2. 3aayMaHe AByx3HauHoe uucno. Kakora Beposar-
HOCTb TOTO, YTO 3alyMAHHOE YHCIO MMEET pasfMudHeie uudper?

Pewenwne. Obo3zHauuM yepe3 A coObITHE «33OyMaHHOE UHC-
N0 ¥MeeT pasAMuHble UKdpbl». Torma A4 — coGbITHE «3alyMaH-
HOE YHUCIO MMeeT OAMHAaKoBbie LUbpbl», [TockonbKy 3a1yMaHO
IBYX3HAYHOE YUCAO, TO HMeeM Beero 90 3neMEeHTAPHBIX CODBITHI:

10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, ..., 98, 99.

M3 Hux Tonbko 9 snemeHTapHbix coObTHIA: 11, 22, 33, 44, 55,
66, 77, 88, 99 GAroNPUATCTBYIOT COGRITHIO 4 . [T03TOMY MO Teo-
peMe 2 1MeEM:

—-p(A=1-2-2
P(A=1-P(A)=1 5 75

Teopema 3. Ecnv cobwiTua A, A4,, A,, ..., A, aBAgI0TCA Nonap-
HO HECOBMECTHBIMH, TO MMEET MECTO PABCHCTBO

PA+4+..+A4,)=P(A4)+P(4H)+..+ P(4,).

J0Ka3aTeNnbCTBO TEOPEMB! 3 MPOBOAUTCH AHAMOTHYHO AOKA3A-
TeJIbCTBY TEOPEMBI 1.

2. Ycaosrasa BepoarHocTh. Teopemsl 0 BepOATHOCTH MPOH3IBE-
Aenua coObiTui.

Omnpenenenne 1. CobbiTHa A U B HA3HIBAIOTCA He3ABUCHUMbBIMU,
€CIY HMEET MECTO PAaBEHCTBO

P(ANB)=P(A) P(B).

Onpeaenenne 2. Yucoo, Brpaxawililee BEpOITHOCTE COOLITUA
A npy yCIOBUH, YTO MpoU3ouLio cobpiTHe B, HazpiBaeTCs yCi06-
HOH gepoamHocmblo cobbimun A omuocumensho codsimusn B.
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JInst YCIOBHOM BEPOATHOCTH IPUMEHAIOT 0603HaYeHuE P (%)

Mpumep 3. B sumke nexar 12 xpacHBIX M § 3e1eHBIX WLHApOB,
OJMHAKOBBIX Ha oumiynmb. KakoBa BepOSITHOCTBH TOTO, 4TO BTOPOI
BBIHYTBIM AP SABISETCH KPACHBIM, €CAH TIEPBbI BBIHYTHIH 11ap
OB KpacHBIM?

Pemwenwe. Ecau nepsulii BuIHYTHIH 11ap OBU1 KpacHBIH, TO
B AlIHKe ocTanock 19 uiapor M U3 HUX 1| KpacHBIX.

0603HauuM 4epes B coObITHE «MepBBIM BHIHYTHIM Wiap Kpac-
HBIfi», a Yepe3 A — coOhTHE «BTOPOI BHIHYTHBIH LIAp KPacHBIH»,
Torna u3 dopmyas (1) (cMm. § 1) U onpedeneHHd 2 ClemgyeT, 4YTO

11
ALYV = -
P ( Ai) TN
Jng BEIYUCTCHHS YCNIOBHOM BEPOATHOCTH TIPHMEHSIIOT GopMyy

P{AnB)
P{%8)= 55

W3 Hee Jerko BHIBOAMTCA Gopmyaa 047 GbIHUCACHUA BEPOAMHOCHIU
npouzgedenun cobbimuii:

P(4~B)=P(B) P(4/B).

Mpumep 4. B Awuke nexar 12 KpacHuIX ¥ § 3eleHBIX 1Ua-
POB, OAMHAKOBBIX Ha owynb. KakoBa BepoATHOCTb TOrO, 4YTO U3
JABYX BBIHYTBIX MIAPOB 002 ABISIOTCA KPACHBIMK?

Pemenwe, OCozHaunM uepes B coOBITUE «NEePBLITE BBIHY-
TBIH lIAp KPacHEHIT», a depe3 A — cobbiTHe «BTOPOH BBIHYTHI
wap kpacHui». Torna 4 N B apaderca coObITHEM «00a BHIHYTBIX
Mapa ABAAIOTCA KPACHBIMH».

Orcioga, npuMeHssa dopmyay (1) u3 §! n dbopMyny BHUHCAE-
HHSl BEPOSITHOCTH TIPOU3BEACHUA COOBITHH, MOJYYAEM:

P4 r\B)=P(B)-P(A/B)-36‘E_¥.

Teopema 4, JIna moobix coborTnit A, B, C wuMeeT MecTo pa-
BEHCTBO
P(ANB~C)=P(A)-P(B/4)- P(C/AnB).
J0Ka3aTeNnbCTBO TCOPEMBI MPEAOCTABAASTCS UMTATENO B Kaue-
CTEE¢ CAaMOCTOATENBHOH paloTHL

Mpumep 5. Tpu curHamusaropa paboralor HE3aBUCUMO ApYyr
oT apyra. [Ipd aBapuu CUrHanu3aTopsl CpaldaTHBaXT COOTBET-
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8 7 6
r = OATHOCTh TOIO
CTB€HHO ¢ BCPOATHOCTAMM 9’ 3 H 7 Kakopa BEP ,

YTO MPH aBapHM cpaboTaloT OBa CHUTHAIM3aTOpa?

Peure Hue, O0o3HauUM yepes )
A, — coDbITHe «TIpu aBapH¥ cpaGaTeBacT MEPBBIH CHFHATH3A-

TOP»; )
A, — coBbITHE «IIPH aBapMU CPabaTHIBACT BTOPOM CHTHANM3A
TOP»; )
A, — cobpiTie «NpH aBapuy cpabaTbiBaeT TPeTHil CHTHATH3A-

TOP?,
C, — coGBITHE «IpH aBapHH CpabaThIBAlOT TOJNBKO BTOPOH H

TpeTUH CHTHAIH3ATOPLI», )
C, — cobHnTHEe «npH aBapHH cpadaThIBAlOT TOABKO NMEPBBIA H

TPETHi CUTHAIN3ATOPBI», 5
C, — coGBITHE «TIPY aBapuu cpabaTBIBAIOT TOJbKO NEPBHIA N

BTOPOW CHUTHANM3ATOPH»,
C, + C, + C, — cobuiThe <npy aBapuk cpadaThIBalOT POBHO
1

JIBa CUTHAIM3aTOpa».
Toraa u3 onpeneneuus 10 (cM. §1) moayyaeM ciaeoylomine pa-

BEHCTBA!
Cl =A_IF\A2 ﬁA?” Cz :A! r_\A_zﬁA3, C3 =A|ﬁA2 F\A3,

Tak kak coGertusa €, C,, C; — nNoOMapHO HECOBMECTHHI, HMe-
eT MECTO PaBeHCTBO

P(C,+Cy +C3)= P(Ci )+ P(Cy )+ P(C).

CHrHaan3aTophl paboTaloT HE3aBHCHMO IPYT OT APYra u co-
HMeiMu. JIo3TOMY 43 ompene-
oniTHA A, A,, A, SBASIOTCSI HE3aBHC

JCHHUA 1 cnepyer, 4to

1 - 176 1

P(C)= P& a4y n )= P(4) P(4) P(A4)=5 3= =13
R R 8 1 6_2

P(Cy)=P(4 N4, ﬁA3)=P(Al)‘P(Az)‘P(As)zﬁ"s"?“ﬁa
8 71 1

P(Cs)=P(4 ﬁAz""A_3)=P(Al)'P(Az)‘P(A_3)=§‘§‘3=§-

Orcrona roaydaem
2

1 1 73
P(C1+C2+C3)=ﬁ+ﬁ+‘§ m
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@T) Bonpocs! # sananns

L Ins HecoBMeCTHBIX cOGBITHIf A u B Aokas3aTtk GopMyay

PA+BY=P(A+P(B).
2. Kax BBIYHCASETCS BEPOSATHOCTD NMPOTUBOIICNOXHOTO COBLITHS?
3. AN HeCOBMECTHBIX COGBITHIL A, B, C poxkasare dopmyay

P(A+B+C)=P(D+ P(B)+ PO).
4. Jlate onpemeneHye yeIoBHOL BEPOATHOCTH,
5. Matb onpenenexne He3aBUCHMBIX COBLITHIL
6. lna cobuituit 4, B, C nokasath dbopmyny

P(AnBAC)=P(A) P(B/A) P(C/A B).

Yapaxnenus

1. Bpocunu urpansuyio kocte. Hajitu YCNOBHYK) BEpPOSITHOCTL
TOTO, YTO BHINANQ NMPOCTOE YHCIAO OYKOB, NPH YCIOBHU, YTO
YHCJIQ BRIMABLIUX OYKOB HEYETHO.

2, MiBa cTanka paboTaloT HE3aBUCHMO Apyr ot apyra. Bepost-
HOCTL TOTO, 4TO MEPBLIH CTAHOK NpPOPaGOTAET cMeHY Ge3 Ha-

9
ALKH, paBHA 75, BEPOATHOCTE TOTO, YTO BTOPOH CTAHOK

4
npopaGoTaeT cMeHy Ge3 Halaiku, paBHa 3 Kakoro Beposit-
HOCTB TOTOQ, YTOQ;

a) oba craHka npopaGoTtaloT CMeHy 6e3 HamamKu;
6) oba cTaHKa 3a cMeHy NoTpeSyIoT HaNaIKu;
B) TOJBKO OAMH CTAHOK NOTpe6yer Hamagku?

3. Tpu cTpeiaka He3aBHCHMO IpYT OT Apyra CTPenadroT Mo Leilu.
BepoatHocTs monananng B uens Nnepeoro crpeska papxa 0,8,
Ans Broporo — 0,75, ang tpetsero — 0,7. Kakosa BEPOSIT-
HOCTD: :

a) X0Ta OBl OMHOrO MONAJAHUA B UEeb;
0) POBHO OIHOTrC MONANAHMS B uelb;

B) POBHO ABYX NONAJaHHi B UeTh,

T) TOTo, YTO BCE CTPETKH HONAAH B Uenb;
M) TOro, YTO BCE CTPEAKH OPOMAXHYIUCH?

4. B Mactepckoil paGoTaloT TPH CTAaHKA HE3aBUCUMO APYT OT
Apyra. 3a CMEHY MepBBIit CTAHOK MOJXeT noTpedoBaTh Hanam-
KH ¢ BepOATHOCTHIO 0,15 (M mOCHe 3TOro 40 KOHUA CMeHM
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Hanaaky He norpebyercs). s BTOpOro CraHka 3Ta BCpOAT-
HocTb pasHa 0,1, mna tpetbero — 0,12. Kaxosa BeposSTHOCTD
TOIQ, 4TO:

a) XOTb ONMH CTAHOK 3a CMEHY noTpedyeT HaNaAKH;

) POBHO OAMH CTAHOK IOTPeOyeT HalalaKi;

B) BCE CTAHKH MOTPeOYIOT HANMAAKH,

) XQTh OAMH CTAHOK 33 CMEHY HE foTpefyeT HaManKH?

5. B sumke gexar 12 KpacHbx, 8 3eNeHbIX M 10 CHHWX 1apOB,
OIMHAKOBHIX Ha omlynb. Haynady BRIHMMAKOTCA IBa 1Iapa.
KakoBa BepOATHOCTb TOTO, HTO!

a) 06a lWwapa — 3eie¢Hble, €CJAH W3BECTHO, YTO TPH 3TOM HE
BBYHYT CHHUH 1LAp;

6) BLIHYTHIE 1IAPEI — PasHOUBETHHE, €CITH H3BECTHO, UTO HE
BLIHYT CHHHH HIap;

B) 06a mapa — KPacHBI¢, C/IH H3BECTHO, HTO HE BBIHYT CH-
HHii wap?

6. BpocHAH UTPANbHYIO KOCTb. HaiiTH ycnosHyI0 BepOsITHOCTD
TOIO, YTO BHINAJIO MPOCTOC YHCIO OUKOB, NPH YCIOBHH, YTO
YHCNO BHIMABIIHX OYKOB YCTHO.

7. Iipa cTpenKa He3aBHCHMO Apyr OT ApyTad CTPENAT MO LeJH.
BepoATHOCTh MOMAAAHHUs B LieJb JUTA TIEPBOTO CTpeNKa paBHa
0,6, 111 BTOPOroO CTPEJKa paBHA 0,7. HallTu BepOSITHOCTH
CJIeAVIOUUX cOOLITHIL:

a) OIHH CTPEJIOK MONaJ B LieNb;

6) x0T GBI ONMH CTPENOK MONan B Ie/b,

B) 002 CTpesKa NOnany B UeNb,

r) HY OJMH CTpEJOK He nonan B Lenb,

1) XOTs1 Obi ONVIH CTPEJIOK HE momnal B LUESE.

8. YeTbipe CMTHAIN3ATOPa IPU aBapuu pa6G9Tal0T HE3aBUCHMO
Jpyr o gpyra. [Ipy apapun CHTHAIA3ATOPRL cpaBaTHBAIOT C
BEPOATHOCTAMHU 0,6; 0,7; 0,8 1 0,9 cCOOTBETCTBEHHO. Haittin

BEPOATHOCTH CJIENYIOIINX COOBITHH]:
a) nﬁn apapuM cpabatbsaeT Hosee TpexX CRTHATU3aTOPOB;
6) npu aBapun CcpadaTeIBACT MCHCE ABYX CUTHATM3ATOPOB,
B) Tpu aBapuH cpabaTbIBalOT BCC CMTHAJIH3ATODbI;
r) HH OJUH CHTHAIM3ATOp HE cpabaTHBacT MpH aBAPHH.
9. BpocaloTcs HIpaibHad KOCTh M MOHOTA. KaKoPa BEPOSTHOCTL
OZHOBPEMEHHOTO TMOSBJICHHUS ABYX cOGRITHI: «BHIAJAHHE
6 OUKOB» M «BbIMamaHue rep6a»?
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10. B suumke uMeercst 5 KapaHpalueit 4epHOTO mBeTa M 15 KapaH-
AIUeH KPacHOro UBeTa (BCe KapaHIAluW BHELIHE OMWHAKOBBI),
KakoBa BEpPOATHOCTE TOTO, YTO BTOPOH BHIHYTBHIH KapaHIa

ABNIACTCA YEPHBIM, MpH YCAOBUH, YTO MEPBHIM KapaHOAll ToXe
OB YepHBIM?

§ 3. ®opmyna Bepuynan

Muorue 3a1a9n TeOPHH BEPOATHOCTEH cBOTATCS K cxeme bep-
#yaau. CYTh CXEMBL 3aKTIOUYACTCS B TOM, YTO HEKOTOPOH OMBIT He-
3aBUCHMBIM 0GpazoM moBTOpsAetca n pa3. Hanpumep, Gpocum on-
HY M TY Xe MOHETy 3 pa3a W MOCMOTPUM, YTO BBITANO NMPH KaX-
JoM 6pocaHuH. SICHO, YTO pe3yAbTaT NMpU NepBOM OPOCAHUM MO-
HeTBHl He BAMseT Ha pe3yabTaT BTOPOTO OpocaHMs, a pe3ylbTathl
NEPBOTO H BTOPOro OpocaHus He BAMUSIOT Ha Pe3yiabraT TPETLETO
Oopocanmsi. TakuM 06pa3oM, Mbl OOHH OIBIT NMOBTOPAEM HE3aBH-
cUMO 3 pasa. PaccMOTpeHHBIH TIpUMEp ABASETCA MPUMEPOM HC-
noNb3oBaHuA cxeMbl bepHynnu ang n = 3.

Onpenenenne 1. ITycte oneIT S, €CTh NepBOe OCYIIECTBACHHE
ONBITA .S, OIBIT S, €CTb BTOPOE OCYNIECTBACHHE ONBITA S U T. A.
ByneM Ha3bIBaTh onvtmoel S,, S,, ..., S, HE3AGUCUMbBIMU, €CITH De-
3yJbTaThl OMBITOB S, S5, ..., $,_, HE BAMAIOT HA PE3YIBTAT OMbITA
S, rae k=23, ..,n

CdopMymupyeM CIeIyOLIYIO MPOCTEHINYIO 319y LA CXEMBI
bepuynau. ITycre B onbite S coObITHE A MPOHCXOOUT ¢ BEPOATHO-
ctbi0 P(A) = p. OnHT S NMOBTOPKM HE3aBUCHMBIM 00pa3soM n pas.
KakoBa BepOSTHOCTH TOrO, MTO COOLITHE A MPOU3OLLAO POBHO M
pa3 B 3THX OnsITax?

HcKoMyIo BEpOATHOCT NPUHATO 0003HayaTh vepes P (m). Ot-
BeT HA NMOCTABJEHHbBIH BOOpOC naetT dopmyasa bepryanu:

P, (m)=Crp™(1-py'™.

Mpumep 1. OnHa mMoHeTa 6pocaercd 10 pas. Kakoea BeposT-
HOCTb TOTO, YTO «repO» BBIMAJET POBHO 5 pa3?
Pemenue. [Ipu GpocaHny MOHETHI «repl» BHIMAJAET C Be-

|
POATHOCTBIO 5. Torna no ¢popmysie bepHymnin HMeeM

5 5
Py (5)= 10! (1) (1_ l) 678910 1 _ 63

5110-5)1\2 2] 20 =

12345 210 256"
Mpumep 2. Urpator aBa WwaxMarHcTa, TlepBbiil MaxmMaTUCT
HTpaeT B IBa pasa CHILHCE, yem BTOpOﬁ waxmatuct. Kakosa Be-
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POSTHOCTH TOTO, YTO W3 YETHIPeX MapTHil | pa3 BHIAIPAcT MEPBBIH

IIAXMATHCT («HUUYbS» HE YUHTHIBAETCA)?
PeweHue. O603HaUNM depe3 A COOBITHE «BBIUIPA TIEPBHIH
2

maxMaTHcT». Torma u3s dopMyast (1) (cm. §1) umeem P(A)= 3
Terteps W3 GopMyasl bepHYIIH THOMYYacM

P, ()=C} @)1 (1%)4'1 _ 421 _ 8

IMpumep 3. B cempe Tpoe nereii. KakoBa BEpOATHOCTE TOrO,
yTO B 3TOH CeMbe [BAa MATBYMKA, €CIU BEPOATHOCTH POXACHHA

9
MaJibYHKa M AeBOYKU ONHHAKOBBI! ]
Pemenue. O6o3naunM uepes A coObITHE «POXNCHHE Mab

1
ynka». Torma us dopmyast (1) (cM. §1) umeeM P(A)= 3 Teneps,

McHoAb3yd dopmyay BepHYLUTH, TTOyYaeM
2 3-2 : L 3

1 (V231 L
})3(2):(:32(5) (1'5) =3m '3 2 §°

4. WrpaloT nBa 1axMaTHCTA OAWHAKOBOW CHITHL.

A pacT He

Kaxosa BepOATHOCTD TOTO, 4UTO l'lepBbIﬁ IAXMATHCT BBINMT

5 pipex?
MeHee OBYX MapTHH U3 YeT
Pew 3301{{ e . O6o3naunM uepes A cobbITHE «BHIUTPAN e pBbIii
| 1

paxMatuct»>. Toraa u3 dopmynsl (1) (€M, § 1) umeem P(A) = 5 -
0011 CYMMY BEPOSITHOC-

ocTE P TipeACTaBIgeT €O
Hcxomasi BEPOSTH p s By,

Teit P,(2), P(3), P,(4). TMosToMY, MUCITONb3YS
TIONYYHM

P=P,+P 3+ W=C] (%)2 (1—%)4‘2 o (%)3( _%) +

NP N2 R i
*Cf(%) (1‘5) TR TR T

@—f Bonpoch! K 330aHBA

1. Jath onpe/ie/icHUE HE3ABHCUMBIX OIIBITOB.

2. Harmcathb opMyiTy bepHyILTH.
3. ITpuBecTd NPUMEP HCTIONB30BAHMS cxembl BepHYIUIH,
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Yopaxnenun
LB N N N |

1. B mexe paGoTaloT 6 MOTOPOB HE3ABHCHMO APYr OT Apyra.
Kaxasiit MoTop paboTaer onpejiesieHHOE BpeMs ¢ BEPOSTHO-
ctbio 0,8. HaliTH BepOATHOCTH CAEAYIOWHMX COGBITHIA:

a) pabotaer 4 MoTopa;
0) BCce MOTOPHI paGoTaloT;
B) BCE MOTOPB! He paBoTaIoT.

2. CobbiTHe A ¢ BepoATHOCTHIO 0,3 MOABATETCA B KAKIOM H3 5
HE3aBUCHMEIX UCIIHITAHHH. KakoBa BepoATHOCTDL TOIO, 4TO
co0BITHE A Npou3oiineT He MeHee 2 pa3?

3. Mouery 6pocaloT 6 pas. HailTu BeposATHOCTH CleayiolMx co-
OpITHI:

a) He bonee 1 pasa BeImazmer repd;
©) MeHee 2 pa3 BHIMaAeT rept.

4. Urpaiot 2 waxMaticTa. TIepBBlil LaxMaTHCT urpaeT B 3 pasa
caabee, Yem BTOpoi maxMaTHCT. KakoBa BEpOATHOCTE TOTO,
YTO NMEPBHIH WAXMATUCT BBIUTPAECT TPH MAPTHU M3 TpeX?

5. Hrpawor 2 maxMaructa ondHakoBoil cinbl. Kakoe 3 cobbl-
THH ABJIETCSA GOJiee BEPOATHBIM: BBIMTPHIL He MeHee 3 map-
THH H3 4 WIK BHIUTPHILI He MEHee 5 mapTHit u3 8?

6. UrpanbHas xocts Gpocaercs 10 pa3. Kakosa BEPOATHOCTD
TOTO, YTC YHCAA, KPATHBIC 3 OYKAM, BHITIAAYT He MEHee 2 U
He Dojee 5 pas?

§ 4. DnemenTr MaTEeMATHYECKO#H CTATHCTHKR

1. Beeaenwe. B 310M maparpade MbI paccMOTPHM HEKOTODHIE
JIEMEHTEl MATEMATHYCCKOH cTaTHCTHKM, Mamemamuueckas cma-
mucmuxa — 3TO pasge] MaTEMATUKH, KOTOPBIH MOCBSIIEH Mate-
MaTHYeCKHM METOAAM CHCTeMAaTU3alMH, 06paBGoTKH, rpyNIUpOB-
KM # HCIOJTB30BAHHA CTATHCTHYECKHX NAHHHIX IISI HayYHBIX U
NPAKTHYECCKUX BBIBOJOB. Cmamucmuneckum Oannbimy HA3BIBAIOT-
CA CBEACHMS O YHC/Ie OObEKTOB, B KaKoif-mHO0 (6oNee wid MeHee
OOLIMPHOH) COBOKYHHOCTH JaHHBIX, 06MAJAIOIHX ONPEacIeHHEBI-
MH IIpH3IHAKaMH,

2. I'eHepanbHAR COBOKYNHOCTH., Buifopounas cosokymmocTs
(Bbibopka). M3yueHHe MHOXECTBA CXOAHBIX O6BEKTOB MOXET HpPO-
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BOOMTBCA KaK MO KAYeCTBEHHOMY, Tak M MO KOJIHYECTBEHHOMY
npu3HakaMm. Hanpumep, eciu obcaeayeTcst mapTust aetaieii, 1o
KayeCTBEHHBIM IMPH3HAKOM MOXET ObITh CTAHAAPTHOCTH {MAH He-
CTAHZAPTHOCTH) J€Tanu, 4 KOJINYECTBEHHEIM TIPH3HAKOM — pa3-
Mep HEeTAJIH.

TTpoeepky napTHH JeTajieit MOXKHO NMPOBOOUTH ABYMS pasiHy-
HBEIMH ¢HoCOGaMH; '

1} MOXHO TIPOBECTH KOHTPOIL BCeX HeTalell;

2) MOXHO MpPOBECTH KOHTPONEL TOJIBKO OIpENedeHHOH YacTH
Jeranei.

OTMETHM, YTO KOHTPOJIB MOXET GBITE CBA3AH C Pa3pvIIcHHEM
Jetaneii, # MO3TOMY NMepPBEIH cocob He Bcerna yaobeH npH 60/b-
IIOM MMCJIe JeTadeil B MapTHHu,

Bce MHOXECTBO 00OBEKTOB, MOANEXKAIIHX KOHTPOIIO M HCCIe-
JOBAHHID, Ha3BIBACTCS ceHeparvioll cosoxynnocmero. Yncno sne-
MEeHTOB YKa3aHHOTO MHOXECTBA OOBEKTOB HASBIBAIOT 00beMOM 2eHe-
panvroli cogoxynnocmi. MHOXecTBO 00BLEKTOB, MOMABIIMX HA NPO-
BEPKY, HA3BIBAIOT @uib0po4HOl COSOKYRHOCHIbI0 WITH ebiboproi, Yuc-
JI0 37eMEHTOB BhHIOOpKM HA3BIBACTCH obsemoM apifopru.

Mpumeyp L. Ilycte u3 1000 neraneit o1A KouTpona otodpa-
Ho 50. Torma obbeM reHepanbHoii copokynHoctn N = [000, a
obbeM BEIGOPKH 7 = 50.

IMMpuMep 2. ADMUHHCTPALHS aKaIeMUUECKOTO AMIES Xena-
€T NMPOBEPUTH YCNEeBaeMOCTh YYALLHUXCa Mo Marematuke. [Ipeano-
jJaraercd, 410 B Junee 350 yyammuxca ¥ U3 HRX 50 momnmanu Ha
npoeepky. Torma Bce yyalinecs akageMHYecKoro JIHLes cOCTaBAs-
10T FEéHEPAJILHYIO COBOKYITHOCTE abbemom 350, a monaBiuue Ha
IpoBepKy 50 U3 yYallHXcSd COCTaBISIIOT BHOGOPKY 00BeMomM S0.

OOBIYHO reHepanbHas COBOKYMHOCTE COAEPKHT KOHEUHOe
yHeTo 06bekToB. Ho 310 YMCHO, KaK MPaBWIC, AOCTATOYHO BeMl-
Ko. [To3ToMY NMpHd TEOpPETHUYESCKHX BHIBOJAX OOBEM FeHEpaLiio
COBOKYIIHOCTH 4acTO MpeInonaraeTcad 0€CKOHEUHBIM,

Cama BpIOOpKa MOXeT MPOBOOUTLCA ABYMA criocobamu. [lep-
BB CMOCOG HaswIBAOT nosmopuoll eéstbopxod. TIpu aToMm cnocobe
OOBEKTH AN HCCACEOBAHUSI MOOYEPEIHO OepyTCs U3 IeHepaib-
HOIl COBOKVIIHOCTH, 3aT€M BO3BPAHIAIOTCI MOCHE WUCCAEHOBAHUS
(HanpuMep, B3N JeTajlb, M3MEPHIU ee, BepHYAU obparHo, 3a-
TeM CNyYailHO BHIOpany Ciaenywollyio oerans gas obmepa. [lpn
3TOM He HCKJIIOUEHO, YTO OAHY M TY XK€ AeTalb BO3BMYT HECKC/h-
KO pa3)}.
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Bropoit crioco6 Ha3BIBAIOT Oecnosmopioil evifopxoi. [Tpu TakoMm
crmocole HccaenoBaHHbIe OGBEKTR B FEHEPANbHYIO COBOKYMHOCTS
He BO3BpallaloTcs (JenaloTcd GeCroBTOpHBIE BRIGOPKH).

Caenannas BHOGOPKA JOJXKHA HOCTATOYHO TMOAHO OTPAXAaTh
0COOEHHOCTH Bcex OOBEKTOB reHepaNbHON COBOKYITHOCTH. Dro
0CODEHHO BaXKHO B TeX CAy4asX, KOTHA reHepasibHasg COBOKYI-
HOCTb MMEET OfipeAeNicHHYI0 HeoqHOpoaHOCTh. KopoTko 3T0 Tpe-
GoBaHue K BbIGoOpKe DOPMYTHPYIOT TaK: BHIOOPKA HONXHA OLIThb
pPeNpe3cHTATUBHOM, T.€. IIPeICTABACHHOH,

OcyniecTBleHHe BHIGOPKU TIPOUIBOANTCS CASAVIOWIHUMH CIIOCO-
Gamu:

1. IIpocToit cayyaiiHei oTGOD.

2. Tunopoit or6Gop.

3. Cepuiinplii oT6Op.

4. MexanuyecKHil o10op.

[Mpocroit cayyaliHbiit 0TOOP MOXHO MPOU3BOIHTE MO-pa3HO-
My. Hanpumep, HoMepa KOHTpOIUpYeMBIX OeTajdel H3 BCeil rede-
panbHOH COBOKYIHOCTH BBIMHMCBIBAKOTCA Ha KAPTOYKH, 3TH JeTa-
JIH NEePeMeliuBaioT H BEIOUPAIOT KapTOUKH,

Tunoso¥ otdop NMPOH3BOANTCH ClheaywiinM obpasoM. CHava-
Jla BBIGOPKY HENsAT Ha HECKOJBKO YyacTell, MpHYeM Kaxiaasd yacTh
ABIAETCH OOHOPOIHOH OTHOCHTEABHO REKOTOPOro NMpHU3HAaKa, 3a-
T€M Ha KaxA0oH 4acTH BBICOPKH NPOU3BOIHTCH HPOCTOH cayvail-
HBIH 0TOOp.

Ilpu MexanuueckoM OTGOPe AR HCCNEAOBAHHSA BRIGHPAIOTCS
JeTand ¢ onpeaefeHHbIM NPU3HAKOM, HATIPUMED, BTOpasd JeTalb,
yeTBepTas, ecrad U T. 4. (T. €. AeTaliM ¢ YeTHBIMM HOMEpPaMHU).
Takoit oTGop He Bcerna JaeT PeEnpe3eHTAaTHBHYIO BHIOODKY.

Boamoxed takcke cepuiinbiil ot6op. HanpuMep, niyers 3 cran-
Ka ofpalaTblBaloT OAUHAKOBLIE AeTann. Toraa B KayecTse BbOOp-
KH MOXHO B3fTh AeTaTH, 00paloTaHHBIE TOJLKO MEPBBIM CTAHKOM.

OTMeTHM, YTO B 3ABUCHMOCTH OT KOHKPETHBIX YCAOBHH Npo-
U3BOACTBA OTIUCAHHDBIE BBHIILE CIIOCOOH MOXHO KOMOHHHPOBATD.

Bonpoce! u 3aganus

1. YTo #3yyaroT B MATEMATHUYECKOH CTATHCTIIKe?

2. JaTk onpenencHHA reHepatbHON U BRIGOPOYHOH COBOKYIHOCTH.
3. Jarb onpenenenus NOBTOPHON W GECHOBTOPHON BLIGOPKH.

4. 410 03HaYaeT MpocToil caydaliHe oTHop, THIOBOI OTGOP?

5. Yto o3Hauaer cepulikbiil oT0Op, Mexaneckuit oTdop?
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YnpaxHenns Ans BOBTOPERAs
L N N _ N § & N § N N |
1. bpocatotcst 4 MoHeTEl. YKa3aTe Bee 3MeMeHTAPHBIE COOBITHUS,
2. BpocaloTcs 3 urpanbHble KOCTH. ONpeAeInTh BePOITHOCTH
CIenyIOUX CODBITHIL:
a) cyMMa BBHINTABLIHX OYKOB pasHa 10;
) TpexsHayHOe Yucho Jeautcs 6e3 oCcraTKa Ha 4;
B) TpeX3HA4YHOE YUCHIO JeNHTCT Oe3 ocraTka Ha 9.

3. 3 natu oTpe3KoB ¢ AMHHAMH COOTBeTcTBeHHO 1, 3, 5, 7, 9
Haymavy BeIGuMpaloT TpH. KakoBa BepOATHOCTh TOro, 4YTO U3
HHIX MOXHO TIOCTPOHTb TPeyroAbHHK?

4. Ky0, Bce rpann KOTOPOro OKpalleHsl, pacrmwicH Ha 1000 pag-
HBIX KyGyKkoB. HaliTH BepoATHOCTE TOTO, YTO HayAady B3ATHl
KyOUK uMeeT ABe OKpalieHHBe rpaHu?

5. KakoBa BepoATHOCTb TOTO, UTO B Aexabpe Mecsiue Npon3-
BOJIBHO BHIOPaHHOIO Tofa OKAXeTCs MATh BOCKPECHBIX OHEH?

6. Ha mwecTH 0AMHAKOBBIX KapTOYKaX HANHCAHB OYKBBI «A»,
«B», «K», «M», «C», «O», KapTouky pacKnamblBalOTCS Ha-
yrai B psad. Kakopa BepoATHOCTEL TOTO, YTO IONYYMTCS CIOBO
«MOCKBA»?

7. B ammxke nexar 20 oIMHAKOBLIX Ha OIIYAL 1WapoB: 12 Genbix
H 8 xpacHbX. KakoBa BepOATHOCTb TOro, Yr0 2 BEIHYTHIX
1Iapa UMEIOT pasHbBLii 1BeT?

8. Ha kaprouxax Hamucanw uudps 1, 2, 3, 4, 5, 6, 7, 8, 9. Ha-
yran 6epyrca 4 KapToukd M packiaabiBalorca B pan, Kakosa
BEPOSITHOCTh TOTO, YTO TIOJNYYHTCS YETHOE YHCHO?

9. KaxoBa BeposATHOCTh TOr0, YTO TOYKA, OPOIIEHHAS Ha KBal-
par ¢o cTopoHo# 1, momaier BO BHYTPb BITHCAHHOTO Kpyra?
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I'JIABA XVIII

DIEMEHTBI
JWHEMHOW AJITEBPBI

§ 1. JIuneiinpie NPOCTPAHCTBA

1. INonsTHe 9HcaoBoro noas. M3secTHO, YTC MHOXecTBO (0
paLMOHATBHBIX YMceT 00NagaeT CIeOYIOWUMHE CBOACTBAMH!

1°, qng mio0BIX palMOHANBHEIX YHCEN F|, F, CYIIECTBYET WX
cyMMa r, + r,, KOTOpas SBJISeTCS PallHOHATLHBIM YUCIOM.

2°. Ina moGeX pauHOHAJIBHKWX YHCEN 7, 7, BBIMOIHAETCA pa-
BEHCTBO |, + r, = r, + r,, TO €CTb ONEPAlUA CAOKEHUA paLyo-
HAJILHEY YHCe]] KOMMYTaTHBHA.

3°. Onepauus CHOXEHUS PAHMOHAIBHEIX YMCEN ACCONUATHB-
Ha, TO €CTh WA JIO6bIX PAlMOHANBHEIX YHCEN F), /,, I'; BHIMOIHSA-
eTcs paBeHCTBO (r, + 1) + 1, =1 t (1, + 1)

4°, ) — palHOHaNMBHOE YUCA0 H R m060re palHoHaLHOTO
yMcia 7 BEITIONHAETCH paBeHCTBO ++ 0 = 1.

Yucno (0 Ha3KIBAIOT HeUmMPpaibHbiM INEMEHMOM OMHOCHMEABHO
OnePaniy CAONCEHUA,

5°. dng noGoro pauHOHATBHOIO YHCAA 7 CYIISCTBYET CNMH-
CTBEHHOE PAllMOHANIBHOE YHCAO —r Takoe, 410 r + (—r) = (.

Yucao —r Ha3bIBAIOT NPOMUBORCAONCHUM IACMERIMOM.

6°. Ina nmobHX pauMOHANLHBIX YHCEN 7, r, CYILECTBYST HX
TpOU3BEEHHE £, * I,, KOTOPOE ABIAETCS PallMOHATBHBIM YHCIOM.

7°. OnepauvMsa yYMHOXEHHSI PAllHOHANTBbHBIX YUCET KOMMYTa-
THBHA, TO €CTh M JIOOBIX PALIMOHANBHBIX YHCEN F, ¥, BEPHO pa-
BEHCTBO 1, " I, = 1, ' I, :

8°. Onepanyss YMHOXEHHS PalHOHANBHHX YKCEN acCOUMATHB-
Ha, TO €CTh /IS JIOOBIX PALHOHANBHLIX YHCEN 1y, 7y, F; BEPHO pa-
BEHCTBO (r, " 1) "1, =1 (r," 1)

9°. Omepallig YMHOXCHHS PALMOHAIBHBIX YHCE] OTHOCHTE b-
HO CIOXCHUA THCTPHOYTHBHA, TO €CTh KA AOGHIX pallHOHANb-
HBIX SHCEN 7, 7,, F; BEPHO paBeHCTBO r((ry + 1}y =r - ntro-n

10°. 1 — pauHOHAMbHOE YHCIO M N NMGOro palMOHAIBHOTO
YHCIIA ¥ BEPHO paBeHCTBO r - 1 = 7.

Yucio 1 Ha3HIBAIOT HEUMPAALHbM IACMERMOM OMHOCUMEALHO
ONEPAYUY YMHONCEHUA.
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11°. Ing mo6oro HeHyNeBOro pauMoOHANBHOTG YHCIA Y, cyllle-
CTBYET CAMHCTBEHHOE PALIMOHANBHOE YMCIO r-!, HassiBaeMoe o6-
pamubim Inemennonm, Takoe, yTo r-l - p= 1.

KpoMe MHOXecTBa pallMOHANBHBIX YHCeN YKa3aHHBIMH Bhillle
CBOMCTBAMH OGNAfAI0T MHOXKECTRBO AEHCTBUTENbHBIX gyucen R
MHOXECTBO KOMILIeKCHBIX 4Hcen C. MHoXecTBo, obnaganonee
CBOHCTBaMM 1°—11°, HasBIBacTCA HodeM.

BosHukaeT ecTecTBEHHBI! BONPOC: CYILECTBYIOT N rons, or-
JIH4HBIE OT @, R u ?

Crienyrolinii mpuMep NOKA3BIBAET, YTO TAKHE OIS CYLWECTBYIOT.
ITpumep 1. PaccMOTPHM MHOXECTBO

Q(Jp)y=t{a+bJp|abe Q; p— npocroe yncao!) .

Nycrs 2z, z,, zzeQ(\/;) u z=a+bfp, 3 =q ""bn/;,
I = +b2\/5, e a, a, b, b, Q.
Ilpoeepum BHIMONHEHHE CBOHCTB 1°—11°.

1. Tnsa mobeix z,, z,& o(Jp) OTPEAETUM CIENYIOUIHM 06pa3oM
OMEPALNIO CHOXCHHUSA.

4 + 5= (G +hp) + (@ +5,p) = (a, + a) + (b, + b)p.

Tak Kak cymMMa palHMOHANBHBIX YHMCEN €CTh PALUOHATLHOE
4HCTI0, TO, 0G03Havast a, + a, = a, b, + b, = b, nonyuum sne-

MEHT L =4+ b\/E H3 MHOXECTBa Q(\/E). 3HAUHT, HA MHOXECTBe

Q(/p) onpenenena onepaius CIOXKEHHUS,
2. Tak KaK Onepamis COXKeHUs! PALHOHATBHBIX YHCET KOMMY-

TaTHBHA, TO A MIOOLIX 3AEMEHTOB | =4 +b1\/5, H=a +b2\/5
MHOXECTBA Q(\/;) BEPHBI paBEHCTRA

4 +z2=(al+a2)+(bl+b2)\/; =(a2+a])+(b2+b,)f=z2+z].
3. Tak kak omepauusa CAOXeHUS PALHOHATBHEIX YHCEN 4CCO-
UMAaTHBHA, TO MM JTIOGEIX  3MeMeHTOB Z=a+bp,

a=a +bp, z,=0, +b,\Jp , MHOKecTBa O(Jp) BepHm pa-
BEHCTBa

(@+z)+g=(@+a)+(b+b)p)+a + b7 =
=@+a)+a,+((b+b)+b)p =
=a+ (@ +tay+b+G+b)p =27+ @ + 7).
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4. HaiineM 3TeMEHT ¢ MHOXECTBA 0(/p), yrosnerBopsOLIHii

ycroBHI0 7 + e = 7 A nmoGoro 3neMeHTa Z =4+ bJE U3 3TOTO

MHOXeCTBa. _
fycth € =X+ yJE . Torma W3 paBeHCTBa (a+b\/5)+(x + y\/rv) =

=(a+bJp) wnm (@a+x)+(b+ yWp = a+byp monyuuM cucre-

atx=a ONyYeHHOH CHUC-
MY ypaBHEHHH {b ey=b. Kaxzaoe ypaBHeHHE ITOTYY

HaJlb-
TeMbl UMEET AHHCTBCHHOC peliecHHEe Ha MHOXECTBE pauyo

x= 0’. 3HAYMT, HA MHOXECTBE 0(JP) cy-

HBIX 9Mcel, TO eCTb {

. OH
JEeCTBYET HEHTPAJAbHBIH 3TEMEHT OTHOCHUTEABHO CHOXERHS

paBeH e=0+0\/5. i
5. HaitneM 3meMeHT 7, yAOBAETBOPATOUINI YCTOBHIO 2 +7=e

uis 1oBoro aaeMeHTa L =4+ bp MHOXecTBa 0(Jp).
Mycts 2 =X +y'Jp. Torna u3 paBeHcTBa (a+bJp)+(x'+Y Jp)=

g+x =0,

i KOTOpaa Ha
=0+ OJE MOJIYYHM CHCTEMY YPaBHCHHU {b vy =0,

HHE
MHOXKECTBE PALHOHANbEBIX yuces uMeer eAHHCTBEHHOC peme

X' =4, Taxum oBpaIoMm,
y =-b.
¢ =—a+(-b)p =~a+byp) O(/P),

re. Ha MHOxecTBe Q(:/P) CyileCTBYeT IPOTHBONIOIOXKHEII SNEMEHT.
— e_

6. Mlyets 3, = 4 +hJp, n=a +b,/p — nBa MOGHIX 2
us

MeHTa MHOXECTBa Q(/p). Onpenennm omepauHio yMHOXEH

THX 3NEMEHTOB TI0 (opMysIe
72 =y +b1\/5)'(92 +b:\/3)=
= (a, @ + phby) + (a;b; + bl“Z)\/E'
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Tax kax npowmseeie c I q a
3BCACHHME H CYMMA PaLllo
HANBHBIX I
CeJl €CTh pa-
IHOHATBLHOS YNCIIO, TO 0603Hayasd 4,4, + pbb, = a, ab, + ba, =b

I'IOJ'IY‘-I? ?a 7 5= a+bfpe O(Jp).

) Ta.T 4K KaK ONepaLMa YMHOXEHHA PAHHOHATbHBIX THCEN KOM-
YTaTHBHA, TO Ana moOGHX 31eMeHTOB 7 = 4; + b \p
Z=a, + ,

» =8, +b,\[p, MHOXecTBa Q(J/p) BEPHBI PABEHCTBA

7 - = (a4 + phby) + (a)hy + ba,)p =
={@ma) + pbb) + (a,by + ba, )\/; =22,

T.C. ONEpalNs YMHOX
€HHA IJeMEHTOB Ha
M
KOMMYTAaTHBHA. Hoectse 0(Vp)

8. Ina mobux sneMentoB z=a+b\Jp, z,=a, +b Jp
_ ¥ | 1 )
7 =a, + by \p MHOXecTBa QG/p) BEPHbI PaBEHCTBA

(z-21} 7 = ((aa, + pbby) + (ab, + ba .
= ((aa)a, + p(bby )ay + plaby)b, + ﬁ](bal )32) f&iiﬂlfifii ), +
+aby)ay + (b )ay)\p = (a(@ya,) + poibray ) + palh by} + pblayb, )) +
Halaydy) + pbbidy) +a(bay) + Maya, )p = (a + bp) - (a0, +l phby)
Hab, +bayWp) = (a+bJp)(a + D) (3, + b, Jp)) =]z‘(z, '2) '

T. €, olepallgd YMHO
KCHHSA INCMEHTOB H
a
ACCOIIHATHBHA. vHosecTne Q(\/E)

9. Hns moGbx snemeHToB I=a+bJp, 7, =a +bp
. - . 1 1 s
» =a; + by \Jp MHOXecTBa 0J/p) BEPHBI PABEHCTEA

2@ +2) = (@ +bp)(@, + ) + (b +8,)p) =
=ala +ay) + pb(b + b,) + (a(h, +5,) + b(q +az))\/_=
= aay + pbby + (aby + bay)\p + aa, + pbb, + (ab, + ba Wp =
= (a+bJp)a +bp) + (a+ byp)a, +b2\/5)=z‘312+z'22

Takum
e 00pa3soM, onepaltis YMHOXEHHS HA MHAOXECTRe Q(J/p)
TPHOYTHBHA OTHOCHTEIbHO CIOKCHHS 3IEMEHTOR

10. Hailoem snemenr ¢, YIOBNETBOPAIOLIHIT PABEHCTBY 7 * & =
IS 1060Te 3MeMenTa 2 =a+b\p MHOKecTBa o(J/p) IMyc .
. Th
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¢’ = x'+y'\/p . Torna ua pasencrsa {(a+ bJp)x +y'{p)=a+bip

ax’+ pby’ = a,
NOAy4HM CHCTEMY ypaBHEHHI KOTOpaa Ha MHO-

ay’+bx = b,

KEeCcTBe pallMoHaNbHBIX ypces MMeeT ¢AUWHCTBEHHOE pelIcHHE

x =1,
y =0.

TakuM 06pa3oM, Ha MHOXECTBE O(Jp) cymectByer HelTpab-
HBIH 1EMEHT OTHOCHTENBHO OTIEPAlMH YMHOXCHHA. OH paseH

e =1+0p.

1l. Odycts 2= a+bJp, rae a, b He paBHBl ONHOBPEMEHHO
uysmio. HailaeM Ha MHOXECTBE Q (\/;) 37eMeHT 77, YIOBAETBOPSA-
JOLIKI YCAOBHIO 2 - T = g, e € — HeMTpafdbHbIH IEMEHT OT-
HOCHTeIbHO Onepannu yMHoxeHus. I1ycTs =x"+y"Jp. Tor-
Ia W3 paBeHcTBa (2 + bIp)x"+ ypy=1+ 0/p monyuum cucte-
MYy YpaBHEHHH

ax” + pby” =1,
{ay' +bx"=0.
Dra CHCTEMA HA MHOXECTBE PaHOHATbHBIX YHCEH UMECT CIHH-
CTBEHHOE pelLIeHHE

[2)

at-ob?’
g
at—pb?’
a —b

3gaduT, 2z = +
’ a*-pb?  a’-p

bz@eg(@) H Ha MHOXecTBe

Q(JE } pg moGoro 3MeMEHTA (OTIUYHOTO OT HEATPATBHOIO 37¢-

MeHTa OTHOCHTENbHO ONepalHn COXEHHsI) cyillecTByeT 0o0pat-
HBIH K HEMY JICMCHT.

TakuM o0pazoM, MHOXCCTBO Q(JE ) obpasyeT mone.

2. BexTopbl HA MJIOCKOCTH H ONEPALUNH HAL HHMH. PaccmoTpHM
MHOXECTBO BCEX BEKTOPOB Ha KOOPAMHATHOM IJIOCKOCTH R Uz
Kypca LIKOJIBHOM TreOMETPHH U3BECTHO, YTO MHOXECTBO BCEX BEK-
TOpPOB YAOBIETBOPACT CIIEAYIOLUHM CBOWCTBaM.

357



) 51 . 2,[!115{ Mo6EX  BEKTOPOB
a
»b e R” cymectsyer ux cymma, Ko-

TOpas TaKXE ABAACTCS BEKTOPOM
IIOCKOCTH R? (cM. puc. 99).

. Hanomuim, yto cymma BEKTOPOB -
NPCACIACTCA M0 NPABHITY NapLte-

nAorpaMMa.
i _2 . 2)."11151 MoObIX  BeKTOpOB
a
» b€ R® pepHo ycnosme KOMMYTa-
'I:'HBI-EOCTEI CNTOXEHHA BEKTOPOB, T.e.
d+b=b+a.
3. Ona i, b, ¢
Hna mo6eIx BeKTOpos 4, b, ¢ e R? BEPHO YCIIOBHE ACCOLM
aTHB h -
HOCTH CJIOXEHUSI BEKTOPOB, T.e. (@+H)+¢=a+ (5 +&)

4°. Ha nno z
CKOCTH R’ cywiecTByeT HY.Ib-BeKTOp 0 Takoii
st moboro 4 e R2 0 ;o
BEPHBI PaBeHCTBA d+0=a u O+d =g

L ( ) *

8. Ona
Ana mobbix o, e R 0 moboro Bextopa de R’ Bepw
BEHCTBO (+P)d =o-d+P . a e

9°, Ons h
pi | moﬁ_oro o€ R 1 n106bIX BeKTOpoB 4, b € R? pepu
BEHCTBO of{d +b) = -d+ 0o - b e
10°. 7]
; Hi[nﬂ Moboro sBexTopa d < R BePHO paBeHCTBO |- = 4
. HATH coTop.
o BﬂeMeH:Hm:lneﬁuom npoctpancrsa. Ilycrs P — Hekoropoe
e JaCMeHT: Ona P GyneM Ha3wIBaTh cKaAApami pennono
b : )
o, a0 o HTbI (BEKTOPBI) HEKOTOPOTO MHOXECTRa V' MOXH
SKATEID m,V E:]_Kanﬂpbl U3 M0JsT P MOXHO yMHOXATL Ha o6 ig
- TakuM obpasoM, nomaraem, uto mig MOOEIX 331(::

MEHTOB (BEKTO i, b
( poB) d,b eV cymecreyer envHCTBeHHBI MEMEHT

( p *

1 3MeMeHTa (BeKTOpa) eV cyllecTBYeT eNMHCTBCHHBIH 37e-

MeHT (BekTOp) b€ V TaKoii, UTO ow-d=b.
Eciay Ha MHOXeCTBE F OTHOCHTEJIBHO onepaluii cIOXeHHUA

37IEMCHTOR (BEKTOPOB) ¥ YMHOXCHMA cKaafpa Ha NeMEHT (BEK-
TOpP) BHIMOJHAIOTCS HIDKeCAeAyIoliMe CBOMCTBA, FOBOPAT, UTO
MHOXECTBO V 0Bpasyer auneiinoe npocmpancingo WIH 6eXmopHoe

RPOCHIPAHCMEO nad nosem P. _

1°. IIng mioGuIX BEKTOPOB d,bheV BepHO ycloBUE KOMMYTa-
THBHOCTH CIOXEHHUs BEKTOPOB, T.C. G+b=b+a.

2°, IIis MOOHX BEKTOPOB @, b, ¢ eV BepHO yClopHe acconu-
ATMBHOCTH CJIOKEHHMA BEKTOPOB, T.C. (a+ by+c=d+ (b +¢).

3°. Ha MHOXeCTBe V CyLIeCTBYeT Hyib-pekTOp ¢ TaKkoH, 4ToO

e V BepHBl paBCHCTBA G+0=dul+a=a.

s mobore 4
4°. Ins mo6oro BEKTOPA d eV cylecTByeT TIPOTHBONOJIOX-
(~d)+a=0.

HElit BekTOp —@ €V TaKkoH, 4To &4 +(—ad) =
pa aeV

5°, Jna mo6HX CKanApoB o, pe P u moboro BEKTO

BEpHO PABEHCTBO (O pra =a(p a).
6°. Inst moOBIX CKanIpoB o, Be P u moboro BeKTOpP2 aeV

BEpHO PABEHCTBO (O + Ba=o-d+B-d.
7°. [inst noGoro o€ P 1 JMOoOBIX BEKTOPOB G, beV BepHo pa-

BeHCTBO ofd +b)=o-d+o-b.
8°. Ina modoro BeXTOpPa de V BepHH DAaBEHCTBA 1-d=a,
0.-d=0, rne 1 u 0 — HeATPANbHEBIE 3eMeHTH Tonst P OTHOCH-

TebHO OMepaltii YMHOXEHHA M CIOKEHUA COOTBETCTBEHHO.

Mpumep 2 . JIuHeHHBIMH MPOCTPAHCTBAMH HAll 10JcM AcH-
CTBUTEbHBIX YHCESl SBNAIOTCA: MHOXECTBO BCCX BEKTOPOB Ha OCH
OX, MHOXEeCTBO BCEX BEKTOPOB Ha ILIOCKOCTH R?, MHOXECTBO
BCeX BEKTOPOB B TPEXMEPHOM IPOCTPAHCTBE R,

BoobLie, €CM Ha HENYCTOM MHOXECTBE, 37IeMEHTHI KOTOPOTO
paccMaTpPUBAIOTCS HAM HEKOTODBIM nojeM, onpedeneHsbl onepa-
1M CJIOXKEHHA 3/IEMEHTOB 3TOTO MHOXeCTBa H YMHOXEHHUS 3JIe-
MeHTa Mo Ha 97eMeHT MHOXeCTBa, YLOBJIETBOPSAIONIHE CBOMH-
crBaM 1° — §°, TO 3T0 MHOXECTBO ofpa3syeT NUHEITHOS IPOCTPaH-
cTBo. T103TOMY JHMHEHHOE MPOCTPAHCTBO MOTYT 06pa3oBbiBATL HE
TONBKO BeKTOpHI Ha R? WiH R}, Ho 1 mioObie 0OBEKTH, YIOBICT-

BOpsioLIUe YKa3aHHBIM CBOMCTBaM.
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[TpuMep 3. Paccmorpum muOXecTBO Cra: ) BCEX IEiCTBH-
TEJEHO3HAYHBIX HEMPEPLIBHEX YHKLUI Ha orpeske [a; b).

Ha Muoxectse Cia 51 B KAYECTBE CYMMEI 3JIeMEHTOR bynem
PacCMaTpMBaTh OGBIYHYIO CYMMY GbYHKUHE, T.e. U moGEX f(x),
gx)e Cia; 5 IMEEM (f + g)(x) = Jx) + g(x).

Hanpumep, nycrs Yy =sinx, y = x 3¢ Cl.. » CyMMoli 3Tux 27e-
MCHTOB ABMAETCA PYHKUHA y = sinx + x }, KOTOpas Takxe sBis-
€TCS 3MEMEHTOM MHOXECTBa Clo: o

B xayecTBe yMHOXeHUn CKaJisipa Ha 3/1eMeHT GyleM paccmar-
PHBATH OOBIYHOE YMHOXeHHE AEHCTBHTENBHOIO 49HCia Ha DYHK-
waio 13 G, Te. (0 f)(x) = o - (f (x)).

Hanpumep, ecnu ac R u Y = sinx, To GyHKUHA y = ¢ - sinx
ABMACTCA PEe3yNbTaTOM YMHOXEHHS CKansapa ae R Ha 3jeMeHT
Y = sinx MHOXeCTBa Cha o1

Herpyano nposeputn, yro Ha MHOXeCTBe (), BHIIONHAIOT-
¢ BCe CBOHCTBA U3 ONpele/eHHs THHEHHOro npocrpaHcTaa. [To-
ITOMY MHOXeCTBO (), ,) BCeX AeHCTBUTEIBHOHATHEIX HenpeprIs-
HHIX GYHKUMH Ha oTpeske [a; ] aBnsaerca nuneiHBIM NpoCcTpaH-
CTBOM Hal NolieM AeHCTBUTEIBHBIX YHCe.

4. Jluneituan 3asacumMocTs ¥ JHAEHHAS HE3ABHCHMOCTD CHCTEMB)
BekTOpoB. [lycrs V — numeiinoe (BEKTOPHOE) MPOCTPaHCTBO Han

nose™m Pu G, a,,..,a, — BEKTOPRI U3 MHOXecTBa V. Toraa ro-
BOPAT, 9YTO 3adana cucmema 8CKMOPO8 4\, d,, .., 4, aunelnoeo
npocmpancmea V,

Ecnn o), o,,..,0,& P, 10 CYMMY BMIA 048 + 04,3, +...+ 0,3,
HA3BIBAIOT AuKelinol Kombunaniesd cucmems 6eKMOpoe 4y, a,, ..., d, .

Onpenencnne 1. Hyets a4y, 4, ..., a, — CHCTeMa BEKTOPOB JIM-
HEeHHOTO npoctpanctBa V¥ Hax nonem P. Ecnau u3 pasencrra
04y + 058y +...+,d, =0, Toe ay, 0y, ..y &, € P, CHEHdYET, YTo
=0 =..=a, =0, 10 cHCTEMa 4, dy, ..., 4, HasbIBaeTca gu-
HEUHO He3a8UCUMON CLCHeMOi] 8eKmMapos.

IIpumep 4. Ha miockoctu PacCMOTpUM BeKTOpH d; = (1; J)
H d, =(2;1). Dra cHcreMa BCKTOPOB AB/IAETCA JUHEHHO He3apy-
eumoi. leificTeutensho, nycrs oyd) +0,d, = 0 W HEKOTOPBIX
qucen o, a, e R. Torga o -(1;2) + e,y - (2: I = (o, + 2a,;
20, + a,) = (0; 0). Orcrona NOJIyYaeM CHCTeMY MHHEIHbIX ypaB-
HeHWH, PeIUB KOTOPYIO HAXOONM 3HAYEHHs o, Oy
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—
= - = o, =0.
2(11 + (12 = 0, 2(—20:2 ) + Uy = 0, 30:2 0, 2
= = HHIO CHCTEMa BEKTOpPOB
Tak kak o, = o, = 0, T0 MO onpenem:, -
d ={(1;2) u d, =(2;1) sABageTCA NHHEHHO HE3ABHCUMOM.
- 13
[Ipumep 5. B TpexMepHOM mpocTpaHcTBe R’ paccMOTPHM
= . b . . - = - . l .
cucreMy BektopoB & =(1;2;3), 4, =(0;2;3), a=(2;0;1)
IIpoBepumM, UTO 3Ta CHCTEMa BEKTOPOB PHHCﬁHO He3aBHCHMaS,
7] a Gy = 3HauYeHHA CKa-
N3 paseHcTBa 0 G; + 0,4, + 0343 = 0 HaxonAUM

{a, +2a, =0, {al =-2d,, {al =-20,, - {at =0,

JApoB o, 0,, o, € R

oy +20; =0, oy =-20, o =-20,,
204 +20, =0, S 0 =0y, & 10 =203, =
3oy + 30, +a3 =0, oy = =30y +ay), o3 =-3(-203 +203),
oy = -20, o =0,
oS30, =205, &40, =0,
o =0, oy =0.

CneaoBaTeNbHO, JAaHHAA CHUCTEMa BEKTOPOB SIBJIACTCA THHEHHO
HE3aBUCUMOI. .
Onpenenenne 2. Ilyets 4, 4,, ..., d, — CHCTEMa BEKTOPOB
HeliHoro npocTpaHcTBa V Han moaem P. Ecnu BHINOMHAETCA pa

— = H_
BEHCTBO (@, + Oydy + ... + 0,4, =}, T1e XOTd OBl OJMH U3 CKal

poB o, Kk =1, 2, ..., # OTIHYEH OT Hy.IIH,vTO CHUCTEMA &, &), ..., G,
HA3BIBACTCS AUHEUHO 3QEUCHMOU CUCIMEMOU 8eKMOpO8.

IIpumep 6. PaccMOTPHM Ha IUIOCKOCTH CHCTEMY BEKTOPOB
a4 =(;3) u 4, =(3;9). Taxk xak npu o, = —3, o, = | BHIOI-
HAIOTCA PaBeHCTBA .
3.4 +1:d,=-3-,3+1-3N=(3-N+3D=(0;0)=0,
T0 3aJaHHAd CHCTEMA BEKTOPOE SBRACTCA JHMHEHHO 3aBHCHMOIL. .

IpennaracM MMTATETIO CAMOCTOATENBHO AOKA3aTh, YTO CHUCTE
Mma Bextopos 4, =(1;0;3),4, =(1;3;9), 4, =(3;9;27) sBnaeTca

JHHEHHO 3aBACHMOM. o
5. CpoiicTea nMHEHAOH 3ABUCHMOCTH H MHHEHROH HE3ABACHMOCTH.
1°. Ecau cucTeMa BEKTOPOB CONEPXHUT XOTA OB OJIHHﬁHYJIeBOH

BEKTOD, TO TaKas CHCTEMa 4BJIAETCA NHHEHHO 3aBHCHMOI.
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JNokazaTtenbcTho. Iyt BexTop 4; = 0. Toraa ecnu B xa-
yecTse Ko3Q@PUIUHEHTOB NMHEHHON KOMOUHAUMU B34ThL YUCIA
=0 .,0,=0a=10, = 0, ..., o, = 0, TO HMeeT MecTO
PABEHCTRO

0-51+..‘+0'§f_1+1‘ﬁ,-+0‘5!-+1+...+0~an =

=0+.+0+1-0+0+..40=0.

Tax KaK B 3TOM PaBeHCTBe He Bce KO3(PDHULHEHTH PDABHBI
HYJI0, TO 110 ONpeAcICHMIO 3aAaHHad cUcTeMa BEKTOPOB ABIACT-
Cd JIMHEIHHO 3aBUCHMOI.

Hodcucmemott cucmembt gexmoposg d,, d,, ..., d, Ha3bIBACTCA
mobas cuctema b, by, ..., b,, k < #, COCTOSAAA U3 BEKTOPOB,
BbiGpaHHBIX MPOUIBOJILHBIM 00pa3oM W3 3alaRHONH CHCTEMBI.

2°. EciiM HekoTopas IMoJCHCTEMa 3aBaHHOM CHCTEMbI BEKTOPOB
JAHHEHHO 3aBUCHMAag, TO caMa CHCTEMA TakKKe IBMACTCH JTHHEHHO
3ABUCHMON. o _

HoxasatensctBo. Ilyets &, b, ..., b, — NuHEHHO 3aBH-

cuMast TIOACHCTEMA CHCTEMBl BEKTOPOB &, @,. ..., 4, . [1o onpene-

JICHUIO CYWIECTBYIOT cKaisaphl B,, B,, ..., P, TaKHe, YTO BBIONHA-
eTcs paBeHCTBO P& +B,5 + ...+ 8,6, =0, npuyeM xora 6H
OIMH M3 CKaJSIPOB OTHM4¢H OT HyAA. IlycTb ¢, ... &; BCe BEKTO-

pa cucreMsl &,d,, ..., d,, OTMU4YHKE OT &, hy, .., b Torna

HMEET MECTO PABEHCTBO
B]b] +B2b2 + "‘+Bkbk +0‘El +...+0‘Ej =0,
rie OOvH U3 cKamapos B, B,, ..., B, OTAMYEH OT Hy1A. DTO O3Ha-

YaeT, YTO AAHHAS CUCTEMAa BEKTOPOB &), d,, ... 4, ABNAETCA JNU-

HeliHO 3aBHCUMOM,

3°. wbaa noacucreMa AHHECHHO He3aBUCHMOM CUCTEMBI TaK-
Xe NHHEHHO HEe3aBUCHUMA.

HokaszatenscTrO. JonyctiM obpatHoe. [Tycrs 5,, 52,..., 5k -
JAHHEHHO 3aBUCHMAs MOACHCTEMA NHHEHHO HE3ABHCHMOWM CUCTEMBI
BeKTOPOB dy, &, ..., @,. TOTAa B CHAY CBOWHCTBA 2° CHCTEMA BEKTO-
poB d,, d,, ..., &, Takke AOLKHA BBITH NHHEHHO 3aBHCHMOM. [Tomy-
~4eHHOE TIPOTHBOPEeYHE HOKA3BIBaeT CripaBelIHBOCTL CBOiiCTBa 3°,

[ycrs &, &@,, ..., 4, — HEKOTOpas CHCTEMA BEKTOPOB U ¢, O,
vy O, € P — cKamsapel. Ecin b = 0,@, + 0y, + ...+ ®L,d,, TO BEK-
TOp & WA3LIBAIOT Aunelinoll KoMbUuHauuel 6ekmopos &, d,, ..., G, .
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4°. CHucreMa BEKTOpOB d,, &, ..., d, JUHEHHO 3aBUCHMA TOTIA

M TONBKO TOTAA, KOTIa XOTs 6bl OAMH K3 BEKTOPOB &, d,, ..., &
SABJACTCS JTHHeHHOH KoMOHHAIIMEH OCTAaNBHEBIX.

HAoxazarenbctBo. Ilyers & =oud +...+ 0,8+

> B

+0;, Giyy oo+ 0,d, . TODIa MMEET MECTO PABEHCTBO

oyad +..+o_ a4 +(-Da, + o, d;,, +..+o,d,=0.
OTcoaa caeayer, 4To CUCTEMa BEKTOPOB &, d,, ..., 4, SBIAETCSA
NMHEHHO 3aBUCHUMOI.

Obparno. IycTs cucteMa &, a,, ..., d, JUHECHHO 3aBUCHMA.
Torna cymecTByioT CKaJsApbl o, O, ..., O, TAKHE, YTO UMEET Me-
CTO PaBEHCTBO

Ol + o O+ OE + Oy bt 0,d, =0,
rae XoTa OBl ONWH CKAIAp, HAPUMeEp o, OTIMYEH OT Hyad. Torma
o %l ~ Yiv] = On a

ST e ——

o o o o;

0

CrneaoBare/ibHO, BEKTOD &; JIMHEHHO BHIPAXAETCS € NOMOLUBIO
OCTAJIBHEIX BEKTOPOB CHCTEMBI.

5°. Ecau cHcTeMa BEKTOpPOB d|, &), ..., 4, JIWHEHHO He3aBUCH-
Ma, a CHCTeMa BEKTOPOB b, &,. d,, ..., d, THHEHHO 3aBHCHMA, TO
BEKTOD b sIBIsieTCs MHHeHHOH KOMGHHALMEN BEKTOPOB 4|, ds, ..., &, -

HoxaszatenbcTro. [lo onpeneneHuio JHHeHOH 3aBUCH-
MOCTH BEKTOPOB CYILECTBYIOT CKaAApH B, o, ..., o, TaKHe, YTO
CPEIM HHX €CTh HEHYICBON CKAMAP M B-b + ayd +...+ o, d, = 0.

TNMpennonoxuM, p = 0 . Torna o,d, +...+0,d, =0 W w3 nu-
HEWHOW HE3AaBUCHMOCTH CHCTEMBl BEKTODOB &, d,, ..., , CIeIy-

T, YTO BCe CKaMAP®l o, ..., O, TOXe paBHH Hym. Tak Kak Bce
CKanApH B, o, ..., 0, PABHE HYJIO, TO TO ONMpeJeNeHNI0 CHCTe-

Ma BEKTOPOB b, d|, d,, ..., 4, IBAIETCH THHCHHO HE3aBUCHUMOM.
DT0 NPOTUBOPEYMT YCIOBUIO CBOiicTBa 5°. CremoBarenbHo, § = 0.

Torma u3 paBeHeTBa - & + 0@, + ...+ 0,d, = 0 ToAydaeMm, 4To
ro_ o - o,
b —_F ﬂ] _.n_—ﬁ- a”,
T.e. BEKTOp b gBisgeTcs NHHEHHONW KOMOHHALMe#dl BEKTODOB
a),Gyy .y @, .
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6. Basuc U pasMepHOCT: AHHelHOro mpocTpanctea. Ilycre V —
JIMHEHHOe MPOCTPAHCTBO Hal mojeM P M moboil BEKTOp 3TOro
MPOCTPAHCTBA SBASETCA JHHEHHON KOMOMHALMER HEKOTOPOH CH-
CTEMEI BEKTOPOB &, &,, ..., 4, u3 V. Torma ropopar, YTo JHHeH-
HOE TIPOCTPAHCTBO V ABNACTCA AUHEUROU 000104KOL cucmembl eex -
mopoe d,, 4y, ..., &, U MMIYT <&, &, ..., &, > = V. ToBopsAT TaK-
Ke, UTO cucmema eéexmopos a,, a,, ..., 4, nopoxcoaem AuHeinoe
npocmpaxemeo V.

Onpenenenne 3. Eciu cucteMa JIMHEHHO. HE3aBHCHMBIX BEKTO-
poB &, d,, ..., 4, MOPOXAaeT TMHEHHOE MPOCTPAHCTBO V, TO 3Ta
CHCTEMA BEKTOPOB HA3LIBACTCS Gasucom aunelinozo npocmparcmsa V.
Ipyu 3TOM YKa3aHHBIC BEKTOPbI HAa3bIBAIOTCA OA3UCHBIMU 8eKnmopa-
Mit, 4 HHCIIO A, T.e. YHCNO Oa3HCHBIX BEKTOPOB, Ha3bIBAeTCA pasz-
MepHOCMbIO Aunedno20 npocmpancmea V u obosHadaerca dim V.

NMpumep 7. Haittu 6a3uc U pa3MEePHOCTL JHHEHHOTO Mpo-
cTpaHcTBa R2.

Peurenue. PaccMOTPHM cHCTEMY BeKTOpoB €, = (1;0),
é, = (0;1). Jlerko mMpoBepuTh, YTO 5Ta CHCTEMA BEKTOPOB AVHEei-
HO HE32BMCHMA, T. €. eCIiM o, &, + 0,6, = 0, TO oy = o, = 0. Kpo-
Me TOro, JUid JTI060re BexTopa 4 = (x; y) us R’ uMeer MecTo pa-
BEHCTBO 4 = X - & + y - &,. [Jo9TOMy CHCTEMA BEKTOPOB €, &, sB-
nsgeTcs 5a3HCOM JIMHEHHOTO mpocTpaHeTBa R%. PazMepHOCTE 3TO-
ro MPOCTPAHCTBa paBHA ABYM, T. €. dimR> = 2.

3aMeTdM, UTO CYIIECTBYIOT M ApYTHe 0a3Hchl JMHEHHOro Mpo-
cTpaHcTBa R?, otnmyHble oT & =(1;0), €, =(0;1). Hampumep,
PAaCCMOTPHM CHCTEMY BeKTOPOB 4, = (2;1), &, =(1;2). DT1a cuc-
TeMa ABNAETCS JHHEWHO HEe3aBUCHMOMH (cM. mpuMep 4).

KpoMe Toro, 1060it BEKTOP & = (m; n) € R? MOXHO InHEHHO
BBIPA3UTh € TIOMOILBIO CHCTEMBL BEKTOPOB 4, d; . JIeACTBATENBHO,
W3 ypaBHeHUst (m; m) = x - (2; 1) + y - (1, 2), rAe x n y — Heus-
BeCTHBIE 4YHCAa, cAedyeT paBeHCTBO (m; n) = (2x + y, x + 2y).
OTcI0oga, COCTABIAY COOTBETCTBYIOIIYIO CUCTEMY YpaBHEHUH, Ha-
XOOHM 3HAYEHMST X U V.

{x+2y=n, x=n-2y, x=2n;n’
—

2n-m =
= =" 2n-m
2x+y=m, y T y=220

CnenoBaTelbHO, 151 BexTOopa d = {(m; n)e R?, MMeeT MecTo
dopmyna
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2m-n - 2r-m
3 -a) + a,.

Hanpumep, ecau d=(3;4), To crnpaBeiTHBO PaBEHCTBO

a=

EGa=2@n+301:2).

Takum 00pa3oM, cHCTEMa BEKTOpOB 4, = (2;1), &, =(1;2),
TaKke KaKk U é, =(1; (), &, = (0; 1), obpasyer Gaszuc NHHeHHOro
npocrpavcTea R2.

@ Bonpoch! H axaHus

1. atb onpenesedye YHCIOBORO {10,

2. Kakuie omepalm MOXHO MPOW3BOAHTE Hall BEKTOPAMH TUIOCKOCTH?

3. [lepevncnTb CBOMCTBA OIIEPALINU CIOXKEHHA BEKTOPOB.

4. INepeuncnHTh CBOMCTBA ONEPALIAN YMHOXEHHS CKAIPA HA BEK-
TOP,

5. dats onpedesieHHe TUHEHHOTO MPOCTPAHCTBA.

6. Tats onpenencHUE JUHEHHO 3aBHCHMON CHCTEMbI BEKTOPOB.

7. llaTb onpeaeneHue IMHEHHO HE3ABHCHMOM CHCTEMB! BEKTOPOSB,

8. Yro taxoii Gasuc ¥ pasMepHOCTD JIHHEHOrO IIPOCTPaHCTBA?

Ynpaxnenns

1. Kakue M3 HUXKeCHIeNyIOWHX MHOXECTB, ¢ OOBIYHLIMHU Onlepa-
UMAMU CTOXCHUSA 3NMEeMEHTOB H YMHOXEHHA 3eMEHTA HA
YHCIO, ABJISIOTCA JIHHEHHBIMY NMPOCTPaHCTBAMH Han R

a) MHOXeCTBO ¥, COCTOsIIEE H3 OJHOTO HYJIEBOrO BEKTOPA
HAa JE€KapTOBOH ILUIOCKOCTH,

0) MHOXeCTBO V| BCEX BEKTOPOB AEKAapTOBOH MAOCKOCTH, Je-
KallMX Ha MpAMOH, Npoxoasuied Yepe3s HAYAI0 KOOPAWHAT,

B) MHOXECTBO V), BCEX BEKTOPOB HEKapTOBOMN MJIOCKOCTH;

r) MHOXecTBO Cla; b} Bcex HeMpepHIBHBIX GYHKIMA Ha OTpe3-
Ke |a; b];

A) MHOXECTBO BCeX MHOTOWIEHOB ¢ JAeHCTBUTENBHEIME KO-
pMITHEeHTaMH, CTeTICHb KOTOPHX PABHA #?

2. IycTb maHw BekTOpH & =(0,1,2,-1), 4, =(4,-4,3,-3),
d; =(-1,0,1,2). Halitu nusHeliipie KOMOHMHAIVH]!

365



3. Mycrs &, =(0,1,2,-1), 4, =(4,-4,3,-3), 4 =(-1,0,1,2).
PelunTs ypaBHeHHE:
a) 28, + X = —a,, 6) 3a, —4X =54, .
4. OnpenennTb, KaKHe H3 CHEAYIOUIUX CHCTEM BEKTOPOB JTHHEMH-
HO 3aBHCHMBbIE:
a) a =(,2,3,4), a,=(1,2,3,4);
6) g =0(1,2,3,4), & =(-1,-2,-3,-4);
B) g =(1,2,3,4), 4, =(1, 1,3, 4);
) 4 =(1,2,3,4), a, =(},2,3,3).

5. TIpoBepHTh, ABISAETCA JM BEKTOp X MMHe#HON KOMOHHalMe
BEKTOpOB 4, b, ¢, d , ecnu:

a) X=(-1,-4), d=5=(-2,-1), ¢=(0, 1), d=(0,0);

6) i:(lgly_l)s 53(2,3,0)) b:(otza_l)'! EﬁdZ(O,O,O);
B) £=(5,12,-3,8), a=(-1,2,L,1), b=(-3,1,1,-4),
E:(65—7)_2‘3)3 3:('—133&_-45_3);

DXE=(1,0,00.d=d=(0,0,0),b=(2,3-1),¢=(1,6,-2).
6. BBIACHUTE, KaKME M3 CUCTEM BEeKTOPOB JHHEHHO HE3aBHUCHMBbIE:
a)yd =(,-2,2,-8,2), B) d =1(2,-1,-3,2,-6),
a, =(1,-2,1,5,3), a, =(1,5,-2,3,4),
a=(,-2,4,-7,0); a; =(3,4,-1,57),

0) 4, =(2,3,1,-1), a, =3,-7,4,1,-7),

d =(3,1,4,2), as =(0,11,-5,4, - 4).

d; =(1,2,3,-1),
a=(,-4,-7,3);

§ 2. MaTpuusi

1. Martpnua. Ksanparusie MaTpuimt nopsaka #. B neppoii Ha-
CTH ITON KHUTH (cM. mnaBy VI) ObIIM JaHBI IOHATHA MATPHIBI U
ofipeAie/IMTENEH BTOPOTO U TPEThere MOpaAKoB. HamoMHHM, 4TO
mampuyell HAa3HIBAeTCs! MPSIMOYroNbHAs TabANUA U3 YHCeN, Codep-
Kalag MPOH3BOJIBHOE YUCHO M CTPOK H MPOHU3BOJBHOC YHCRO 7
cronbuos. Jag 0603HaY¢HAA MATpULbl OOBIUHO HCIOAB3YIOT
KBaApaTHbIE WIH Kpyrasie ckobku. Hanpumep,

366

a4 4 a4y 4ap
4 G G| 4 |8 an an
a3 Gy a4y ay a3 ay
Gy Gy Gy dy Gy ag

0003HAYAIOT MATPHUY, COCTOSLIYIO H3 YETHIPEX CTPOK H Tpex
cTonOuoB. Yncna, BXOAAIINE B COCTAB MAaTPHIB!, HA3HIBAKIOTCS
INEMERMAMU MAMPULI.

Martpruy Buaa

a ap an
& axn O
A= s

Tt Oy Qyy
COCTOSIYIO M3 1 CTPOK M # CTONONOB, HA3BIBAIOT Mampuiuelt no-
padka m X n. BekToph BHIa A =(a,, a, ..,a,), A, = (ay,,
Qyyy voor By oy A = (@, @ - @, ) ABIFIOTCS CTPOKAMU MaT-
pULbI A, a BeKTOpH Buaa A' = (a,, ay, ..., a), A2 = (a,, ay,,
ey @)y o, A = (ay,, Ay, ooy @, ) — CTONOLAMHM MATPHUBL A,

Ecam m = n, T. €. YHCIO CTPOK MATPHULEI COBIAZAET C YHC-
NIOM e€ CTONGIOB, TO MATPHUA HA3BIBACTCH KEaAdpamHoli mampuyei.

B nanbHelimieM GyneM CYMTATh, UTO SAEMEHTHI MaTpuibl MpH-
HaeXaT HEKOTOPOMY YHUCAOBOMY nomaw P. B takoM cayuae ro-
BOPAT, YTO 3adaxa mampuia wad nosem P.

2. Onepaunn Han matpuramu. OnpeneniM OIepalHH CIIOXEHHS
¥ YMHOXEHHSA MATPHIl, & TAKXKE YMHOXKEHUs YHC/AA HA MAaTpuuy,

a) Onepauys CIOXEHHSA ONpeNeaeTcs AN MATPULL OAHHAKO-
BOTO mopsifika. J(ns upocTOTE paccMOTPHM MATPULHL MOPSAAKA

ayy gy by &,
3x2. TMycte A = |y an |, B=|by by|. Torxa cymmoi A + B
a3 Oy by by

Mampuy Ha3pIBACTCA MaTPHLA MOpAaKa 3X2, MMEeWas Bujl
a+hy e+
A+ B=|ay+by apn+by
@y +by ayn by
AHAJIOTHYHO ONpPENIENIeTCs CYMMa MAaTPHIL APYTHX ITOPSIKOB.
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Hommen 1 [1 21L[1 O]_[1+1 2+0]_2 2
PAMER L 15 315 317 |2+5 3+3]7|7 6l

0) Onepauua YMHOXECHHS MATpUIbl Ha YHCAO OTIpeAcasieTcs
AN MATPUL MPOM3BOJIBHOIO MOpsaaka. Jjsd mpocToThl paccMoT-
pUM KBaApaTHyIo MaTpHuy nopsaaka 3 (wra 3x3). Ilyers

4, 4y 93
A=|ay, ay ay;| ~ MaTpHUA Han noneM P u oe P. [Ipoussede-
a3 a3 a4y

Huem yucaa o u mampuybt A Ha3pIBacTCA MATPULA (TOTO XK€ MOopsAId-
Kd, 4TO H MOopagoK A}, HMEoUas BUA
(1-011 (1-012 (1-013
a-A=|o-ay o ay 0-ay
O -y Ct'an O dyy

AHANOTHYHO MOXHO ONpeACTUThL NPOM3BedCHHUE YHCNA HAa MaT-
puuy MOHOro APYroro moOpsARKa.

IMpumMep 2.
31 4 2.3 21 -2-4 -6 -2 -8
-2)12 3 1|=]-2-2 =23 =2.1 |=]1-4 -6 -2].
1 0 -1 =21 =2-0 -2-(-D -2 0 2
Marpuiia
dq G a4 -y G 4
-D-|ay ap ay|=|-an -4, -ay
ay 4y dp —fhy 3 —Oy

HA3BIBAETCA RPOMUGOROAONCHOU K A mampuyeii N 0Go3HAYAETCA Ye-
pez —A.
Marpuna, y KoTopoii Bce DAeMEHThI COCTOST U3 HyJIEH, Ha3bl-
BaeTca wyreeoli mampuyeti. Hynepyio Matpuiy 6yneM o603Ha4aTh
¢ 00
uepes 6. Hanpumep, ¢ =|0 O 0] — Hynepas mMaTpHila opaaka 3.
0 00

Ksaaparsas MaTpuna, y KoTOpoil AMATOHANBHBIE 3JIEMEHTH
PaBHH 1, a OCTaABHBIE 3/IEMEHTH paBHH 0, HA3HBACTCH eOuHUYHOL
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mampuueil. ETiHUYHYI0 MaTpuny Gynem obosHavath Yyepes E. Ha-

1 00
opumep, £ =|0 1 0| — enMHHYHas MaTpHIla Topsiaka 3.
0 01

B) Onepauus yMHOXeHMA AN MaTpul, A U B ompeneadercd B
TOM CJIy4ae, KOIa YHMCIO CTOAGLOB MATPHLIBE A COBMAJACT ¢ YHC-
JoM ¢TpoK MaTpullbl B. Ecau A — marpyvua nopsiaka m X n, a
B~ MaTpHla mopsaka n# X k, TO TIPH YMHOXCHHUH ITHX MATPHII
MONyJ4aeTcd MaTpHila mopsaka m X k.

PaccMOTpUM I HPOCTOTH KBaaparHele MAaTpHLEl A H B no-
psaaka 3:

a4 G dp by by By
A=lay ay anl, B=1b by by
Ay Gy daip by by by
1 a2 Qs

Marpuiia C =|¢;; ¢y ¢ | mopsaaka 3 x 3 Ha3BIBAETCS MPOU3-
G G €3
gedenuem mampuy, AU B, eCI e NMEMEHTHI BBIMUCIIEHBL 10 (OpMyIaM:
Cy = anhy; + apby, + by, TR 1, f= 1,2, 3.
HarpuMep, sMeMEHT C,y = ay B3 + aypbyy + ay3hy -

[Mo aHAJIOTMM MOXHO ONPEACINTh NPOH3BedcHHEe MATPHIL
APYTHX TIOPSAKOB.

Ilipumep 3. Haiitm npousseacHue matpuu A=

W o
=

B=2 4 1.

Pemenue., MatpHia A4 uMeeT nopagek 3 X 1, a MarpHUa
Bumeet mopamox 1 »x 3. [ToaToMy Ans HUX OIpeliesieHa ofiepa-
uud yMmHoxennsa. UMeem

1 1-2 1-4 1-1 2 4 1
A B=|4[2 4 1D=|4-2 44 4-1|=|8 16 4]
3 3.2 3.4 3.1 6 12 3
TlonyueHHas MaTpHLa HMeeT NopAmzokK 3 X 3.
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Marpunbl A 1 B MOXKHO YMHOXHUTL B B 0BpaTHOM nopaaxe. A
UMEHHO,

!
B-}«i:(z 4 1){4 =(2-144.4+1-3)=(2+16+3) = (21) .
|3
Homyuennas MaTpuia pMeer nopagok | X 1 (KBagparHas MaTpH-
1Ia nmopanka 1).

Dpumep 4. Haitty nponssesenue mMatpun 4 = (1 2ymu
3 4
B= .
o
Pemenue. 4-8=(l 2)'[

3 4

s g |=GF10 4+19=03 16).

3

[Mpumep 5. Jlana matpuma 4 = i] Haittu A3,

32)(3 2) (11 14
Pewenue., A°=A-A= : = ;
’ ) h 4] 14] [7 w]

A3_3 2) (11 14 (47 78
11 407 18] 139 s6)

Hanee, nycty 3agaHa KBaXpaTHAF MATpUILIA

G Gy ... 4,
a
4=]% 5] Dy ‘

Torma Marpuity suaa
Gy . ay
Gy Gy .. a4y
alﬂ 02,, s ﬂmi

Ha3biBaIOT MPAHCAORUPOGAHHOL mMampuiliell TIO OTHOLIEHHIO K A U
ofbo3HauaoT AT,
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1 0 3 1
Mpumep 6. MNycte 4=[2 4 1}, B=|3|, C= 2 |m
1 -4 2 2 1
o= 2. Hagtu ATB + oC.
1 2 1 1 2 1] I
PeuicHue. Umeem AT ={0 4 -4, AAB=]0 4 4[13|=
31 2 31 212
1 1+2-3+1.2 9 -2
~|0-1+4-3-4.2|=| 4|, «C = | 4 |. Torna ATB + aC =
3.1+1-3+2-2 10 2
9 -2 7
=14 |+| 4 =8
10 2 12
E‘TT Bonpocs! ¥ 3agasmsa
1. Jats onpepeseHye MaTPULbL.
2. Kakuie onepaliy Mpou3BOIATCS Hal MaTprLaMu?
Yupaxuends

1. Berducants A + B, AB, BA, 34, ecan:

1 2 4 -4]

'l -1 0 -2 1 2
6y A=|2 1 1|, B=|0 4 3|
3 -1 2 2 37
2. HaiiTH npousBencHHE:
211 1 3 2 3 4 915 6 4
ay |5 2 31-|-3 4 -5 &)y |2 -1 61-18 9 7|
6 52112 1t 3 5 3 5[[-4 -5 -3
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2 1 3 1 1
4 2 |
1 — -
M2 1 a2 ”[1 33 35 l]'l 2
12 1| Ut o : l2
* -
3*. Haiitu MaTpHIIE, NEePecTAHOBOYHEIE ¢ MaTtpuUuer A, ecau:
3 g 010
a) A= ;
¢ 00

4. Peumntsb cHetemy YPaBHEHHI;
X =Xy +2x;, =11,
a) x|+2x2-—x3‘—-11,
4x| - 3x2 - 3x3 = 24,

6) 2x] +x2 —3x3 = -—I’
3x - 2x, +x;=11.

3. Boruucnuts £(A), ecmu:

I -1
a)Az[z l:,!f(x)=x2'_5x+7;

I -1 1
0) A=|2 © _2sf(x)=3x2*-7x—4_
3 3 3

6. BoseecTn B cTencup:  a) [5 -4]!1'
6 -5’

o) .
0 ;
B) AXB = C, ecan

[5 4 3
1) A= |3 2 1 -]
-8 6J’ B [4 3]’ C:[l —l];

*
7*. Pemtiuth MaTpuHbie YPaBHeHNS:

a) AX=C, 6)XB=C

31 2 2
- 1 2 -3
2)A4=13 6 2|, B8=|2 -1 2| c=|1 2 3
1 21 -1 2 2 1 -2 3
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YipaxneHns JUIA NOBTOPEHHs

—— e -
1. Haiity TMHEHHYIO KOMOWHAUMIO!
a) 24, + 3a, — 44, cUCTeMBl BEKTOPOB
a, =(2,-1,1,0), & =(1,2,1), a ={-1,-2,0,1);
6) 44, - 3a, — 2a; + a, CUCTeMbl BEKTOPOB

4=02,1,1,10), a, = {0,1,0,-1,0),
a=(,-1,1,-1,0), & ={(2,-2,2,-2,2)
2. PelminTh ypaBHEHHE!
-a) & +362¥E:'3 + 5% = d4, ecnm

4 =(,0,-2,3), &=(211} -2},
a=(2,-LL0), d=05,4-2, 3

6) (24, +6%) — &, + 2X = d; + d,, echu
g=0LLLY, 6=2,-2L & ={,1,3,-2), 4,=02,43,4);

B) X+y+Z=4q, X—-J+I=4d, 2X + ¥ + 7 = @y, eCNIH
4 =(0,52"1, a=02-30D, d, =(13,-10,3,-2) .

3. Tloxa3aTh, YTO CEAylOLIHe CHCTEMBL BEKTOPOB AUMHENHO He
3aBHCUMBI!

a) a’l = (05 29 49 6)9 Ej2 = (_la 09 l) 1)5 §3 = (29 49 - ls 3),

6) a] = (45 39 25 1)9 az = (la 25 39 4)5 &3 = (53 69 Ss O)
4. Moka3aTe, 4TO cAcAyIOLINE CHCTEMBI BCKTOPOB MHHelHHO 3a-
BHCHMEI:

a) a=(32-4, =(01,204%, §=(24023)
6) G =4,3,21), d=(23.45), =66, 66)

5, OnpefeauTh, TUHEHHO 3aBUCHMA MIM JIMHEAHO HE 3aBHCUMA
CHCTEMA BEKTOPOB, €CNH.

a) 4 =(-3,1,5), & =(6,-2,-13)

6) 4 =(0,-2,-3), d,=(2,3,4), &; = (3,57,

B) 4 =(5,0,0), & =(0,0,-3), & =(, 2, 0);

r) & = (1, 2sinx, tgx, 2¢cosx), & = (ctgx, 2cos x, 1, 0},

3y = (cos x, sin 2x, sinx, 1+ cos 2x), 44 = (1gx, 1,0, 2sin x).
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6.
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Haua nuHein
- THEHHO 33aBHUCHMANA CHCTEM
i - a BEKTO i
HYIO 33 0B. Ha
y BUCHMOCTb MEXAY CIeAYIOIHMU B&Topamﬁj‘"n AuHElH-

a) 3 =(,2), 4 =0,4), 4 =(-1,2);

6) 4 =(1,2,3), 3 =(0,1,2), @ = (-1, -5,- 9);

B a=(41-2), 8=(201, 7 =010, :54 =(, 2,00
)& =0,-2301), & =(7,-67,2,-5), 4 (-2, 0,,1,%-1 ’4)

. dokasate, 40 crcTeMa BEKTOPOB

& =(1,0,0,...0,0),
& =(0,1,0,..0,0),

............
............

a=(oy, 0y, ..., 0,),

rae a, (i = |
f 3 sy n) — KakHe-HHOY
HO 3aBUCHMOI. 10yab uMcna, ARNIETCS THHEl-

. Boiuncnnrs:

3} 5 4
a) =24+ B,ecnm A={0 1 2| B= g : ;2
-1 2 3

0) 34 — 4B, ecnu A = 2 3 -l 1 2

A
5 2 -7 3
B) AB,ecru A= (0100), B-= 0 1 2 -1
9 -3 1 57
2 -1 3 4
21 22 23 24 {
r) AB, ecnin A = 25 26 27 28 -1
29 30 31 np P
33 34 35 37 1

9. BRIYMCAMTE: 2) [0

10*, HaiiTu Bce MaTpHILbL,

1 0
: 6
a) (1 1} )

2 0

2

1

)

11. PenlnTb CHCTEMY ypaBHEHMI:

[ X, - X + % =6,

120 +% +% =3,

X, + 3X) +2%; = 1.

12*. Pentdts MATpM4HOS YPABHEHHC:

35 1 2). 3 2).
a) [2 4]‘1’:[2 4], B)X[6 4]—

1 -3) (3 2
%) X[z —6]:(1 4

13. BuUMCAUTE OMPEReIUTENb.

2 5
a 3
) -4 7
1-3i 2|
42 1+3i

B

a+b b
a-—-b a

r)

[

log, 3 log;5
logs 4 log; 2

14. PeurdTh CHCTEMY TMHEWHHBIX YpaBHEHWH!

S5x; — 4xy +2%3 = =9,
a) { 3 -2%+x=3
10x, - 9%, +2x%3 = 7,

. 6x1 +5x2 +3x3 = 0,
6) | Txy + 9%y + 6x3 = 0,
le +7x2 +5x3 = 0,

-3
-9

bl 2pG

1 090 1 01
0 2 0F g)|{0 1 O}
LOO?» 1 01

|
2

tad

6) [l (:] , rae ne N.

KOMMYTATHBHEIE C JAHHOH MaTpuueit:

)

H
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1)

e) 3

2% + 2x, - x, +x, =4,

3% +4x) - x; + 2x, = 6,
3% +8x - 3x, + 4x, = 12,
3% 4 3%, - 20, + 2x, = 6;

[ 6x, + x, +4x; - x, = 6,

7x + x
r)‘ 1 2+3x3+x4 :—3’

5% +x, + 2x, —-x, =0,
9% + 2x, + 5x, -2x, = 0;

[ 3x ~X;+X;-4x, =3,
§ 3 - 2 - 2x, = 3,
le __‘xz +x3 ‘_2x4 :-.1’
[1x, - 33, + 23, - 5%, = 2,

|—5x] +2x2 - X3 +3x4 +2x5 = 0,
2x +3x, - 7x; + 5x, +3x5 =0
2x[ +3x2 —6X3 + 4x4 4 st = 0:

OTBETHI K YIIPAAKHEHUAM

TJIABA IX. TPHTOHOMETPHYECKHE OYHKIIHHA

§ 1.
.. a, Ec_ 2920 a2 4, 2x, 3n
L3 m 35 (D)o (22 20 Fiw Fow -Fre -5
4, 1) wropag. B) nepsas; &) YETBCPTAL 3. ) _g+ Ink k=0,21,22,..

B) Ink, k=0,21,%2,... 6. a) neprast; B) TPETbR. 7. 81 CM. 8. %ﬁn oM.

9. 27x cmi. 0. 20m oM’ 11 -%+2nk,ke2‘ 12. 1080°, 6m 10800°, 60n.
13. 144°. 14, = 5732 cu? 15, 20 M.

§2

2.0)2;8) 1.3.2)2;8) 0. 4. 8) J2+1;DB) %; x) 4. 5. a) nepsad; B) TPETHA,

A) BTOpas. 6. a} MHHYC, MHHYC! B) MUHYC, IUTIOC; A) MOC, TUTIOC. 7. a)
A70C, MAKC, B) MEHYC, MUHYC, A) TUJTIOC, TUTIOC. 8. ) sina > 0, cosa < 0,
g < 0, ctgo < 05 B) since < 0, cosoe > 0, tga < 0, cigo < 0. 9, a) mAwC,
8) noc; 1) Mulyc. 1. a) ueTHas, £) yeTHast; B) He obnajaer; r} HeweTHAA,

2 . 2
1) seuernag. 11, a) %; 6) —55; B) 6m; 1) ™ M) -5£ 12. a} HeueTHas; B)

T
yeTHAs, A) HE OBNALACT YCTHOCTLIO. 13, a) 3 g) . 14. a) 2m; B) . 135, a)

arwc, B) Muuyc. 16, a) % B) %. 17. a) 1; B) —L.

§3
2, a) %+ 2nn; B) %ﬂ+2nn; I} %+2mr;%+2nn,n =0,x0,%2,.... 6. a)
xeR 1<y<3 ma [—gﬂm; nn] BO3pacTacT, Ha [:m; -§+RH] yGRIBACT, [HC 1€ Z;

n ' n
) xe R, ~2 sy <2, Ha [—;Hm; mr\ yOBIBAET, HA [rm;-2-+m:] BO3IPACTIET,

bi i) i ™R bt

R Y —_ —_— oo i F —_—— P

rEe M€ Z 1) X # ok =, 0 <Y< , BO3pacTaeT m[ Tt Td 21, roe
neZ 1 yA=2T= —23"; o=5iB)A=25T=4u a=-3
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&4

1. a) coso:—g tfor = % Ctgoc—%, B) smct»-%,cosot——g,ctga=—\/§.
2.a oS =_.9_ tga=_.4£ :—i'B Sina————z tE :—g ~ =—i
) cosa a1 5 (B = ) 5o to= -2, Clf = -,

3. a) Her; B) Ha. 4, a) —ct®’o. 5. a) —s—; B) —cosp. 6. a) _,za; B) coslg.
COs™ o SN x

o
7.9 -5 6 - 220 8.9 s ig,mud%cma—&h}w’

10. a) cosa — sine; 6) —2cose. 11, a) 1; 6) cosc.

85

I _n
1. a) \”31\2;3) \.‘%4\;2.

2.a)0;8) L.3.a)—1;B) 1. 4. a) Ji; 6) 1.5, a)

NE)
57:0)0.6.a)1; 0) 1&{a-B). 7. )-Sln2oe B) 1. 8. a) ——— B)O 9. a)

I; 6) —1. 10. a} ?; B) %(\/3—1 .11 a) —1; B) —t8a. 12. 2) —sin o; B} 1;

A

. 1
r) —sina; €) -jctﬂa. 13. a) - 25, 6) . 4. a) -5 B) L. 15. a) 2sine;

B) c082¢x; u) Seing ; X 2o 16. 2) —1; B) . 17, a) sinct — sinp; 6) cose + sinf;
B) 2. 18. a) cos oa, B) sin’et.

86

1. a) sin&84° + £ B} V2 cos 10° + cos 25° + V3 cas 35° + ‘Egl. 2.2) V2 cos18;

B) —Ssin17°, 3. a) 4cos— cos(4+6) 005(4 6) B) 4sin’ Zasm(2+%)x

xcos(-g- 12) 1) 4$m(3 ]-sin(3+a) X) 4sm(6+a]‘sin(g—a]-+

Sim” o

4. a) ctfo; B) Ct22a. 6. a) -7 L7.—1.8,a) cig= ,B} 2sin? (Z-—) 9. a)l;

B) 1. 10. a) Zﬁsin%sin (%-%); B) 2cosa. 11. a) 4sin2(§+3)< L .5

2/ sine
1250, 12, a) 10sin(5f + o), o = arccosf,6. 13. a) =3 < *(x) £ 3.
§7
__ r, i .
1. a) 0; B) ~~; m) Za)Q,B) 3,5) 3 33)4, B) ~3; 1) 7 4.8) O;
378

B)%.S.a) 2, B)—nﬁa)Zn,B) . 7. a) na; B) 0a; o) Her. 8. a) 0,3;
B) ‘; 9. 2) -7-; B) -g. 10, 2) 3,5; B) 5. 11. a) ‘i%‘ B) - ;

§8
l.a) x=1% % +2nn, neZ; B) x=i%+2nn,ne Z.2.a) x=(—1)”*‘%+m,

ne Z;B) x=(—1)"%+nn,nez.3. a) x=—§+1tﬂ,ﬂ€ Z; B) x=§-+1m,

ne. 4. a) x-—-127”+2rm,nez; B) x=-i_-g+2ﬂ:n,neZ‘ 5. a)

x= (L g+amne Z; Bx=(-1)"" Z+mnneZ. 6. a) x=_%+nn,

#+l 2'"'

neZ; B) x=§+1m, neZ. 7. a) x=(-1Y"=+2rn,ne Z; B)

o
—;B) x=n+2mn, ne Z.

___+.._.,ne Z.8. a) X =—E+E:x2 = p)

24 4 4 2

9. a) x—?+rm ne Z; B) x = 3nn. 10, a) x=(- l)"—+rm ne Z; B)

x=(-1)" 3—: +%, ne Z.11.2a) x =(—1)"g+m,xz =™ arcsin§+m,ne Z;

B) X, = ig+21|:n, X, = iarccos(—%)+2?m,ne Z. 12. a) x, = arct®3 + nn,

o . _27: _ nel T
x3=i?§+2m’ne Z, B) X -?+mn,xz_(—l) 12+7 ne Z. 13, a)

x]_3—;+211:n xz_(—l)"%wm,ne Z; B) x=:t§+2ﬂ-'1,ﬂ€ Z. 14. a)

x=_2’5+2fm,ne Z; B) x, = arctg4 + ma, x2=—;+11:ﬂ,ﬂ€ Z. 15. a)

X, =%+nn, x, =i_56ﬁ+27m,ne Z; B) x=;+2nn,ne Z.16.2) x, = 2nn,

2un 2nn . nonn
= ; 5 i | ==t —, .
X, ==, ne Z,B) X = +21m X, = 10+ 3 ,ne Z; ) x it ne Z
fhi n T . _n mn i
17. a) Xx —T,xz—(—l) gHAmne Z; B) x—4 - —.neZ. 18. a)

X, =;+nn,x2=g+1m,nez; B) x=§+%,ne Z.19.a) x =§+1’m,

X, :(_1)"%‘+rm,ne Z;B) x, = r + 21, x, =i4—;+4fm,ne Z.20. a)

x,= arct&} + mn, xz=—amlg%+m,ﬁez; B) =gt



| I an - b £ 3 w
X = -warctg-+ =, neZ. 21, a = oy =R+ — ne ;B
SR S e TR MRl LRy SU )
n T T Fis el
X)=—. X =—+— y=24 = Z.22.a :—+2
' =3 1 =3 4,nc711) 4+2 He ) X m, ne 2

3 .
B) x:Tn+rm,ne Z.23.2) x:r—:-ram‘;m; +2n, ne £, B) vc=i;+2:rm ne 7.

hid | b4
24, a) x =g x_,:arctg:f-kmr,ne Z. 25. a) _\'=(—l)"-+mr,

K]

y=n—(—i)"z—mn,nEZ R) \A-z-—-rm y=nrmne 7. 16, a) \t[—'?’z},

B) xe( :4] o) AE(—]—‘::H) ) \‘e«[g n] 27. a) xe[4+7nu 22l

ne Z; B) xe(—z-+2rm:-5?r5+2nnJ. e Z; o) re[,{
1)

+2am; —~—+7m.'J
* ) ,xe(—3+nn;—3+mr] Do) xe(E
2 6 6

Xe(?fm T 21::) [E_th n
318 3 18 3

+rm;ﬂ:+rm), ne Z. 28. a)

on 2W0n

(n+l)) ne Z; B}\E(—-i-+8nn =3 +3m)

n t7n n Tn
L) =t SXE — . - < — : .
29, a) G rMS S st ne Z; o8) 6+4TEHSX 6+4RH_HEZ
30. a) [ + —+rc(n+l)]k,[6+nn;£+nn‘1 ne Z; B) _Z+7<x<

6 3

S—+—,ne 2.3 0 —-;5+2rrnsx£3+2m; B) x:——g-+21m; n)

]

=
>

]

nn n nit nh

<X < = "_ =2

, XL e 32, a) x={(-1) +dnn, ne Z,B) x 6+3,

2 .

o) x=56“+mr,ne2'. 33. xzirgrc+21w; B) x:(—l)’”‘;+nn‘
m 5 3. 13 2 n

He 2.34.3},\=7.ne Z.3S.a]x:&-,n)x=-)—:,=1} ,\':3.36.21) Xy = b,

X, ==+l peZ; B) X =-Zam,x, ==l (1) 'u'csin—m.—z_\gﬂm

N T : N Eog LY =y ¢ 7 ;

ne Z.37.2) x=3-§-+m,y:mr—-§, ne Z;BY(l;1). 38. 2) x -~+%’i

7By x=(- %}”“£+Itu, ne Z.39, a) —%—-2+4m£.r52—?—2-+4w1;

o

B} X¢ (2rm; %n+2n:n)u(%n+2nn; 2nln + I)], ne 2.

OTBeTH K YNPALKHEHHUIM ANA HOBTOPEHHA
L. a) propas: B) wersepras. 2. ) L. sy —1. 3. a) 0. 4. 0) 5. 5, a) uernan;

B) HEUETHASL. 6. a) -2—:5 8) -’}5 Ty -y L 9. A=15 T=mn ¢=

1o o=
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1 . 1 )
10. 2) t8o = %; ctza=2.11.2) 1. 12.9) 1; 8) 3. 13. ) 3. 14.2) 1. 15
n
2) —+sin8a. 16. ) cizda. 19. 2) 4cos(§ - a]cos(g + a} B) 8cos‘2a. 21.
- 9 i 6)
a) 4; 6) 233; B) 2. 22 m* — 4 + 2. 23. —5—. 24. 3. 29. @) 35

0,98; B) lg 30. a) x=(—l)”£+n:n; B) X, =~'25+rm, X, =i§+ﬂ:n, rae neZ.

% In 2mn
31. a) x,=n—;,x2=i% = L heZ;,B) 1‘1——+211:sz ot oone Z.
32, 3) x, =nn, X, =—;+rm; B) 2, = —darctg? + 2nn, 3, = Zarccte3 +

n ) L] )
+2nn, neZ. 33, a) x1=1'm,x2=tz+rm, B) x-ﬂ:g+ z,neZ. 34, a)

x,=21m,x2_5+2mn x3=—;1-+rm peZ. 35. a) —+27m ne Z. 36. a)

X, =2, X, = % TernneZ. 37. a) x|—§+m’]'l=§+M;xl=3+m'

6
ff}[ﬁﬂ], 38
272

n In
r+mn Ztnn, nel.
v,=nn,ne Z; B)[ 5 a) <<

39, a) — <JC(J.-;B)(0 n.

TJABA X. HECTAHIAPTHBIE ®YHKIHUH

§1
Loa v 6) VA 3) rA
- |
/ <
70 Tx o|¥& % Ol e ~
9
/!
Puc. 1 Puc. 2 Puc. 3
o YA I VA & VA
- k» o sin 1 (#—— - -
- » » e x
o n&“ nx -—‘l —sinl
Pue. 4 Puc. 5 Puc. 6
381



X) CM. puC. 6;
H) CM. puC. 7,
K) cM. pHc. T

s o J) ¢M. bHC, 6,
“2n-n| n 3w X
Prc. 7
2. ay 6
, 2N B,
T LI | - ! » b ﬁ
¢ / x |y _rx 0 llllll e
Puc. 8 Puc. 9 Prc. 10
ry ¥ ) Ya
- -
- A e 4
ECRED IO O Sk 3% x| x 3k 3% X
FEENCH B 272 721|177 72
A R A
Pac. 11 Pnc. 12
e) L | X) L 3) A
e p—p—
of —x 3= xfr 3 mx o] T
2 1|2 207
—
PI!C. 13 Puc. 14 Puc. 15
H) ¢M. pHC. 15;
K) VA ay Va
Aottt —— - ——
Attt Al
ERIEEEIEL x| % 2w 3n
2 2|2 7T 7
Prc. 16 Pac. 17
382

M) VA H) Y4
ot
“« At e -
3= = | x 3= E_E’x R - r 2m 31: X
7 77|12 72 72
Puc. 18 Puc. 19

o) cM. puc. 16; m) cM. puc. 16; o) cM. ouc. 15.
§2

1. a) {0}; 6) @; B) {0} 1) {3"2(} m) {l;ﬁ;-k—”@}; e} {1} x) {1}; 3)

i -5 ER

)—5+2m: k,ne Z, K){ —
@; 6) @5 B) (=234 +99%k;45-19k), ke Z}, 1) {(& 1); (4 —3); (—4; =3}
(—4; 1)}. 3. a) {(998; 997); (334; 331); (202; 197); (146; 139); (63; 43);
(74; 59); (38; 37y; (46; 11)}; 6) (3; 1); B) @. 4. 2) @5 0) {3} B) {11 1) |~
sop m -3k o i3k wo [Eezm mezlio onw o0 s,

a) @; 6) @; B) {(—4; 0); {2; 6); (4; 8); (10; —=2)}; ) {(1; 9); (2; 8);
(0; =2); (—1; 3)}). 6. a) (4; 3; D); 6) @; B) T; 1) (5, 4).

§3

1. a) {1; o); B) (0; 1); BY (==} +=0); 1) [2; +ec); €) (05 20(2; +e0); %) |35 6);
3) (=oo: —[)U(6; +0); H) 2. 2. a) 1; 6) 2; B) 0; 1) 8. 3. a) (—ss; =111, 4e0);
6) (~=; 11; B) 2; 1) 2; 1) (0; 2); €) 125 9); %) (—o=; 4+2); 3) (15 4). 4. 2) 3;
6) GeckoHeYHO MHoOTO; B) 1; 1) 1.
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1. (l;l+g+nﬂ),ne Z. 2. [T 5\/—£ j-sv TE] 3.{(6; L; 0); (6; —1. 0

©; 1; 0); (0; —1; 0} 4. (0; 1). 5. (0; 1). 6. (0; 0). 7. {(km; n+2im);

LT i 7 NE.
(krl:, 3 +2h|:), (§+kn; §+ Zhr.), (—

o {3} (3:2)) w0

+krc;1t+211t),k,le z}. 8. (—1; —1; —1).
Alg-3): -

)} 11. (1; 0). 12. {(kn;§+m);
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3R
(&11',"4— +mt).k,ne Z}. 13. {nk — 2: 0), ke Z 14, (%‘* 2kﬁ;~§+2m~2kn],

k.ne Z, 15, (2; ). 16, {(JE; g’(,) (—\fﬁ =k 17 ( += k +hr 5-Hnn'rch

kidome Z. 18, {(15 2); (45 201 19. {(2; 0); (6; O)).
OTBETH K yUpaxaeuusiM ans fA0BTODEHHA

L(:23).2.2.3.2.4. (nln* —1);n? <1}, ne Z. 5. {(9; &; 4)- (9; 4; 8.

6.2.7.3 8. 3(3; 2); (— 3 '—2}} 9. {3 =3); (=3, 0); (3; 0)). 10 {(1; 5: 0):
(=1 550) (15 =5; 0); (—1; =5; O 11, (12; —8). 12 (i, —9). i3 %3 14 {))

15. (—I;O:—-—) 16. [2 2,0) 17, (—5 %;t}]. 18. (0; 0; 1). 19. [1,5; 2).

20. [1: 0)VI4; 5). 21, 0. 22. (=e; T)U(D; +oo). 23. (~1; 0Jull; 2).
24. (~eo; 0002 4e0). 25, {~o0] 4o}, 26. (_m _) 27. (~eo; ONAQ; +o0), 28. 1.

29. {2 =1); (=2; D)} 30. {(3; —-1); (~3; —1)}. 31, [?L% - ] 3.

e 52 5] 2 oSl e (522

ne Z. 35, {(2: —3; 3): (1 0; 0)}.

[JABA XI. YHCHOBLIE MOCIEAOBATEILHOCTH
H UX NPEAEA

§2

= ') = 5 l —_— A —_
L S, = 20 npn a, 5, d=-5 w3, =76 npu a = 1, d:%, 4. a)
CYMMAa ABNACTCH CYMMOH 9 "IEHOB reOMeTPHISCKON MPOTPECCH: b =1,

u

143
Otkyna §, = | =
l—=

3
I T O S TR £ ) ,
—JT'5=W—|6521 5)1&66!0769 878794 “2 134

25,6; 32,8, 40. 10, 10, 17, 24. 11. 4 = 2,4, 13, §2350. 14. By [, 3,9

15. =12, 6, =3, ~12. 16. 1064. 17. 2"'3'4”(2"4:%”4"-'+”. 18, ¢ =+

_ 5
: t :
g=,.19.8=3-3/20. 6 =02, ¢=5

= o I
@‘3»---, b‘)‘“ss‘ TO['J.[a q:bz_bi:-s_

§3

5.0.6.2)0,6) 1.8 a) %.9.3) q:—%, b =15:6) q=%, b =10. 10.

a) Yucno 0,(13) cneayeT npefcTaBuTh B BUAE CYMMBl — l3 BB,
IOO 0000 1000000
. 13 13
DecKOHEeYHO YOLiBawoweit reoMeTpuueckKoilt mporpeccHu 06 Tho58°
13
i3 13 i M 3y,
TeGe0 - AT kotopoli H = T AT Toraa § mz =lg- 11.
160

2 —_ _ ] .= _i :_X +Xx
I + &2 12, a) 2<x<0,.5‘_—(|+;), 6) x« Z’S 2x+l'13'
J2-1. 14. 0,5. 15, l%‘ 16. 0. 17. 0. 18. »;» 19. 1. 20. 3.

OTBeT K YNIPaXKHEHHAM A8 [ORTOPEHNA

1. Her. Tlokaxute, wro ypasHenye 1 + 4{(n — |y = 10091 He uMeLT pelicHyn

2550
B ueaerx uMcaax., 2.13. 3. £ ‘25;’ ’ npi befl; ==]. M3 vcrnosus sanauu

{J"}aij = |,
HMEEM CUCTEMY YPUBHEHUH {a ay = b. BDTY CHCTEMY MOXHO TIpeofpasiyTh
i =

(a7 — 5d)a; + 5y = 1, |a§ —25d4% =1,
HIH OTCI’O.[I.EI [TOJTY HCh

K Buny {(a? ~3d)a, +3d) = b

ai -9’ =
di = %,a;—' w 2:’1‘56‘9, a, =% “2’;"9. MTockoawky ¢* 20, a7 20, 70O
HOMKHB BBIMORHATECH HepaseHeTBa £ — L = 0w 256 — 9 2 0, w3y
L16k-39 :
KOTOPWE ToavyaeM veiaobHe be|l; ). 4. 5 npu ke [—6;;
- ’>J
5. 34|§% npH he [1; z-]‘ \[_ 7. IG . Nyerw @, 4, .y @, ... — TC0-

Lok
METPUHYECKAN MPOTpecCcHs. HOKa}KeM, 4TO NOCACIOBATENLHOCTE oy , (), ...

a¥, ... tae ke N, Takoke ABIACTCA TEOMETpHYECKON nporpeccueit, Jlciicr-
. k Kok “f 1] 4
BUTENBHO, TAK KaK a,,, = a4, ieN, To @, =a'q", ie N n =4
i
YRCHD, HE 3aBHCHUIES OT HOMepa { nochenosareNsHocTi. Takum oOpuson,
NOCIeAOBATENTHHOCTH KBRAPATOB H KYGOB WICHOB HeCKONC IO YohBaome i

NMPOrPeCcCHy TAKKES ABNAIOTCA Y6bl BAIOUWIHMI TIPOTPCCCHAMM. Morn UMY

25 — Amrepa, wactn I1 RN
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p 1y?
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[ BHOCTH
TeOpeMY O Mpelese NPON3BeIeHNA GECKOHEYHO MAROIH TTOCIEI0BATEN

> 1o1s. Lo
Ha OTPAHKYEHHYIO NMOCASIOBATEIbHOCTE. 14, -3 15, - 57
] : | sinn
aont - WKHTE
i ¢ = K BHI, H TOKS .
_-i. 18. 0. Npeobpasyiite EpipaxkeHHe e Y5 1+-l;~
. .

l+—

sin ] orpanuyena. 19. 4. 20, 0. Vcnoabsyiite
2

4TO NOCNENOBATEIRHOCTE ( T

L

! _ il - il -
PABEHCTBR o101~ nlinl)-n! A\(a+l=1)

[

3
-2510.22. 1. 23, 1.24.

1
"

FJIABA X11. NPEAE]T ©YHKIIMH U HENPEPBIBHOCTD

§1

4;.1

J . w0, 10. 0. 11.
1. —12.2.0.3. 0. 4. = 5. 2.6. % 7.0.8.0.9

[ R

. 24,

| -

1
3343 .+ 23
16. 14. 17. =. 18. 1.75. 19. 2! o2, 20.0.21. 0.22. 5

25. 3.

§2

2 M T arcsin0, 9.
L o=vd+e-2; 8=0,00025.2.8=2‘\/§'3'32“13'4°|x 32

—1; TaeT,
12, Her. Hanpumep, dyakuma £(x) = x 1a uurepsane (—1; 0) B;:pjz:clo aer,
a ;p(x) = x* Ha 3TOM uHTepsaie yOwmBaer. 13. Tax kax A

386

N> X €4{mb) u3 x, >x = () > fx), &(x) > &(x,), TO f(x)+8(x) >

> f(%) + &(%,) wau ¢(x) > 9(x5) . Dro O3HAYAET, YTO O(X) ABAETCH VG-
Baloureit dYHKLwel Ha MHTeDpBase (2;8).14. VkaszaHue: OOKA3aTeNbCTBO
IBOBOAMTCH ¢ MOMOIUBIO MeTOma MateMatuyeckoit MHavkuuu. 15. [a.
Hanoumen, ecnn f(x)=x- V52 +1 u §X)=x+Vx"+1 10 x) = -1 —
epnonnyeckas MYHKIHA, nepuonom KOTODOH siBAsieTcs moboe yneno
TeR, T#0.16. Vkasan H €. BOCTIONB3VHTECH ONDEReReHHAMN YeTHOIf
W HedeTHOH dVHKuMi. 17. Ykaszay HE: HCTIONB3VHTE VTBEDXKICHHS
NpenbaAvuiel 3agaun. 18, IMvers f {x) — deTHag bvhkims, OIDENeeHHAY
Ha HEKOTODOM NDOMeXVTKe (—a; @) U xe (—a; a). Toraa u —xe (—a; a).
HDCJIHOJIO)KHM, 4T0 x > (), Torma —x < x H B CHIY CTDOIOH MOHOTONHOCTH
6o f(~x) < f(x) (dbYrkuns CIDOTO BO3DacTaet), miubo f(~x) > f (x)
{bvakuus crooro vObiBaer). C gpvroit CTODOHBI, TaK Kak /(x) — yeryag
bYHKIMA, TO f(—x) = f(x), 4TO nOHBOMMT K IIDOTHBODEUHD. 19, /(x) = (),
Mo onpeacaexuio YeTHOH GVHKUHH uMmeenm f (x) = f{~x), a mo orpe-
JCACHHIO HEYeTHON dVHKuMM, f (x) = =/ (). Chenoparensuo, f (—x) =
=—/(~x), 4T0 BO3MOXHO THWEL ol f(—x} = 0, Ho Torza u fixy =
=f(~x) = 0. Bro O3HAYALT, YTO UCKOMAs DVHKiHs [IDHHUMAET HVAEBLIe
3HRYCHU NDH Beex xe R. 20, Jokasatenscrea VIBEDXKIOEHNUIT a)—B) cieavioT
HETTOCDENCTBEHHO 13 ONDCOACACHUI YETHON u HeYeTHOH bVHKIM,

Oreern & YIDAKHEHHNM 31 HOBTODEHHS
1.4.2.7.3. 2. 4.04.5.0.6. . 7. 13, L 10. & 11 & 12, a)

9.
{=3; 35 6) (0); B) {0); 1) {0); ) {2£+ nrcl ne Z}; ¢) inlne Z). 13. Her,

i
P

14. 4. 15, % 16. 0. 17. -7,2. 18. 3. 19. 1,2, 20. ; 21. -3. 22 ; 23, 3.

! ! 1 |
24. 6 25, 3 26. YPNrars 27. 2. 28. 1,2. 29, -3 30. 5.

[LJIABA XIII. IPOM3BONHAS OYHKIIHH H
EE NPUMEHEHHH

§1

3. 6) —0,39; ) -%. 4B)ax =01, =0, par=3 af =1 ¢,

96 2. 8. 6) —%; 0 0. 10*. me~'. 14. 6) 3x2 +3x%Ax + Ax®; B) _x§+14x'
0

! . — . 1
15. R 18. 6) 0,5; 1) 0,5. 19, 6) 1 — cosx; ) -27;-+4x.

387



§2

3.6 53%. 5.0) -3026.6)14c— 2; 1) 2-x—x2—3. 7. 6) 11. 8. 6)
PUx)= 1, xe(—e; 3)U(3; +); T) Y’ (x)= 2x. 9. 6) 0.

§3

2. &) 3sinx; e) 13) xcosx. 3.6) F(0) =0, /(O =1;8) F(0) =1,

sin® 2x

F0)=0.5.6) x, =0, x, =%6, x,=-46;1) x=2rm,ne Z; x) x=1.

6.0) (- -2)U(2; +eo);1) |J Qrmy x4+ 270).9.8) 1;1) 0. 10, B) x = 7,
neZ

ne Z.nx=112.6) f(x)=ln|xl+%x2+3x;r) f(x)=log3 ‘x|+~l£+x.
13.1,=0,¢4, =12

§4
N : _ R O i+l
1.6)1——Zx+l,B)y——3x+3:c.2.6)1— 2x+2,1‘)1— J_2x+2ﬁ.

3 "): 33 4.6)3: 1 1 5.¢)

.60 2 =9, a2 =21 v(g)=5, a(—3- -3

fY(x)=cosx—-sinx, fP(x)=—cosx-sinx; x) F(x)=31In’3 - sinx,

fy=3"1In*3 — cosx;3) F(x)= -%_ 2, fPx) = %‘7. 6)0,5173;

r) 1,995; e) 1,004; 3y 0,995 9. 6) YV, =3x+4-In27,

Voo =3 X +44 Y3510, = X, v, = —x 10.6) a(2) = 48. 12. 6)
135", 13. 45° i 135°. 15. 6) cosx + 100\, 16. 6) 0,835; ¢) 6; 3) 0,9975.
§5

2.6) -21(4-3x)°; 1) ; €) sin2x; %) %‘ 3. 1) 3¢ cos(3x +2).

2
J4x-57

4. r) (cosx)"™* Blncosx—tgxln x]. 5.6) F(x)=sin®x; 1) F{x)=x".

7.8) f(x)=x"-1, D(NHH=10; +e0) 1 T) f(x)=.\fx—1, D) =11+ ).

8. p) 2x"!.Inx.
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§6

L. 6) BO3PACTAET HA (~so; +oo); T) BOIPACTALT Ha {~ee; 1], yOBIBACT 110 |1} 4o0);
€) BO3PACTACT Ha (—=o: 0)(0; +oa); 3) BOIPACTAET HA {—oo; (), YOLIBACT HA

(0; +2). 4. 8) x = 23; 1) x = 0. 6. 6} x = ~1 — TOUKA MUHUMYMI, x = 0 —
TOYKAa MAKCHMYMa, T} X = —5 — TOUKA MAKCHMYMa, X = 3 — Touka
MHHUMYMA. 7, ©) BO3PACTACT Ha {~s; 0|, yOeIBacT Ha |0; +e), x = 0,

s

L= 0 = L 8. p) HanGonbllice 3HaMCHME |, HauMeHblee snancune 0

2 1
) HanBonpiTee 3HaUE e 3 HAHMEHDITICE 3TTaCHIME 7" . [.UHDHHﬂ H LIz

MPAMOYTOTBEHUKA PaBiel 8. A2, T) ROIPACTACT HA (—o; —y3]U|3: 4w),

| —
yopiBaeT Ha [-—\'G; xﬁl; 1) yBbinaeT Ha {l: Je], pospacTaeT Ba l\fc_); teu),
13. B) x =fn — KPHTHYCCKHE TOYKH, X = 2 — TOUKH MIKCHMYMEL,

ABNASTCH TOUKON MakKcHMyma dpyHkuun. 16, r) f = f(4)=

'

]| —

Jin = f(-4) =- li“; e} fiuig = SN —l) 18, Llupuua v aTnua npaso-
a2 =

I}
YrONBHHKA PABHB \T . 19* 4R 20%, Baicota — |,5 aa, cropona

OCHOBAHHI — 3 AM.

§7

1. 8 » = 3 — ropusoHtalbHas acuMoToTa, X = 0 — BepTHKAAGHU
ACHMIITOTA; F) X = 0 — BEPTHKAALHAS ACHUMOTOTA, ¥ = X — HAEKHOHHAY .
acuMnTOTa. 3. (2; +=). 4. §) (4; —6) — Touxka mneperuda. 5. r) Kpusas
oBpaleHa BHIMYKAOCTLIO BHUZ HA (—o=; 2) 1t (6; +oo), ODpalieHa BHIMYK-

20CTEI0 BBEPX HA (2 6). Touxu (21 ;’}] H (62 %{3) ABTSHOTCH TOURAMU
neperuda. 7. B} ¥ = X ~— HAKIOHHAA ACHMITTOTY; I) ABS HAKIOHHEIE dACHMII-
TOTHL J = 3x ~% H y=J3x+ g 8. r) Kpupast ofpallleHa BHITYKIOCTHIO
BBEPX Ha HHTEPBAJIAX BHAA (-§+2nn; g +211:n). e Z M o6paeIn

. , Ny . I U3 j - _
BLIIYIIIOCTBH BHHS HA HHTEPBATAX BUIA 3 + 2nn; = + ZnnJ, ne Z . Touku

T - .
BUILA (5 + ma, % + nn). Ae £ awIgeTea TOUKaMH Treperuba. 100 a) 2; Gy 3

OTBeTbl K YODOKHEHHAM A0A HODTOPEHHA
2.9)0,1 n0.331.06.0.8.6) 1;r} 1,629, 15 m/c. 1L B) 4,1} 2 12, @)

VI 2Re2mn e Zi0 3 130 0) (o 1 6) O Mo L g L

[hil



BV = 4 4 Vg =ax- 216 29 1Ty =2~ L 18
1'(2

T

F(x)=J16x+10. 27, 6) dYHKUNA VOBIBAET HA HHTEDBAMaX (—<; —1) H

{1; +ec), Bo3DACTAET HA (—1; 1); T) MVYHKUHA BO3IDACTAET HA HHTCDBane
{0; 100) u voupaeT Ha (100; +o0}; o) GVHKLMA BO3DACTAET HA HHTEDBANE

M. 20. 6) 36000. 22. 6) — 0,02; 1) 1,4. 24. 6) F(x)=4¢"* +2; 1)
2

(—oo; +o0); &) VHKIHA VOBIBAET Ha HHTEDBaNaxX (—e; 0) M (312—2, +oo),

2
In2
x = k. 3. a) maxcumvm ¥ = 0 nicd x = |, MUAMMYM ¥ = —4 Iy x = 3;
6) MakcuMvM ¥ = 2 op x = —1, MUHHMYM ¥ = 2 TIDH X = [; T) MakCHMYM

= | npH x = 1, kpaepodd MHHHUMVM ¥ = 0 o x = 0 mu x = 2, 31, m)
HAMMEHBIICE 3HAYCHHE DapHO —1, Hauboapllee 3HaueHHEe paBHO I;
€) HaUMeHBlIee 3HAYEHME IgaBHO 0, "HauboapllIce 3HaueHHE pasHo 132.

BO3DACTACT HA (0 ) 29. a) KCTPEMYMOB HET; 6) MHHEMVM » = 0 oy

2 2
32. 2P 3% (455) 3 r=x—Lo)y=3x+5 08

HAKTOHHON aCHMITTOTH HET; I} HAKIOHHOH acHMOTOTHL Het. 35, §) xoueas
Ha HHTeDBaNe (—o; () o0pallleHa BHIIVKJIOCTBIO BBEDX, HA HHTEDBAE
(0; +eo) obBpalreHa BRIVKAOCThIO BHK3. Touka (0; 0) — Touka mepernba;
B) KDHEas o0pailieHa BRINVKAOCTHIO BHEZ. Tovex neveriba Her; ) xouBasg

7
HAa HHTEDBAMAX (—o-o; - l?—) H [T, + 00) ofpalueHa BHITTYKICCTBIC BHH3,

Ha HHTEDBaNE (__\1;2; %_%) obpalieHa BRINYKIOCTBI BBeDX. TOYKH

N A T S SV N |
TR H |5 N ABANMOTCH TOUKAMU MenerHoOa.

FJIABA XIV. HHTETPAI
§1

2. 6) 1 1) —Le¥. 4. 6) ¥ +sinx+C; 1) %(2x—3)‘+€. 5. 6)
B e 1 L O S R S P

F(x)=t8x-5;1) F(x)—m + 1. 6. 06) i +3; 1) pye; 2% +

+3x+4%.7.6)x(r):—cosr—1+n.9.6)—%(4—5x}“+€;r)%arctg2x+c.

10. 6) %x“ +2x+7; 1) -;-sin(2x—3). 12, x(r) = +202 +2+7.
390

&2

L.6) x*+ G0 Infx+1f+C; e) 3sin2x+C; 3) 1u3x+C, 2. 6)

2J\:\/E-lnx+C; r} e‘-—Zsin%+C; e} x—arctgx+(C . 3. 6)-.-1-562+

4
+
37X

r) ~~—+C; e) -ln(x2 +)+C.5.6) ln]smx|+C r -x2 lnx‘,—,ll,tz +C

21+C.4.6) -3 Infi- in +C;

6.6) 2Vx +Inx+C;1) =€ *+C;e) —sm(Sx 7+C; 3) x+2arctgx+C
6) 5x+71sm2x+C, T) smx—-13-5m x+C; e) x~-§-cos2x+C; 3)
2tx+C. 8. 6) x°¢¥ -2xe" +2¢* +C; ) %x’ Inx—$x3+C, |
§3

1. 6) 1;2; 1) 6; €) 23; T -2.3.6)2: 106 e 1; 3) % 4.6) 94

r} —2. 6. 6) %;r) 3. ¢) 1= In4; 3) 7. 7. 6) . ) 4%;3) %
§4

2. 4. 4. 10% 5. 2. 6*. xab. 7. §x. 9. %n. 10. ;M‘F. 11. 0,16 Mx. 13. 4.

15. % 17. 11x. 18*, %xaba 19. 0,16 Ix.

OTBeTH K YIDAKHECHMAM LIS TOBTODCHHA

1. 6) Injx|- 32 +C; 1) e 4C. 2. 6) F(x)=%x2+ln|x|+.§_;

MWx
- G5x-1)45: 1) .22 _iALlp
r F(x)=4.3.6)sin(5x-1)+5;1) 3 P4, x(t)-lzr +31 +41+10,

5.8) z(x-1)' +Cm 17 —fo+C;e) Infsin x|+ C; 3) 3In| X

£l

K) X +v2cosx+C;m x+cosx+C: H) - x !nx—%x +(; p) —xe™*

-+ C. 7.6) Z;¢) 2, 3) 1. 9. a) 4,5; &) 2——;3)45 r) 2I—

lﬁn: " - _
10. l— 11. 6. 12. . 14*, mgm, A, =mgR.

KM



THABA XV. JUOOEPEHIINAIBHBIE YPABHEHKA
§1
2.71) y=sint. 3.y = & 4.9 Mun. 5. 6) x7() = -0.01x(7). 7. 1)
) 2

! .
y=e*(1+x). 8.y = 2x. 9. — u; 0.6394.

lg 2

§2
b 1. 1 : _1,2 “4.'=€‘x+
2.6) y:—%x"+%x’+C‘]x+(.z,r) y=ga Inx 7 +C !
n
+x—e 6.0 y=xsinx+cosx+C. T y=areigx s -,
§3
= Y+ Oy s {1+ Ce ). 3. a)
1. a). B), 4), €), k), 3). 2. 6) y =1g(e’ +C)in) ) 2( ¢
1y—l|<[tz+l)zc; 1) 1 -y =arcsinx +C. 5, B} je-‘ dy=~2—+,\+C,
? .y . .‘_'\_ 2 -
r) £=Je‘2dx+C.6. 2) y=Csinx—1;6) 10" +107 =C:B) 3" =lnx* +C;
2

t X
&3

r x° +),’2 =lnC*, C>0.7. y=e

§4

1

T3, p=——1 4. 6)

2. 6) p=Ce+2x-1; 1) y=Cxfex +x*. 3. pveg
I LA b= 2 (x -1+ Inlx).
Y=, X +2A+4+Ce .5, .r+l( x|
OTBeTH K YOpAKUEHHAM A HOBYOPEIHs

: =Ly P Oxt
1. y:i.z. 42%.3.6) y=x+lnx]+C5 00 y == +Cx* + Gy

l = A=y +1+C;
+ O +Cx+C 4 y=—-+2.5. 5 = xnx+3. 6.8) Intd = |

1R
P) y=(x+C)YF, y=0. T, a)y p=2-3cosx; 6) y:tg(x +4],

3 @) Xy = hxt e Ci6) p= O+ xt,
8. 1‘;+J,+fn|y-q=_£+c,y51.lﬂ.ct) Xy=ex +C10)y

s et = ey +1.
B) y.—.—Ce"J —-x =1, T) }"—:CL’ t+ & lnlxi- = v —(2-“"‘)(““2)("' )

2%, o+f=1.
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[JIABA XVI. DJIEMEHTBI KOMBHHATOPHKU

§1

LAl ), (6D, (.2), (1, 3), (1, 4), 2, 0), 2. 1), (2, 2). (2, 3), (2, h,
(3,0, 3, 1), (3,2, 3. 3, 3, 4, 4, 0), (4 1), (4, 2), (4, 3}, 4, 4y

2.0, 0,0), (0,0, 1), (0. 1, 0). (0, 1, 1), (1, 0. 0), (1, 0, D, (1, 1, 0,
(L1 1) 3L 0, (15 1), (1, 2), (1, 3), (1, 4), (2, 0y, (2, ), 2. 0,
(2, 35, (2, 4), (3, 0), (3, 1). (3, 2, (3, 3), (3, 4). (4. 0), ., 1), , 2,
(4, 3). (4, 4. 4. {(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, I. ), (1. 0. 0y, (I,
0, 1), (1, 1,0, (1, 1, 1)} 5. 390625. 6. 27. 7. 210. 8. 5040. 9. 1320, 14, (20,
11. 479001600, 12. 10626, 13. 2970, 14. 1947792, 15, (x. X X (v x, ),
(X, X vox, %), (x5, 0, 0, (X, 0, (0, 0, oy ph 160 {y, v v,
(% 90 (%, 1, 0, (0, 0, X, 00 3, 0, (0, %, 1. (v, 0, 3, (0, yonp 170 243,
18. 256. 19. 6720. 20. 90. 21. 720. 22. 17280, 23. 288, 24, 4320. 25. 1.

§2

Loa)y x'+6x7y+12xp% + 8375 6) x* —6xly + [2xp7 —8y°; B) 163 + %6 |
+216x7 1 2065+ 81 1) &% —15x% +90x7 - 27042 + 405x — 243, 2. )
a'® +100°h + 454°6° + 120076 + 210a%5* + 2524°0° + 21046 + 120a°H7 +
+45a°6° + 10ah” + 5'°; G) 243 - 4052+ 2704° - 90a’ + 134" - &, 3. 15
4.15120. 5. a) &' ~12a°b+ 5445 —108al" +815%; 6) o + 150% + 904°D |
+270a7 b + 405ah* + 2435°; B) x* 8y y+24x7yt < 32x0% 4 1637,

1) &+ 200" + 160x* + 640x7 + 1280 + 1024, 6. ) 12857~ 1344y + 4R
~15120x* 4+ 22680x°y* — 2041242 3+ 10206x3° = 2187571 6) 81a® + 4324'h 1
+864ah’ + 432ab° + 2568%. 7. ~1512.

§3

b.a) {5):6) {31 8) {19%: ) 451 2. ) {0; 12 2: 3: 4; 3: 61 6) > .
B) 45, 60 73 1) i > 6, ne N. 3. a) 163 6) {17}, 4. ) {5, 6. 7, 8. 9. [0, I1.
2, 131:6) {l, 2, 3,4, 5, 6, 7, 8, 9},

OTBetnl K ynpamuenuss ans OBTOPEHNA

1. 3628800. 2. 479001600. 3. 24. 4. 300. 5. a) 28; 6) 17; B) 28; K)o,
7o) x° =126y + 6087 )2 — 160%° )7 + 24042 P -192x7% + 640
6) 218757 - 5103x% + 5103x% — 2835x* + 945x% — 18917 Hx -1

B Ledylrop 1yt ptin Lo 02 80 8 gy
.

9.{9, 10, 11, 2, 13, 14, 15). ooy oy

4



TJIABA XVII. DJIEMEHTH TEOPUH BEPOSITHOCTEN
A MATEMATHYECKONA CTATUCTHUKH

§t

1. Hoctoseouple cobutua: B, Cnvdaitubie cobwrusa: B,, B, B,
Herosmoxuvie cobmtns: B, .. Z a) ToanHO HECOBMECTHLIS coﬁmmﬂ
AHA, d nAd, A, u A, 6) IDOTHBOTIONIONKHDBIC COOMTHSA: A, 0 A, A,
A 3. FIT (1605 rend, reoo) ITL (ren6. Tevd, nudoa), HIF ]_Il‘}“
l‘l.lll nry, Uur, g 4, ay ITT, I'TH, TUL, BCF, THLL, O,
LT, 111; 6) oruH W3 BaDHAMTOBR OTBETOB!
A, = «nosgmnseTcs HORHO i renh»,

«IIOIBIIKITCA DOBHO 2 renfax;
A, = «noaBnmOTCS DORHO 3 renba»;
A, = «HH pa3v He nogRmIeTCa Tepd».

i
1

) 5. P - N 1,
S.a)O,S,G)E. ,r)06 )69,6) Gt B 4-6.7.3)2,6) T3

8. Jlocroseombic co('hrmﬂ: Hetr. Cavdafinbie cobmiusg: C,, C,, C,, (.
Hepoamoxnnie coberua: C, (. % a) D u D, D,u D, Du D, Dyu
D;6)y D, uD,.DwuD, D ub. 10.T1 (reo6 u 1), 12, I'3, I'4, I'5, To,
11 (uudwa w 1), 112, 103, 14, 15, 116, 1L 1T, 2T, 31" 4T, 31, 6T, 11, 211,

5 2
3LL 4L, 511,6[1.12.3)%;6)1—0—8«;3) = 13.2) ;9 :6) £ 15 )%.14. %
§2

1. Z. 2. a) —: 6 50, )— 3. a) 0,985; 6) 0,14; 5)04’35 r)042
o) 0,015. 4. a) 0,3268: 6) 0,2854; 8) 0,0018; r} 0,8542. 5, a) % 1 B) 95,
B) %. 6 é 7. a) 0.46; 6) 0,6: 8) 0,42; ) 0,12, m 0,38. 8. a) 0,6976; 6)

0,9572; ®) 0,2024; r) 0,0024. 9. % 10. %
§3

7 57 1
1. a) 0,246; 6) 0,26; ) (,000064. 2. 0,472. 3. a) a’ 6) - 4, - 5. He
MeHnee 3 maoTuil u3 4 aengorca Gostee seposTHRIMH, 6. 0,488,

OTBeTH X VIDIOKHEHHAM DA MOBTODCHMA
1. TTYT, UTTd, rrur, rury, urrr, I'ril, Turg, arrd, orar,
rour, OUrr, rogy, oroi, aori, giaoar, Joui, 2. a) %;

304

6) 15:8) 35 3.0.3.4.0,104.5. > 6. =5 - 7358 3.9. 5.

TTABA XVIII. 3NEMEHTBI THHEHHON ANTEEPH]
g1
L.a) = 1. 2. 2) (11, =7, 5, -13); 6) (-7, 11, ~16, 0). 3. a) (—4, 2, =7, 5);
6) -(~3 =3, =7, 11). 4. a) u 6). 5. a) X =-3d-7b; 6) Her; B) mer;

5 _ W&
=5 — NHHEHHO Me3aBHCHMA,
§2
5 2 ]
1. a) A+B=[ ‘J,A-B=[4 4+ 3 -8 -8 } 8
3 44| 12 -12+4i ’8'A=[3 4:]‘ 3’4:[9 2
-1 0 2 -1 -3 -3 6
1 5
6) A+B={2 5 6|, A-B=|-2 3 163, B-4=123 -1 114,
5 -4 9 -2 -7 15 =17 12 11
3 30 1 3 2 11 9 13 :
34=16 3 3].2.a) |5 10 91; 6) |-22 27 ~-17!; B) 71,
9 -3 6 50 7 9 3 2 30
4

[ I <
==

¢ 0 a+b 3a ¢
r) Ja
[{) OJ )[ a b} 6) b .4.3) x,=9, JC2=2, x3=2;
a
-5 13 -]
6) X =2 x=-2 x,=1. 8. 3]
i 2 3 a) _61,6) —26 -16 2. 6. a)

33 -3 29
lo 1 s ML '-Iel'HOG,I
!

10 -10
- 1) a) X_—_[ J 6) X=[7 =5 __1{70 -50
13 .13 7 s B X"g[gl _65];

195

*4] C€CH 71 — HeweTHoE, 6 [’w "f"J
51 : ; 6) .
0



ey K=-.| 9 -2 15].6) Xx=1l-1 2 0y,
28 56 42 51001
19 14 -7

B) X:-% 41 70 =231
98 -196 36

OvBersl K YHDRKHEHHAM NS NOBTOPERUR

Loa) (1, 9, 8. =1 6) (8, 1. 4,7, 2). 2. 0a) ¥= —i,o,—i.ﬁ);
. . F 0, ' by y 4 3 3 :

L

6) r—(gégé} B) F=(13-15.1,=3), F=(-1, 41,0, F=(-12,160.4).

5. 1), B) — AnuHeiiHO HesasHcHMble; §), T} — AIediinG 3apHcHMbIe, 6. Q)

-1 -9 -0

- 2 11
3G+, +2a,=0.8) |0 -1 -1L6 B (0 12 =)
‘ 0 0 - 9 & -9

r)

0
it ) n—1 0
.9, 1) 2 n2 i} [I {}]. 10*, 1) [” ] 6) (0 & 0}
0 an no 1 b a 00 ¢

[anu B = = )

]

) CtL oy =L -2.3), 12.a) X =[‘23 ‘f]; 6) vpasHeHe 1

[ =]

0
b
L

fu N e

3 -2 ({2 3 _
T pelueHusi; ¢ = ; — L 13.a) 6.6y 2; B) O
wmeet pewlenvs; 8) X [5 _4], r) l?(g 14] a) } )

59 22

&+ 14,8 x =15, xgt-'-j-, x;=~-§-:6),\'!=,\'2=x3=0.13)x1- )

=0 x=2,=21)x =2 % ==
_2‘

4
x, =0, x =2 x= -l ey X% =x =X
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